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THE AMOUNTS OF ACETYLCHOLINE IN THE DARK 
SKIN AND IN THE PALE SKIN OF THE CATFISH* 

By George H. Parker, John H. Welsh and Jane E. Hyde 
Biological Laboratoribs, Harvard University 
Communicated November 24,1044 

The dark and the pale phases of the common catfish, Anteiurus nebulo- 
suSf are brought about by the activity of a single kind of integumentary 
color-cell, the melanophore, which is innervated by two sets of autonomic 
nerve-fibres (Parker, 1934). Preliminary evidence has been advanced to 
show that these two sets of fibres, like those associated with the vertebrate 
heart, are in one case adrenergic and in the other cholinergic. By the use 
of organic indicators the pale skin of the catfish has been shown to contain 
adrenaline and the dark skin acetylcholine (Ach), and by a determination 
made in the Harvard Laboratories the dark sldn of the catfish was found 
to contain 0.078 gamma of Ach per gram of moist skin (Parker, 1940). 
At the same time that this determination was being worked out at Harvard 
three Chinese physiologists, Chang, Hsieh and Lu (1939), published a 
similar determination made on the skin of the Chinese snake-fish by the 
same method as was being used on the catfish, a determination which 
yielded 0.077 gamma of Ach per gram of skin. The very close agreement 
between the figures for these two determinations must be in a measure acci¬ 
dental. Nevertheless their agreement indicates beyond a doubt the 
approximate order of magnitude of the amount of Ach involved and sliows 
that this amount is very small, 

Ach is now well known to darken many fishes by inducing in their 
mdanophcnnes a dispersion of pigment. Presumably extremely small 
amounts of this agent are normally released from cholinergic nerves in 
effecting this dispersion. This would be deduced from the small total 
amount of Ach cxtractible from dark fish skin and the usual great differ¬ 
ence between the residual Ach of a nervous tissue and the amounts re¬ 
leased on its activation (Macintosh, 1938). However, in spite of this, and 
with recognition of the efficiency with which Ach reserves may be main¬ 
tained in active nerves (Brown and Feldberg, 1936), it was believed that 
extended exposures of fishes to white and to black backgrounds might re- 
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suit in a measurable difference in the Ach content of the pale and the dark 
skins. If so, this would yield additional evidence for the view that the 
melanophore pigment is normally dispersed through the release of Ach. 
The results of attempts to demonstrate such differences are presented in' 
this paper. 

In approaching this problem it might seem at first sight a very simple 
matter to repeat on the pale skin of a catfish the same kind of test that had 
been used on the dark skin of this animal. But such is not true, for when 
the skin of a pale fish is removed preparatory to grinding it, it quickly 
darkens and thus passes into the opposite color phase from that which it 
was planned to test. This darkening is due to the stimulation by cutting of 
the dispersing nerves distributed to the melanophores of the ablated skin. 
Hence the ordinary removal of pale skin quickly changes it in such a man¬ 
ner as to defeat at the very outset the possibility of the required test. To 
avoid this difficulty a method must be devised to remove the skin from a 
pale fish and to keep it in the pale state for the test. To this end several 
attempts were made in all of which the prime object was to kill the pale 
skin of the catfish before it had begun to darken and thus to obtain a prepa¬ 
ration unquestionably pale in phase. 

In the first of these attenipts catfishes that had been rendered pale by a 
sojourn of several days in a white-walled, illuminated tank were taken 
singly from the tank, decapitated at once with heavy shears, and plunged 
for fifteen seconds in water at GO^C. By this procedure the skin with its 
contained melanophores and nerves was quickly killed. It could then be 
stripped from the fish’s body, pulped in a mortar and extracted for testing 
against standard solutions of Ach with the clam’s heart as an indicator; a 
method based on the findings of Prosser (1940). The critical periods of 
time from the instant the fislies were lifted frdm the tank till their skins 
were killed by the hot water varied from three-quarters of a minute to a 
minute. The Ach determinations made on a number of fishes whose skins 
had been prepared in this way were, however, quite diverse not could any 
consistency in these diflferences be discovered. Since, moreover, the skins 
obtained by these steps did not appear uniformly pale, this technique was 
abandoned as probably too slow for the object at hand and a second and 
more rapid technique was tried. 

In this second attempt fishes fully blanched were passed directly by 
hand from the tank water to alcohol chilled with dry ice to about — 20®C. 
At this temperature the fish’s skin was not only almost instantly frozen, 
but in somewhat less than 15 seconds after the fish entered the cold alcohol 
the fish itself was rigidly solid. Such a fish was then immersed in a large 
volume of water at 60®C. to insure the death of the skin after which the 
skin was removed, pulped, and extracted. This second method reduced the 
critical period during which the skin might darken to about a quarter of a 
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minute, and skins obtained in this way appeared to the experimenter’s eye 
much more uniformly pale than did those made by the first technique. 
When, however, the skins prepared by this sudden and intense freezing 
were subjected to assays for Ach great diversity again reappeared in the re¬ 
sults. The failure of both tliese attempts to obtain uniform Ach detemii- 
nations from blanched catfish skins led to an abandonment of this type of 
technique and to the adoption of an entirely different approach to the 
problem at hand 

This new line of attack depended upon the presence on the catfish of a 
considerable area of permanently pale skin in addition to that which is 
open to chromatic change. This area of pale skin is on the ventral aspect 
of the catfish and extends from the region of the opercular folds to that of 
the pelvic fins. In a fish somewhat over 15 cm. in length the pale area 
measures about 5 cm. long by some 3 cm. wide. It is white in tint and 
shows no change when the dorsal coloration of the fish alters under differ¬ 
ences in the illuminated surroundings. It is of course not as ideal for this 
test as an area of blanched skin would be, but it appears to be the best sub¬ 
stitute for blanched skin that under the circumstances can be found. 
When this ventral white skin is removed from a freshly killed fish, it re¬ 
mains permanently white. In making such preparations it is advisable to 
use catfishes in the dark phase. Under such circumstances two skin prepa¬ 
rations can be obtained from each fish, a pale one from its venter and a dark 
one from its dorsum. Such preparations, in consequence of coming from 
the same fish, are especially favorable in the comparison of Ach determina¬ 
tions on the two kinds of skin. The detailed steps by which such de¬ 
terminations were made are given in the following description. 

Dorsal and ventral areas of skin were removed from two or three fishes 
and the dark and the pale skins pcx)led separately. After blotting to re¬ 
move excess of water, the tissue was placed in tared vessels containing 2 cc. 
of unbuffered, cold-blooded Ringer, with eserine sulfate 1:5000, and 
weighed. Normal HCl was added to pH 3 to 4, The skins and fluid were 
then heated for 3 minutes in a water batli at 90*^C. This served the double 
purpose of aiding the release of bound Ach and greatly facilitating the 
breaking up of the skin in the grinding process. Additional Ringer was 
then added to give 1 cc. for each 500 mgm. of tissue. The skins were 
ground with silica, centrifuged and the clear supernatant fluid decanted for 
assay. Dilution of the extract with sea water at the time of assay adjusted 
the pH to within a range favorable to the test preparation. 

The extracts of pale and of dark skins were compared with one another 
and matched against known concentrations of Ach for estimates of their 
Ach content. The isolated heart of Venus mercenary was used in all tests. 
The values obtained, as given in table 1, are expressed as the equivalents of 
the free base in gamma per gram of moist skin. 
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The restalts of five separate sets of determinations, each done on a differ* 
ent test heart, are presented in table 1. The estimates for dark skin range 
from 0.02 to 0.08 gamma of Ach per gram of skin ;t those for pale skin from 
0.005 to 0.04 gamma per gram. Such variation does not indicate real 
differences in the Ach content of skins of different groups of fishes, but re¬ 
sults rather from the varied response of different hearts to substances in 
addition to Ach in the extracts. There was evidence of the presence of an 
inhibitory substance other than Ach in the extracts and differences be¬ 
tween hearts, in sensitivity to this substance, doubtless accounts for much 
of the variation in values for given samples of skin. The relative values of 
Ach in dark skin to Ach in pale skin in the several sets of experiments are 
without question significant. They reveal, on the average, over three times 
as tnuch of this neurohumor in dorsal, melanophore-bearing, dark skin as in 
ventral, melanophore-free, pale skin. 

TABI.B 1 

Fivb Assays of Catfish Skxns^ Dorsal Dark and Vkntral Pale, for Ach Expressed 
IN Fractions op a Gamma per Gram of Moist Skin. In Each Assay Two or Three 
Catpishbs Were Used from Each of Which Both Dark Skin and Pale Skin Were 
Taken. Oroanic Indicator: Heart, Venus mercemria 


Datbii op 

TS8T«, 

Aca. OAMMA PBK ORAM UP SKIN 

Oakk Skin 

ma 

Dark SacrN 

pAtat Skin 

TiMBS Pali 

July 8 

0.08 

0.04- 

2-f- 

Nov. 15 

0,05 

0.016 

3.3+ 

Nov. 16 

0.02 

0.006- 

4+ 

Nov. 24 

0.03 

0.01 

3 

Nov. 26 

0,02 

0.006 

4 

Averages 

0.04 

0.016 

8.3 


These two types of skin call for careful comparison. Both contain imder 
autonomic control an ample vascular equipment and an abundant supply 
of mucous glands. These two systems are about equally developed in the 
dorsal and in the ventral skin. In this respect they are in strong contrast 
with the autonomically cpntrblled melanophore system which is present in 
the dorsal skin but absent from the ventral. This distribution of auto¬ 
nomic effectors is fully consistent with the Ach determinations for these 
two types of skin as recorded in this paper. In the ventral akin where only 
vascular and glandular components ore present the quantity of Ach aver* 
ages some 0.015 gamma, whereas in the dorsal skin where thete is a ridi 
aggregation of melanophores in addition to the vascidar and glandular out¬ 
fits the quantity of Ach readies on the average 0.04 gamma. Since the ex¬ 
cess of Ach in the dorsal skin over that in the ventral, some 0.025 gamma, 
is thus associated in the dorsal skin with the presence of melanophores, it is 
natural to conclude that this access has to do with th^ ^tem of dark color- 
cells and that the residue of Ach in the dcnrsal skin, 0^015 gamma, Hke that 
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in the ventral skin is concerned with the other autonomic systems, vasomotor 
and glandular. 

If the conclusion is correct Uiat some 0.025 gamma of Ach per gram of 
skin is to be relegated to the melanophores, in what way, it may be asked, is 
this amount associated with these daik color-cells? When the dark skin 
of a catfish is removed preparatory to testing it for Ach, it is cut off the 
fish in such a way that it carries with it about a distal millimeter or more of 
each dispersing nerve-fibre with its numerous branches, chromatic terminals 
and associated melanophores. The relation of these chromatic terminals to 
the melanophores is not a simple one. Each raelanophore, unlike, for in¬ 
stance, a single rnuscle-fibre, is innervated by branches from several differ¬ 
ent chromatic nerve-fibres whose terminals to the number of several scores 
or more surround the color-cell. Thus a melanophore lies immersed in an 
aggregation of chromatic terminals instead of being associated with only 
one efferent terminal as in the case of a muscle-fibre. Where, in this 
complex, is Ach located and how is it concerned with melanophore 
activities ? 

When a catfish darkens it assumes its deep tint as a result of two agen¬ 
cies, intermedine from the pituitary gland and Ach from its nerve supply. 
Intermedine when injected into a pale catfish can cause it to become fully 
dark by inducing the pigment in its melanophores to pass from full concen¬ 
tration to full dispersion. Injected Ach, on the other hand, can incite only 
about half this change in that it can cause the fish to shift its tint from full 
pale to an intennediate gray, approximately midway between full pale and 
full dark. If into a catfish rendered intermediate in tone by Ach an appro¬ 
priate amount of intermedine is injected, the fish wih become fuUy dark. 
This confirms the view that Ach is a half-darkening activator, so to speak, 
and intermedine a whole one. Hence after a catfish is hypophysectoniized 
it becomes limited as a result of the loss of its source of intermedine to color 
changes between pale and intermediate gray. From this standpoint h 3 rpo- 
physectomized catfish may be used in the study of the localization of Ach. 

If a hypophysectumized catfish with one or more denervated bands cut 
in its tail is placed in a white-walled, illuminated tank, two changes will 
occur: The chromatic nerve-fibres and their terminals in the denervated 
band will degenerate fully in some ten days or so and the whole fish, in¬ 
cluding its tail and the caudal bands, will become pale. If now this pale 
fish is transferred to a black-walled, illtiminated tank, the whole fish with 
the exception of its caudal bands wiU become in the course of a day inter¬ 
mediate gray. The band during and for some time after this change will 
remain pale. If into such a fish an appropriate quantity of Ach is injected, 
no change in tint in the fish as a whole will be seen, but the pale bands in its 
tail slowly take on a deeper tint till they agree in shade with that of the 
rest of the tail. 
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From these observations pertinent eondusions may be drawn. Since the 
fish devoid of its pituitary gland is without a supply of intermedine such 
darkening as it is capable of must be due to Ach. As this Ach darkening 
occurs regularly in innervated areas but never in denervated ones (caudal 
bands), it is fair to conclude further tliat the Ach has as its source the 
nervous portion of the color complex and not the melanophore portion. 
This view is confirmed by the fact already stated that a pale band, inactive 
because of the degeneration of its chromatic nerves and terminals, can be 
darkened by an injection of Ach. Thus Ach introduced from the outside 
can take the place of the internal chromatic nerves. Hence this evidence 
appears to rule out the melanophore as a source for Ach and to relegate this 
material to the nervous portion of the chromatic complex. 

This complex in such pieces of skin as have been used in these tests con¬ 
sists of innumerable distal pieces of inany-branched chromatic nerve-fibres 
with a total length of about a millimeter each whose final branches termi¬ 
nate in slightly swollen knobs, the chromatic terminals. These terminals as 
already stated are in close proximity to the meJanophores. Is Ach a product 
of this nervous mechanism as a whole or of one of its parts, the branches of 
the dispersing chromatic nerve-fibres or the tenninals? No conclusive 
answer can be given to this question, but some evidence concerning it can 
be found in the exact relation of denervated dark areas to the locations of 
the cuts in the nerves whereby these dark areas are induced. Such condi¬ 
tions are well illustrated in certain relations shown by the ophthalmic nerve 
in the catfish. This nerve and its branches pass anteriorly over the dorsal 
wall of the orbital space in this fish to emerge dorsally thrt>ugh a thin layer 
of bone and spread out over the under surface of the skin in their distribu¬ 
tion to the anterior dorsal region of the fishes head. For the test at hand 
these branches may be cut at the anterior limits of the orbit where they pass 
out of this cavity and through the bone to gain the inner surface of the 
skin. Shortly after these nerves have been cut the area of skin thus dener¬ 
vated on the fish’s head will be easily distinguished by its dark tint and it is 
a noteworthy fact that this denervated, dark area does not begin where the 
nerve branches enter the skin but appears first several millimeters anterior 
to this region. In other words the chromatic nerve-fibres pass anteriorly 
through the skin on the fish’s head some distance before they reach the 
darkened area. This relation indicates tliat the chromatic qerve-fibres of 
themselves are probably in no direct way concerned with the darkening of 
the skin. It is only after the region of their terminals has been reached that 
the darkening of the skin is to be seen. Hence this evidence indicates that 
the chromatic nerve-fibres in tlieinselves have no direct concern with the 
darkening response, but that this response must be induced by the distal 
ends of these fibres, in other words, by their terminals. Although this evi¬ 
dence as already intimated cannot be said to be fully conclusive, it is not 
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without weight. It certainly suggests a consistent picttire of the relations 
of the so-called chromatic terminals to the darkening process. 

Assuming the correctness of this conclusion these terminals must be the 
parts immediately concerned with the 0,025 gamma of Ach which is proper 
to the melanophore apparatus in a single gram of dark skin. Whether this 
extremely small amount of Ach is all carried in the fish's lymph and other 
tissue fluids directly next the dark color-cells or whether it is in part in these 
fluids and in part in the chromatic tenninals cannot be stated. In our 
opinion Ach is formed in the terminals where it is for the most part stored 
to be liberated in minute amounts through the action of chromatic-nerve 
impulses itt the normal darkenitig of the fish or released as a whole from the 
terminals in the process of artificial extraction. We hold this opinion not¬ 
withstanding the fact that the total amount of Ach as measured by us is in 
itself extremely small and that the added reduction implied in the last 
statement places the functional amounts of Ach in the darkening of fishes 
at al most in con cei v ably small figu res, 

Summary, —1. The dark dorsal skin of the catfish Ameiurus containing 
three autonomically controlled systems (blood-vascular, mucous glands 
and nielatiophores) yielded from 0.02 to O.OS gamma (average, 0.04) of 
Ach per gram of moist skin. 

2. The pale ventral skin of the catfish containing only two autonomi¬ 
cally cfmtrolled systems (blood-vascular and mucous glands) yielded from 
0.005 to 0.04 gamma (average, 0.015) of Ach per gram of moist skin. 

3. The difference between the averages of these two yields, 0.025 gamma 
of Ach, appears to be the amount of this neurohumor concerned with the 
activity of the melanophores. 

4. This Ach is not produced by the melanophores. It probably does 
not originate in the dispersing chromatic nerve-fibres but rather in their 
terminals where it is very likely stored to be used from time to time as an 
agent to excite the dispersion of melanophore pigment. 

5. Admitting this interpretation of melanophore activation by Ach 
it would appear that this operation calls for an amount of this neurohumor 
almost infinitesimally small. 


• The expenses of this investigation were met by a grant from the Permanent Science 
Fund of the American Academy of Arts and Sciences. We wish to express here our 
obligations to the officers of this Fund for their generous help. 

t It is to be noted that the Ach determinations already quoted from Chang, Hsieh 
and Lu (1939) aud from Parker (1940), namely, 0.077 gamma and 0.078 gamma, re¬ 
spectively, per gram of dark skin, fall within the range of determinations for dark skin 
given in table h 
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INADEQUACIES IN PRESENT KNOWLEDGE OF THE RELATION 
BETWEEN PHOTOSYNTHESIS AND THE O'* CONTENT OF 
ATMOSPHERIC OXYGEN 

By M. D. Kamen and H. A. Barker 
Division of Plani NommoN, Univkrsity of California 
Conununicated November 7, 1944 

Vsirious lines or evidence strongly indicate that the oxygen of the atmos- 
phve has been formed mainly by photosynthesis. If this conclusion is 
assumed to be correct, it follows that any specific relation between the sub¬ 
strates and products of photosynthesis that can be demonstrated in the 
laboratory should also be observable on a vastly larger scale in nature pro¬ 
vided other interfering factors are not operative. One such specific rela¬ 
tion with which we shall be concerned is that between the O** content of 
water and of photosynthetic oxygen. The O'* content of the oxygen pro¬ 
duced by the green alga Chlorella pyrenoidosa and by two land plants, sun¬ 
flower and coleus, has been shown to be detumined by the isotope content 
of the water and to be independent of that of the available carbon dioxide. 
Consequently, one might expect that in nature the O'* content of the 
oxygen of the atmosphere would be equal to that of the water in the oceans, 
since it is es^ated that about four-fifths of the total photosynthesis occurs 
there and would be different from that of naturally occiuring carbon 
dioxide and carbonates. Actually just the reverse is true; the O'* content 
of atmospheric oxygen is closer to that of carbonates than to that of ocean 
water, the O'* content being higher in the carbonates and atmospheric 
oxygen than in water. 

A careful examination of the pertinent biological and physical evidence 
has led us to the conclusion that this apparent inconsisteDcy does not con¬ 
stitute valid evidence against the photosynthetic theory xA the origin of 
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atmospheric oxygen. It appears probable that an eventual explanation will 
be found in terms of isotope exchange reactions between molecular oxygen 
and water or other oxygen-containing compounds. However, the available 
data on isotope equilibria in water-oxygen systems cannot explain the ob¬ 
served relations. Therefore, a further study of such systems is desirable. 
Also additional information on the ultimate origin of oxygen produced by 
marine plants is needed to verify and extend the results obtained with fresh 
water and land plants. 

A more detailed discussion of the points mentioned above is given in the 
following sections. 

Geochemical Evidence for the Photosyntheiic Origin of Atmospheric Oxygen. 
—In support of the assumption that atmospheric oxygen has been and is 
flow being produced according to the well-known equation of photosynthesis 

n COa + n HaO « n (CHaO) + n O, (1) 

we shall mention only two types of geochemical evidence. First, the esti¬ 
mated quantity of reduced carbon of biological origin on the earth's sur¬ 
face in the form of coal, oil, peat, humus, etc., corresponds approximately 
to the quantity of oxygen in the atmosphere after a correction has been 
made for oxygen removal by the weathering (oxidation) of igneous rocks 
and other similar reactions.‘ Second, the present rate of photos 5 rnthesis 
is sufficient to produce the quantity of oxygen in the atmosphere in a few 
thousand years, tliereafter maintaining the atmosphere at its present 
oxygen level.® From this latter fact it may be concluded that whatever 
the origin of the atmosphere, the oxygen now present there must have 
been formed mainly by photosynthesis. 

Basic Facts Concerning Oxygen Isotopes and Isotope Exchange Reactions .— 
Beforp discussing the experiments on the origin of oxygen in photosynthesis 
and the distribution of O*® in nature, it will be helpful to review briefly some 
basic facts concerning oxygen isotopes and isotope exchange reactions. 

Natural oxygen contains three isotopes with mass numbers 16, 17 and 18, 
and percentage abundances of 99.76, 0.041 and 0.20, respectively.*-* In 
“enriched" samples of oxygen the increase in weight is usually credited to 
the isotope entirely since the contribution is relatively small due to 
its low abundance. In this paper the term “tracer oxygen" will be reserved 
for oxygen artificially enriched with The term “natural" oxygen will 
be understood to mean oxygen with the above mentioned isotope composi¬ 
tion. 

If two oxygen-containing molecules such as water and carbon dioxide are 
allowed to react imtil isotope equilibrium is reached, they do not in general 
contain the same proportions of isotopes. The relative abundance of iso¬ 
topes in the two molecules may be expressed by a quantity known as the 
^enrichment factor," defined by the ratio (M/iVi)/(ni/n*) where JVi and 
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N 2 are the numbers of each isotope in one compound and «i and fit are the 
corresponding numbers in the other compound. Enrichment factors for 
several reactions which are involved in the present discussion are given in 
table 1, along with the corresponding equilibrium constants. The values 
have been calculated® on the basis of theoretical considerations; experi¬ 
mental verification® is available only for reaction (3). 

Examination of table I shows that the enrichment factors for all the reac¬ 
tions here considered are larger than unity; this means that there is a 
higher proportion of oxygen O*® in the carbon dioxide or oxygen than in 
the water in isotopic equilibrium with it. Reactions (3) and (5) are of 
greatest importance for the present discussion. In the system COt (g) ■ 
(reaction (3)), at 25®C., the O*® enrichment in the gasieous carbon 
dioxide is such that water prepared from it is denser than the water in* 
equilibrium with it by some ten gamma units.* The kinetics of the reac¬ 
tion are such that equilibrium can be attained in a relatively short time 
under suitable conditions. The reaction is slowest but still measurable in 
alkaline solutions (pH 10) in which the carbon dioxide is mainly in the 
form of the carbonate ion. As the pH is lowered into the acid range 
(pH § 7), the rate increases rapidly/ In the equilibrium system Chigh 
H2C)(1), (reaction (5))» at 2t5®, water prepared from the oxygen has a density 
excess of about 1 gamma unit over the water. Nothing appears to be 
known about the kinetics of this reaction, but the rate is presumably very 
slow. 


TABLE 1 


Enrichment Factors and Equilibrium Constants of Some Oxygen Exchange 
Reactions (After Urev and Greiff) 


■IB.CTION 

CONSTANT 

fCNIUCUKNNT 

FACTOR 



25® 

0® 

. 25“ 

(2) C02«(*) + H,0“(g) - CO,“(g) + H,0“(g) 

1.128 

I.IU) 

1.064 

1.064 

(3) CO,“(g) + H,0“(1) - CO,“(g) + H,0“(1) 

1.097 

1.080 

1.047 

1.039 

(4) 0,“(g) + H,0“(g) - 0,“(g> + H,0“(g) 

1.048 

1.041 

1.024 

1.020 

(5) 0,“(g) + H,0“(1) - 0,“(g) + H,0>*(1) 

1.020 

1.012 

1.010 

,1.006 


For the study of photosynthesis it is also important to know the rela¬ 
tive O’*’ contents of dissolved and gaseous carbon dioxide in equilibrium. 
At present there is no direct experimental evidence on this point. How¬ 
ever, it may be inferred that carbon dioxide in the gaseous and dissolved 
states has about the same content from the fact that calcareous rocks 
of marine origin have essentially the same isotope content as gaseous 
carbon dioxide in equilibrium with water/ Obviously direct experimental 
comparison of the contents of dissolved and gaseous carbon dioxide 
would be most desirable; this could be done by a study of carbonate 
precipitated from equilibra^ carbon dioxide-^water systems. 
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An additional observation of importance must also be mentioned here. 
Water containing 0** has a slightly lower vapor pressure than water con¬ 
taining Therefore, during the evaporation of ordinary water, 

tends to concentrate in the residual liquor.^ 

For determining the content of a compound, two general methods are 
available; one involves measuring the density of water prepared from the 
oxygen and the other involves the direct determination of the relative 
numbers of oxygen atoms of different weights by means of a mass spec¬ 
trometer. The former method is more sensitive, while the latter has the 
advantage of requiring only very small oxygen samples. 

For measuring very small density differences, tlie so-called '‘submerged 
float” method provides a very satisfactory technique.^ In this method a 
stnall glass or quartz bubble is immersed in the liquid, the density of which 
is to be measured. The tem|>erature at which the float neither sinks nor 
rises is determined to about 0.0()02^C. and is compared with the corre¬ 
sponding temperature for a solution of known density. From the tempera¬ 
ture difference and a knowledge of the rate of density change with temper¬ 
ature, the relative density and therefore the relative content of the 
sample can be calculated. With a temperature control of 0.0002*^0., a 
density difference of about 0.5 parts in ten billion or .05 gamma unit 
should be detectable. Such sensitivities are far greater than warranted by 
the purification procedures employed which, in general, limit reproduci¬ 
bility of measurements to a few tenths of a gamma unit. In the experi¬ 
ments to which we shall refer in the following two sections, a density 
difference of 1 gamma unit can be regarded as significant. Details of the 
method are given in references cited below. 

The sensitivity of the mass spectrometer method of estimating 
varies somewhat with the design of the instrument, being 0.,5-1.0 gamma 
unit with the best models and ranging up to 5 or 10 gamma units 
density difference with the less sensitive models. This method, therefore, is 
not suitable for the study of the very small differences in content such 
as exist, for example, in equilibrium systems of water and carbon dioxide, 
unless a very good instrument is available. 

With the material presented above in mind, we can now proceed to a>n- 
sider the experiments on the origin of oxygen in photosyntliesis and the 
known facts concerning the distribution in nature. 

Studies an the Rdle of Water as the Source of Photosynthetic Oxygen ,— 
Since the substrates of photosynthesis are water and carbon dioxide, it is 
obvious that the evolved oxygen must be derived ultimately from one or 
both of these compounds. Various theoretical considerations, which need 
not be reviewed here, lead to the conclusion that the oxygen of photosyn¬ 
thesis probably comes from water and not from carbon dioxide.^® The 
first experimental study of this hypothesis was undertaken in 1941 making 
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use of tracer oxygen^* Because a knowledge of the ultimate source of 
photosynthetic oxygen is of great importance in interpreting data on the 
distribution of oxygen isotopes in nature, the evidence bearing upon this 
hypothesis will be discus^ in some detail. 

Let us first examine the logic underlying experiments on the origin of 
photosynthetic oxygen. To demonstrate that oxygen originates from 
water, for example, it is necessary to ‘label*’ the oxygen in the water and 
shf>w that it is transformed into molecular oxygen by the photosynthetic 
process. It is also necessary to show that when oxygen in carbon dioxide 
is labelled, no tracer oxygen appears as molecular oxygen in the gas phase. 
Since all photosynthetic products are derived from water or carbon dioxide, 
this demonstratiidti would be sufficient to establish water as the ultimate 
source of oxygen. In carrying out such an experiment, one serious compli¬ 
cation arises. If either the water or the carbon dioxide i$ labeled with tracer 
oxygen, the isotope exchange reaction (3) ynW immediately begin to redis¬ 
tribute the 0^ and eventually isotope equilibrium will again be reached. 
Because of this exchange, the initial relatively large difference in isotope 
contents of water and carbon dioxide will be effective in labeling these 
molecules only when the rate of redistribution of is small in comparison 
to the rate of photosynthesis. If the rate of exchange is relatively great, 
isotope equilibrium wiU be approached before the substrate molecules have 
had time to enter into the photosynthetic reaction and the isotope con¬ 
tents of the carbon dioxide and the evolved oxygen will necessarily ap¬ 
proximate that of the initial water because the latter is present in vastly 
greater amount. It is therefore of great importance in experiments of 
this sort to provide pnxif that the rate of isotope exchange is too slow to 
invalidate the results. 

In the experiments of Ruben, et aL, cell suspensions of Chlorella pyre* 
noidosa were allowed to photosynthesize in a carbonate-bicarbonate buffer 
solution having a pH of about 10 In some experiments the Water was 
labelled with tracer oxygeni in others the carbonate was labeled. In both 
cases, the content of the evolved oxygen was equal to that of the water 
within the limits of accuracy of the mass spectrometer measurements and 
differed widely from that of the carbon dioxide. As was to be expected 
from the kinetic studies already cited, a slow exchange of 0^* was olwerved 
to occur between the carbon dioxide and the water. The overall rate of this 
exchange under the experimental conditions was slow enough to be neg¬ 
lected in comparison with the rate of photosynthesis. It was therefore 
concluded that the oxygen originated solely from water, 

Such a conclusion is reasonable, but by no means certain since it de-^ 
pends on the unproven assumption that the isotope exchange is no more 
rapid inside the cdls, and especially in the chloroplasts where photosyn^ 
thesis actually occurs, than in the outside medium where it was measured. 
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It is quite possible and, indeed, even probable that this assumption is in¬ 
correct since the rate of isotope exchange increases rapidly with increasing 
hydrogen ion concentration, and it is known that inany plant cells have an 
internal vacuolar pH g 6, which is maintained more or less constant 
despite wide variations of pH in the external medium.^* It can be calcu¬ 
lated that at pH 6, the randomization of is rapid enough to invalidate 
. the conclusion that carbon dioxide is not a source of oxygen. 

In view of the existing uncertainty as to the internal pH of the ChloreUa 
cell and the consequent uncertainty as to the rate of the randomization of 
at the site of photosynthesis, these experiments do not provide proof of 
the rdle of water as the precursor of oxygen. 

Recently, new and apparently unambiguous experiments^*'on the 
origin of photosynthetic oxygen have been performed which support the 
previous conclusion that oxygen arises wholly from water. The above- 
mentioned difficulties resulting from randomization of were avoided by 
making use of the small difference between the contents of water and 
carbon dioxide in equilibrium to trace the origin of the photosynthetic 
oxygen. This was made possible by recourse to the very sensitive sub¬ 
merged float method to analyze for In these experiments, ChloreUa 
suspensions were allowed to photos 3 mthesize in ordinary water equilibrated 
with carbon dioxide by means of the enzyme carbonic anhydrase from beef 
blood. The O** content of the evolved oxygen was found to be nearly the 
same as that of the water and significantly lower than that of the carbon 
dioxide.. Experiments with land plants (sunflower and coleus) yielded 
similar results. 

It seems reasonable to conclude that the r61e of water as the precursor 
of oxygen has been established in the case of one fresh water alga, ChloreUa 
pyrenoidosa^ and two land plants, sunflower aud coleus. However, it must 
be remembered that most photosyuthesis occurs in the oceans and hence 
marine organisms are much more important as large-scale producers of 
oxygen than are fresh water algae or land plants. It is therefore desirable 
that the above experimental results should be verified and extended by 
studies on a number of typical marine algae. There is no reason to believe 
that such studies will show any significant differences from those already 
reported. However, pending their completion, any general statement con¬ 
cerning the origin of photosynthetic oxygen can be accepted only with 
some reservation. Also there exists the possibility that during photosyn¬ 
thesis isotope equilibrium is established between the evolved oxygen and 
water. No evidence for such equilibration was obtained in the experiments 
of Ruben, ei ah However, Dole and Jenks found that the content of 
photoi^nthetic oxygen is approximately 1 gamma unit higher than that of 
the water. This suggests that equilibration may have occurred in these 
experiments. Obviously, the possibility that ChloreUa catalyzes the ex- 
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change equilibrium between gaseous oxygen and water should be rein¬ 
vestigated. 

The Distribution of 0^* in Nature ,—^The available information on the 
distribution of O*® in nature may be summarized as follows.*^ 

(1) Oxygen in fresh water has the same content as that in rocks and 
ores not containing carbonates. 

(2) Sea water has a slightly higher content than fresh water. The 
work of a number of investigators shows a density excess of 1.3-2,3 gamma 
units. The increase in density is in good agreement with the value 
predicted from the experimental results obtained in isotopic fractionation of 
water during evaporation, 

(3) Water prepared from the oxygen of carbonate rocks is denser than 
fresh water by some 8 gamma units.® This density excess is close to the 
value predicted on the basis that the carbonate is deposited from carbon 
dioxide in the sea water which is in equilibrium with atmospheric carbon 
dioxide and consequently enhanced in O'® according to reaction (3). 

(4) Water prepared from atmospheric oxygen shows a density excess 
over fresh water of 6.6 gamma units.® It is here that the discrepancy arises 
between the physical data and the demonstration that photosynthetic 
organisms evolve oxygen with an O'® content very near that of water. 
2 gamma units can be accounted for as due to the effect of evaporation dis¬ 
cussed in (2) above. This leaves a 4.6 gamma unit discrepancy. On the 
basis of reaction (5), assuming a temperature intermediate between and 
25 ®C. and the attainment of equilibrium, one can predict a further con¬ 
centration of O'® in the gaseous oxygen corresponding to a density excess 
of about 1 gamma unit. This effect has been observed in the experiments 
of Dole and Jenks.'* The residual 3.6 gamma units, sometimes known as 
the *‘Dole effect/’ remain to be explained. 

As mentioned previously, the suggestion'®*'’ that carbon dioxide enriched 
in O'® contributes the necessary heavy oxygen during photosynthesis is in¬ 
validated by all the exx>erimental evidence so far obtained. There remain 
the following possibilities: 

(а) The enrichment factor calculated for reaction (5) is in error. This is 
extremely doubtful since the physical constants required for the calculation 
of this equilibrium are accurately known. The theoretical values for this 
reaction should in any event be as reliable as those for reaction (3) which 
has been experimentally verified. 

(б) Reaction (4), which has a more favorable enrichment factor than 
reaction (5), may be contributing to the O'* enhancement of atmospheric 
oxygen. However, at or near the surface of the earth where the oxygen 
studied was collected, reaction (5) must dictate the equilibrium finally 
reached, because the O/® content of the water involved would be determined 
by the large amount of liquid water in comparison with the water vapor. 



VoL, 31. 1946 


BOTANV: KAMEN AND BARKER 


15 


As we have already remarked, reaction (5) fails by a large margin to account 
for the Dole effect. 

(c) As previously mentioned, it is possible, though unlikely, that 
Chlorella and the two land plants so fax studied are not typical of photo¬ 
synthetic plants, particularly marine algae, with respect to the origin of 
their oxygen. This possibility must be investigated. 

Although an tdtimate explanation of the Dole effect may be found to de¬ 
pend upon either a biochemical or a physical effect, the latter jwssibility 
seems to us much more probable. In any event the existing inconsistency 
between the experimental evidence on the source of photosynthetic oxygen 
and the distribution of oxygen in iiature cannot be regarded as valid evi¬ 
dence against the biological theory of the origin of atmospheric oxygen. 

The authors wish to express their appreciation to Professors R. T. 
Birge, D. R. Hoagland and M. Dole, H. C. Urey and J. Franck for numer¬ 
ous valuable suggestions. We are also indebted to Professor Dole for per¬ 
mission to quote the results of unpublished work by him and G. Jenks. 

‘ Goldschmidt, M., '"Grundlagen der quant. Gcochemie," Fortschritie d. Mineral. 
Kristal, u. Pelrographie, 17, 112-166 (1933). 

* Gaffron, H., “Photosynthesis,” Encyclopedia Britannica, 1944 Edit. 

» Smythe. W. R., Phys. Rev,, 45. 299 (1934). 

< Murphey, B. F., Phys, Ro;., 59. 320 (1941). 

* Urey. H. C., and L. Gricff, JACS, S7, 321 (1936). 

« Weber. L. A., Wahl, M. H., and Urey. H. C., Jour, Chem, Phys., 3, 129 (1935). 

* 1 gamma unit corresponds to a density difference of 1 part in 10*. 

? Mills, G. A., and Urey. H. C.. JACS, 62 , 1019 (1940). 

* This point is further discussed below in the section on the distribution of O** in 
nature. 

® Washburn. E. W., Smith, E. P., and Frandscn, M., Bur. Standards Jour. Res,, 11, 
463 (1933). 

fA second method for measuring small density differences has been developed by 
H. E. Wirt, T, C. Thompson ^d C. E. Uttcrbeck, J. Am. Chem. Soc., 57.400 (1935). It 
is based on the meavsurement by means of an electrical ultra-micrometer of the difference 
in height of balanced columns of two liquids whose densities are being compared. 

This elegant and precise method appears to have been first developed by T. W 
Richards and J. W, Shipley, J. Am, Chem. Soc., 34, 599 (1912). 

van Kiel, C. B.. Adv. in Enzymohgy, 1. Interscience Publishers, Inc., N. Y., 26.3 
(1941). 

“ Ruben, S., Randall. M., Kamen, M. D., and Hyde, J., J. Am, Chem. Soc., 63.877 
(1941). 

** Hoagland, D. R., and Davis. A. R., Jour, Gen, Physiol., S, 627 (1923); also see 
Small, J.. Hydrogen Ion Concentration in Plant Ceils and Tissues, Borritrager. Berlin 
(1929). pp. 93 and 306. 

Dole, M., private communication. 

** Dole, M., and Jenks, G., Science 100, 409 (1944). 

« Birge, R. T., Reports of Process in Physics, 8, 90 (1941). 

GllfiUan, E. S., J. Am. Chem. Soc,, 56, 406 (1934); Greene, C. H. and Voskuyl, 
R. J.. IbU., 61, 1342 (1939); Wirth, H. E.. Thomson. T. G., and Utterbeck, C. L.. 
Ibid., S7, 400 (1936). 

Greene, C. H., and Voskuyl, R, J., J. Am. Chem. Soc., 61,1342 (1939). 



16 


BACTERIOWCY: M.DEMEREC 


pROC. N. A. S- 


PRODUCTION OF STAPHYLOCOCCUS STRAINS RESISTANT TO 
VARIOUS CONCENTRATIONS OF PENICILLIN* 

By M. Dembrec 

CaRNBGIB iNSTXTtTTION, CoLD SPRtKO HaRROR, NbW YokE 
Communicated December 5« 1944 

It is a weH-established fact that strains of bacteria resistant to various 
sulfa drugs, as well as strains resistant to penicillin, may readily be obtained 
by growing bacteria on media containing increasingly higher concentra¬ 
tions of the respective chemicals. The purpose of this study was to make a 
quantitative survey of the origin of resistant bacteria, and to clarify the 
genetic aspect of the mechanism through which resistance is formed. A 
preliminary report summarizing the results obtained is given below. 

Material and Method. —A strain of Staphylococcus aureus obtained from 
the Northern Regional Research Laboratory, Peoria, Illinois, carrying the 
N.R.RX. number 313, was used in these experiments. This particular 
strain is employed by several laboratories for assaying penicillin. Before 
the experiment was started, a broth culture was prepared with bacteria 
from a single colony, and from this broth culture three agar slants were inoc¬ 
ulated, These three stock cultures were kept in a refrigerator and served 
daily as the source of inoculum for all experiments. In a long series of 
experiments conducted over a considerable period of time, this procedure 
yields material that should be genetically more uniform than if the stock 
were maintained by consecutive transfers. 

Penicillin was taken from a lot of sodium salt of penicillin prepared by 
E. R. Squibb and Sons, New York, which was packed in ampules contain¬ 
ing 26,000 Oxford units each. The material of one ampule was dissolved 
in 10 cc. of phosphate buffer of pH 6, and kept in the refrigerator as a stock 
solution containing 2500 Oxford units of penicillin per cc. From this, 
other stock solutions containing 250 and 25 units per cc, were prepared 
under sterile conditions. Assays made at intervals indicated that the po¬ 
tency of penicillin in the stock solutions was not affected by storage. 

The resistance of the bacteria to penicillin was determined by mixing 
them with an agar-nutrient medium to which the penicillin solution had 
been added, and plating the mixture in a Petri dish. Precautions were 
taken not to have the agar warmer than 45 degrees Centigrade. 

In order to have a check of the potency of the penicillin, an assay was 
made for every experiment by diluting the solution used in that experiment 
to one Oxford imit per cc. and making a standard Oxford cup test. In 
this way any appreciable decrease in the potency of the penicillin solution 
would have be^ detected. 

Reaction of Staphylococcus to Psmcittw.—The strain of bacteria used in 
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FIOtJRE 1 


Numbers ol surviving Siaphyloccccus aureus after plating on nutrient agar containing 
various concentrations of penicillin. Arrows indicate concentrations at which resistance 
to penicillin of surviving colonies was tested, and numbers above the arrows show the 
total number of colonies tested, the number of normal overlaps and the percentage of 
resistant colonies. 


these experiments was affected by various concentrations of penicillin in a 
manner shown graphically in figure L No reduction in colony counts is ap¬ 
parent when the bacteria are plated onto nutrient-agar medium containing 
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weak concentrations of penicillin, until a threshhold of about 0*012 Oxford 
units per cc. is reached. A slight increase in concentration after this point 
produces a striking effect. For example, at a concentration of 0.014 only 
10% of colonies appear; at a concentration of 0.016 the survival is 1%; 
at a concentration of 0.018, 1 per thousand; at a concentration of 0.05, 
about 1 per million; ahd a concentration of about 0.15 eliminates all 
bacteria. Six independent experiments gave very similar results; and the 
curve shown in figure 1 was fitted to the combined data of these experi¬ 
ments. 

Thirty-two strains were established by inoculating broth with bacteria 
taken from 32 colonies which developed from surviving bacteria plated 
onto nutrient-agar medium containing 0.064 Oxford units of penicillin per 
cc. Not more than two colonies from any one plate were used for starting 
new strains, and the bacteria of the different plates were taken from dif¬ 
ferent cultures. This precaution was taken in order to have strains that 
were not closely related. All of the 32 strains so established were tested 
for resistance to various concentrations of penicillin and were found to 
withstand concentrations considerably higher than the parent strain. The 
bacteria that formed colonies on plates with the nutrient medium contain¬ 
ing ().0(H units per cc. of penidUin did so because they were resistant to at 
least that concentration of penicillin. 

In a similar manner, 20 colonies which had formed on medium containing 
0.024 units were tested on various concentrations of penicillin; 18 of them 
were more resistant than the original strain, while 2 were not. Therefore, 
at that concentration about 90% of surviving colonies had higher resistance 
than the parent strain, and 10% were normal overlaps’- That is, chance 
survivors in a survival probability curve. 

At a still lower concentration—^namely 0.022 units per cc.—there were 
50 survivors tested, 24 (or 48%) of which were normal overlaps. At a 
concentration of 0.018 units, 42 (or about 79%) of the 54 survivors tested 
were normal overlaps; and at 0.010 units, 43 (or 80%) of the 53 survivors 
tested were normal overlaps. 

From these tests it is evident that at a concentration of 0.064 imits per 
cc. of penicillin all tested survivors had higher resistance than the parent 
strain, while even at lower concentrations a considerable proportion of 
survivors were resistant. In figure 1 the arrows indicate concentrations 
from which survivors were tested, and the numbers above the arrows show 
the total number of tests, the number of normal overlaps and the per¬ 
centage of resistant colonies. 

J$ the Resistance Inkeritedt —The evidence that has been accumulated 
suggests an affirmative answer to this question. A resistant strain isolated 
from the medium containing 0.064 units of penidllin was kept in the re¬ 
frigerator on an agar slant for three months without any change in the de- 
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gree of resistance. Ten strains isolated in a similar manner were passed 
through 20 broth transfers, and tests for resistance were made at the end of 
that period as well as several times during the process. No change in the 
degree of resistatice was observed. These strains, which were isolated 
after one passage in penicillin, acquired permanent resistance* 

Origin of Resistant Bacteria.—Two alternate mechanisms can be visual¬ 
ized as responsible for the origin of bacteria resistant to certain concentra; 
tions of penicillin: (1) Resistance is an acquired characteristic, which de¬ 
velops through interaction between bacteria and penicillin when the two 
are in contact with each other. (2) Resistance is an inherited characteristic, 
which originates through mutation and whose origin is independent of 
penicillin treatment; resistant mutants occur at random, in a small frac¬ 
tion of a populatioti, and, since a certain concentration of penicillin elimi¬ 
nates all non-resistant individuals, the resistant ones are selected out from 
the population by the treatment. 

Which of these two mechanisms is responsible for the origin of resistance 
can be determined with the aid of a modification of the method developed 
by Luria and I^elbrfick^ in their study of changes in bacteria from bacterio¬ 
phage-sensitivity to bacteriophage-resistance. In the majority of experi¬ 
ments reported in this paper, bacteria were in contact with penicillin only 
during the time when the test for resistance was being carried on. Other¬ 
wise they were grown in the broth medium free of penicillin. If the re¬ 
sistance is induced through interaction between bacteria and penicillin 
when they are in contact with each other, it would be expected that approxi¬ 
mately similar numbers of resistant bacteria would be obtained when 
samples containing similar numbers of bacteria are plated onto nutrient 
agar containing a certain concentration of penicillin, irrespective of the 
origin of tliese samples. The situation would be quite different in the 
event that the origin of resistance is mutational. In such case, one would 
expect to obtain similar numbers of resistant colonies only in samples 
taken from the same culture. If, however, each of the samples came from a 
separate culture, and mutations occur at random, then one would expect to 
obtain a large nmnber of resistant colonies from cultures in which mutation 
happened to occur early in the growth of the cultiue and a small number of 
resistant colonies from cultures in which mutation happened to occur late, 
provided resistant bacteria grow more or less like the normal ones. If re¬ 
sistance originates by mutation, then, the variation in number of resistant 
bacteria between samples taken from separate cultures should be tnuch 
greater than between samples taken from the same culture. 

^ A critical experiment to distinguish between these two possibilities was 
planned as follows: A sattirated broth culture of bacteria was diluted to 
10"**, so that the broth contained about 300 bacteria per cc. 0.3 cc. of 
this was placed in each of 30 small test tubes. One large test tube contain- 
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ing about 15 cc. of broth was inoculated with another sample of 0.3 cc. from 
the same dilution. All 31 test tubes were incubated at 37for 18 hours» 
and precautions were taken to prevent evaporation from the tubes contain¬ 
ing the small cultures. After 18 hours of uicubation^ 0.7 cc. of broth was 
added to each of these 30 small tubes, in order to reduce the error when the 
contents of each tube were taken out and plated. The number of bacteria 
was determined by sampling 10 of the small tubes, taking 0.0»5 cc. of ma¬ 
terial from each and assaying it on nutrient agar after making proper 

TABLE 1 

NirMBEK OF Bacteria Resistant to Concentration or 0,064 Oxford Units or ^ 
Pbnicilun per cc. op Agar Medium in Samples Taken prom a vSicKiEa or Inde¬ 
pendent Cultures and Similar Samples Taken prom a Single Culture Which 
Assayed 2,3 X 10* Bacteria per cc. 
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1.83 X 10^ 

33 

11 

196 

1 

27 

2 
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serial dilutions. The nuihber of bacteria in the large culture was deter¬ 
mined by a similar assay. The material from the 30 small cultures (con¬ 
taining 0,3 cc. of saturated bacteria to which 0.7 cc. broth had been 
added) was plated onto Petri dishes with nutrient agar containing 0.064 
Oxford units of penicillin per oc. At the same time, twaity G.3*-cc. 
samples containing saturated bacteria from the large culture were plated 
in agar with 0.064 units of penidlUn pa* cc. 
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Results of this experiment are given in table L It may be seen that the 
growth of bacteria in the different small cultures was fairly uniform, the 
average titre in ten cultures being 1.9 X 10® of individuals per cc.; and 
that this was fairly dose to the litre of 2.3 X 10* per cc. reached it\ the 
large culture. That is, samples taken from the individual cultures and 
from the large culture contained approximately similar numbers of bacteria. 
It is evident from the table that the variation between tlie numbers of re¬ 
sistant bacteria on plates from samples taken from a single culture is small, 
the extremes being 16 and 38, the variance slightly larger than the average, 
and the probability that this variation is due to chance 30 per one hundred 
trials. On the other hand, the variation in number of resistant bacteria 
among samples taken from independent cultures is considerable, with ex¬ 
tremes of 9 and 839 in cultures number 1 to number 10, and 12 and 730 in 
cultures numbers 11 to 20, with a variance greater than 200 times the aver¬ 
age, and an insignificant probability that such a distribution may be due to 
sampling. 

The results of this experiment, therefore, favor the assumption that re¬ 
sistance to certain concentrations of penicillin originates through mutation 
and that resistant bacteria may be found in any large population. The 
proportion of resistant bacteria depends on the mutation rate. The ex¬ 
periment WHS repeated three times, and similar results were obtained. 

Anotlier experiment furnished supporting evidence for the conclusion 
that resistance does not originate as a result of contact between bacteria 
and penicillin. In a study of the action of penicillin on Staphylococcus, it 
was found that penicillin affects principally dividing bacteria, while non¬ 
dividing bacteria can be kept for a considerable length of time in the peni¬ 
cillin-containing medium. To a saturated broth cultmre, containing 3.7 
X W bacteria per cc., a sufficient amount of penicillin was added to make 
the concentration in the medium 25 Oxford units per cc. The culture was 
kept at 37®C-, and after five days an assay showed that it contained 2.3 
X 10* living bacteria per cc., while the assay for penicillin indicated that 
the concentration was not appreciably changed. These bacteria, exposed 
to 26 units of penicillin for five days, were washed to remove penicillin 
from the medium and tested for their resistance to various concentrations 
of this chemical. They were found to be no more resistant to penicillin 
than bacteria of the original strain. This shows that contact with penicil¬ 
lin does not make resting bacteria resistant. 

Degree of Resistance ,—In the strain of Staphylococcus used in these ex¬ 
periments, there is about one bacterium per 2 X 10* that survives a concen- 
tmtion of pentciUin of 0,125 units per cc. At a concentration of 0.15 units 
par cc., there are no survivors. However, in strains established from sur¬ 
vivors on an 0.064 concentration, there were a few individuals resistant to 
0,15 units; in Strains developed from survivors on an 0.125 concentration. 



NUMBERS 



PENICILLIN CONCENTRATION!OXFORD UNITS PER CC 

FIGirjSlE 2 


Numbers of survivors on various concentrations of penicillin, for the stock strain of 
Staphylococcus aureus and for four resistant strains developed through repeated selection. 


there were individuals resistant to 0.25 units; strains from these latter sur¬ 
vivors had individuals resistant to 0.5 units; strains from these contained 
individuals resistant to 4 units ; and from these a strain was isolated that 
was not aifected by a concentration of 250 units of pemcillin per cc. of the 
agar medium. 
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The curves in fi^jure 2 show the survival numbers, with various concen¬ 
trations of penicillin, for bacteria of the stock strain and of four strains de¬ 
veloped by the process of selection described in the previous paragraph. It 
is evident that the building up of resistance is more rapid with each selec¬ 
tion step. That is, a concentration of 0.15 units is sufficient to eliminate 
all bacteria of the original strain, while to eliminate all bacteria of the first- 
step resistant strain a coticentration of about 0.2 units is required, for the 
second-step resistant strain about 0.4 units, for the third-step about 1.0 
units, and for the fourth-step about 7 units. The fifth-step strain was for 
all practical purposes completely resistant to penicillin. 

As a check against contamination, a bacteriophage strain was isolated 
which lyses the Staphylococcus strain used in these experiments. This 
phage lysed als<j the completely resistant strain mentioned above, and all 
other resistant strains with which it was tested, indicating that these strains 
were derived from the original one rather than contaminants. 

Discussion .—The evidence reported in this paper makes it probable that 
resistance of Staphylococcus to certain concentrations of penicillin is not 
induced by the action of penicillin on bacteria, but arises independently by 
mutation. 

In any large population of bacteria of the strain of Staphylococcus used 
in these experiments there are some individuals resistant to certain low 
concentrations of penicillin. If this population is exposed to the action of 
such concentrations of penicillin, non-resistant individuals are eliminated 
while the resistant survive. Thus penicillin acts as a selective agent which 
suppresses non-resistant bacteria. 

It is clear from the data that resistance is a complex characteristic, and 
that it must involve a number of mutations; if it is assumed that genes 
are responsible for these mutations, a number of genic changes must be 
involved. Such a situation is not unusual. A close parallel was described 
by Demerec and Fano- in the case of strain B of Escherichia coli^ where 
about 20 distinguishable mutant types showing resistance to one or more of 
the seven phages were detected. Since it would be possible to isolate many 
more phages affecting the B strain of coli, it is evident that the actual num¬ 
ber of mutants affecting resistance is considerably larger than the number 
detected. 

It has been shown that degree of resistance can be increased by selection, 
and that the building up of resistance is more rapid with each selection 
step (Fig. 2). This can readily be explained by the mutation hypothesis. 
It is assumed that there are a number of genes that affect resistance to 
penicillin, and if any one of them mutates, the individual in which such 
mutation occurs acquires resistance to a certain concentration of penicilUn. 
Mutants may differ in degpree of resistance, but the resistance of individuals 
in which only one gene has mutated (single mutants) is never very high. 
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In a single-mutant strain, mutations may occur in other genes for resis¬ 
tance; and when two mutant genes are together in one individual (double 
mutants) their effect is cumulative. Moreover, it happens that the re¬ 
sistance of a double mutant is higher than the sum of resistances of two 
single mutants. If a third gene for resistance, a fourth, etc., mutate in the 
same line, the combined effect of all these mutations is a high degree of re¬ 
sistance or complete resistance. 
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Elroy in carrying out the experiments. The author is grateful to Dr. S. E. 
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tions for improvements in bacteriological technique. 

Summary ,—In experiments with Staphylococcus aureiiSy strains resistant 
to penicillin were developed, which retained the property of resistance dur¬ 
ing the period covered by the experiments. Evidence is presented indicat¬ 
ing that resistance is not induced by the action of penicillin on bacteria, but 
originates through mutation, and that penicillin acts as a selective agent to 
eliminate nonresistant individuals. Degree of resistance can be increased 
by exposure to higher concentrations of penicillin, and this increase is in¬ 
terpreted as due to summation of the effects of several independent genetic 
factors for resistance which undergo consecutive mutation, 
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THE LAW OF MASS A CTION IN EPWEMIOLOGY 
By Edwin B. Wilson and Jane Worcester 
Harvard School of Pobuc Health 
Communicated December 13, 1944 

Almost all workers in the analjrtical theory of epidemics assume that 
the rate at which an infection passes in a population is proportional jointly 
to the product of the number of persons / who are infectiems and the num¬ 
ber of persons S who are susceptible to the infection,This is called the 
law of mass action. Thus if the rate of new infections be C the law is 
written as 

w 


C - r/s. 
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where r is a constant. The a priori rationalization of the law generally is 
based upon the assumption, explicit or implicit, that the infectious I are 
mixing uniformly with the susceptibles S throughout the population. Ac¬ 
cording to the law, if we had a population with twice as many susceptibles 
and infectious and with the same rate r of mixing, the rate C at which the 
infection passed would be not twice but four times as great. As a matter 
of fact, it is unlikely that any such condition exists in detail. For example, 
it is known that for the childhood infectious diseases such as measles the 
liability to infection within the family is greater than within the schoolroom 
and this is in turn greater than that within the community at large. The 
mixing of the susceptibles and infectious is not uniform throughout the 
population. Thus the real utility of the assumption for the explanation of 
the course of an epidemic must be foimd from the a posteriori observation 
that with the proper choice of a constant r the equation (1) yields a theo¬ 
retical curve of new cases which is in satisfactory agreement with the ob- 
sehred curve of new cases. Such a value of r is presumably some compli¬ 
cated sort of average value of the different values of r under different de¬ 
grees of intimacy of contact between different groups of infectious and sus¬ 
ceptibles within the population 

In the application of (1) the analytical developments vary according to 
the special assumptions made with respect to the particular disease under 
consideration. For example, if one is considering malaria and assumes 
that those once infectious remain so indefinitely and if one neglects acces¬ 
sions to or losses from the population and further neglects the incubation 


period whether in man or in mosquito, one writes 

cf-r/S, (2) 

where Ss is the number of susceptibles at the beginning: then (1) leads to 

(3) 

which on integration gives 

/ - VihSs[l + tanh V 2 rSt>(/ - k)l (4) 

C * VirSj,^ sech* lArS^U - 4). (5) 

This means that the curve of total cases I is the logistic or growth curve, 
and the curve of new cases is symmetrical with respect to / = to. The 


rate of new cases when / ■■/o is rS^V^ and the number of susceptibles re¬ 
maining at that time is Sjt/2, half of those at the beginning. In due time 
all the susceptibles are exhausted. 
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On the other hand, if the disease is one like measles in which it is gener¬ 
ally assumed that there is an incubation period r and a short period of in¬ 
fectiousness one may write 


C - rSC{t - r) or C - (5/m)C(/ - r), (6) 

where m ^ 1/r is the number of susceptibles just sufficient for one infec¬ 
tious case at ^ “ r to generate a new infectious case at L Then, following 
Soper, and using C « --dSIdt with u — log C, one may obtain, to the order 
of approximation he uses, 


dhi r 

dF T 


(7) 


The integral is 


tt =»= 2 log sech 



+ log Co 


( 8 )‘ 


where Co is the rate of new cases when ^ A)» and then 


C 


Co sech* {I - <o). 


(9) 


It should be noted that the curve of new cases (or, more precisely, the 
curve of the rate of new cases) is under these assumptions and approxi¬ 
mations of the same type as (5) which arose under very different assump¬ 
tions. 

In the third place if one modifies the law of mass action by assuming 
that the rate of new cases is proportional jointly to some power p of the 
number of susceptibles^ and to the case rate lagged by r, i.e., 

C - {S/mYC{t - r) (10) 

and eliminates 5 by C = --dS/dt with w « log C one finds 


di^ mr 


( 11 ) 


where the first correction term {l/p — ^/t){du/dt) has been kept in the ex¬ 
ponent on the right. This term is neglected by Soper aad was neglected, 
in the analysis above, for p « 1; it would appear to be equally negligible 
for other small values of />, and will be neglected. The integral is then 

C - Co sech* (t - to), 


( 12 ) 
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and is still of the same t 5 ^e as (9) and (5). It is therefore clear that the 
form of the curve of new cases, apart from an interpretation of the constants 
which are involved and the assumptions which have been made in its 
derivation, cannot discriminate between a number of different laws of 
epidemic spread.** One could apparently get Soper's equation (7) and an 
epidemic curve of new cases as the derivative of the growth curve with 
better approximation from (11) if ^ = 2 than if p *=* 1. 

As a matter of fact, one may show directly that when p = 2 equation 
(10) with C “ --dSIdt is exactly satisfied by a solution of type (12). For, 
given 


ds _ ^syds\ 


dt 


mj dl It 


(10') 


we may substitute therein 

S = mj^cosh a — sinh a tanh a ^.J 

and find that the equation is satisfied identically. Then 


^ dS nta . - - ^ / — /() 

Q — -K — sinh a sech"* a - 

dt r r 


(13) 


(14) 


and the value of a is connected with the case rate when maximum by 


or 




( 15 ) 


(15') 


For this case the initial and final values of 5 are 


Sit = w(cosh a + sinh a), Sg = m(cosh a — sinh a) 

and the value of 5 at the peak of the epidemic is 5o =* w cosh a which is 
halfway between the initial and final values; moreover, SgSg = w* so 
that the ‘^equilibrium value” m is the geometric mean of the initial and final 
values of 5. 

If we return to the general case where p ^ 2 and approximations are 
naade in deriving (12) we obtain on integrating (12) 
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Const 




m.u- 


The total number of cases from beginning to end of the epidemic is 


Total cases ^ Sg — Sg ^ 

and to the order of approximation used we find 

m (total cases)® 

p 8(peak cases) . 


^2wrCo 


(130 


(16) 


(17) 


provided we agree to call Cor, which is the case rate at the peak of the epi¬ 
demic multiplied by the incubation interval r, the “peak cases,” Thus 
what could be determined from an observed epidemic would not be either 
m or p severally but their ratio. In any such determination it would, of 
course, be necessary to use the estimated real numbers of total cases and 
of peak cases and not the total cases or peak cases reported unless the 
reporting were complete. It should further be observed that actually an 
epidemic may last over a conaderablc time and that recruits are coming 
into the population of susceptibles, which might well make necessary 
some modification in (17) 

Instead of pursuing these considerations at this time we shall turn to the 
matter of the exact stepwise integration of (10). For notational simplifi¬ 
cation we introduce as in earlier papers,® x S/m, and T ^ t/r so that (10) 
becomes 


dx ^ ^ 1 dx dx 

dT-l dT “ dT-l' 


( 10 ') 


The equation may be integrated exactly as* 




+ *r-i' 



x-i. 


(18) 


where q <= p — I and xo, * -1 are any two values of x which are one incuba¬ 
tion period apart. At the beginning and end of the epidemic there are no 
cases and Xf m x,- v Hence the equation 


■"i + * ^ » 0 Of " «-«• -f tf* — Jk 0 (19) 

9** 9 

with!» * log * win have as solutions the initial and final values x, of x 
or their logarithms. We have 
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f{v) ^ ^ ^ f(v) * + e, 

f(v) + f{—v) « 2(cosh V — coshgi^). 

Hence the plot otf{v) has a minimum at v » 0, and the (positive) slope for a 
positive value of v is numerically greater than the (negative) slope for the 
same numerical but negative value of provided g < 1, but for g > 1 it 
is less. This means that < 0 or XsXg < 1 when g < 1, i*e., when 

0 < p =» 2, but that XgXg > 1 when g > 1, i.e., when p > 2. 

At the end of the epidemic where the case rates are very small and the 
values of x are not changing appreciably, C/C -i being is essentially con¬ 
stant and hence the curve of case rates in portions remote from the mode 
is essentially ah exponential curve with a constant difference p log Xg for 
the ascending tail and with a constant (negative) difference p log Xg for the 
descending tail. The rise will be faster than the fall if XgXg > 1, i.e,, if 
p > but will be slower than the fall if < 1, i.e., if p < 2. We have 
seen that for p 2 the curve of case rates is strictly symmetrical. It 
appears, however, that for p > 2 the longer tail would be on the right 
whereas for p < 2 it would be on the left.^° 

‘ Ross, Sir Ronald, 'Application of the Theory of Probabilities to the Study of a 
priori Pathometry,” Part 1, Proc. Roy. Soc, London, A92, 204-230 (1916); Ross, Sir 
Ronald, and Hudson, Hilda WJdem,, Parts 2-3, IbU., AP3, 212-240 (1917). The treat¬ 
ment is very general and not limited to the study of epidemics; the law of mass action 
is introduced under the temx' ‘proportional happening”; Part 1, pp. 220 ff. 

* Lotka, A. J., ''Contribution to the Analysis of Malaria Epidemiology,” Supplement 
to Amer. Jour, Mygitne, 3, 1-121 (1923). 

• Soper, H. E., "The Interpretation of Periodicity in Disease Prevalence." Jour. Roy. 
Statist. Soc. Londonf 92, 34-73 (1929), 

* Frost, W. H., Cutter Lectures, Harvard Medical School, Feb. 2-3, 1928 (unpub¬ 
lished), The method, somewhat adapted, was used in Zinsser, H. and Wilson, E. B., 
"Bacterial Dissociation and a Theory of the Rise and Decline of Epidemic Waves,” 
Jour, Prev. Med., 6, 497-514 (1932). 

• Kermack, W. O., and McKendrick, A. G., "Contributions to the Mathematical 
Theory of Epidemics," Proc, Roy. Soc., London, U5, 700-721 (1927); 138, 66-^ 
(1982); and McKendrick, A. G., "The Dynamics of Crowd Infections,” Edinburgh 
Med. Jour., 47, 117-136 (1940), where other references are given. 

• Wilson, B. B., and Burke, M. H,, these Procbsdinos, 28, 361-367 (1942); 29, 
48-48 (1943); and Wilson, E. B., and Worcester, J,. Ibid., 30,37-44 and 264-269 (1944). 

^ A word should be said about the assumption that we might use some power p of 5 
in (10). The assumption may be difficult to justify on a priori grounds, but the justifi¬ 
cation for the case ^ 1 is notie too satisfactory. It would, in fact, be remarkable in a 

situation so complex as that of the passage of an epidemic over a community if any sim¬ 
ple law adequately represented the phenomenon in detail—even to assume that the new 
case rate should be set equal to any function f(S) of the susceptibles multiplied by the 
case rAte one incubation period earlier might be questioned. We propose to discuss the 
assumption (10) merely as a passible empirical variant of the case p ^ 1 to see what its 
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consequences may be. Although mathematics is used to develop the logical inferences 
from kiiown laws, it may also be used to investigate the consequences of various as¬ 
sumptions when the laws are not known, i.e., one of the functions oi mathematical and 
philosophical reasotiiiig is to keep us alive to what may be only possibilities when the 
actualities are not yet known. 

* Ross (Part I, p. 226) develops under the case of "proportional hsEppening" consider¬ 
ations of circumstances which he says "are probably just the conditions which hold in 
many of the short and sharp epidemics of zymotic diseases, such as measles, scarlatina 
and dengue.” It is perfectly true that the curve of new cases has the form found in 
epidemics of those diseases, but we have seen that this sort of curve may arise under a 
variety of different hypotheses. It seems tolerably clear that Ross\s theory of happen¬ 
ings, despite its generality, does not include the h 3 rpotheses appropriate to the discus¬ 
sion of epidemics of such diseases as measles, for he assumes that his population P has 
only two divisions, namely, the affected population Z and the susceptible population A 
and that immunity and the affected condition disappear together. In the case of 
measles and similar diseases there is a third population, namely, the imnmnes, let us say 
K, so that P 4^ + A 4- K and his fundamental equations would be replaced by some¬ 
thing like: 

d? - (n - m 4- i - e)Adt (N - M +1 - E)Zdi -f (N^ - if' 4- - £0 Ydt, 

dA « (n - w 4“ i - e - h)Adt 4- (A^ 4- r)Zdt 4- {N' 4* f 0 Kdf. 
dZ « hAdt -f (-AT 4- / - JS - r - s)Zdt, 
dV « (-Af' -hi' - E' - r') Ydt + sZdt, 


Here a, m, i, e and their correlatives in capitals are natality, m<n*tality, immigmiion and 
emigration rates, r is the rate at which the affected return to the susceptibles directly 
according to Ross’s assumption of simultaneous cure and loss of immunity, r' is the rate 
at which the immunes lose their immunity, s is the rate at which the affected become 
cured and immune, and A is a factor which under the assumption of proportional hap¬ 
pening has the form cZ. These equations do not allow for lag; they assume that births 
to the affected and to the immunes are susceptible rather than cither affected or immune, 
though for measles children boni to the immune mothers are generally themselves im¬ 
mune for a time. 

We have tried to reconcile Ross’s formulation (which is abstracted by C. O. Stally- 
brass in his Principles of Epidemiology, 1931, pp. 616 ff) and in particular the statement 
that in Infectious diseases the reversion element fZdt implies loss of both immunity and 
infectiousness, not recovery from disease, by considering the population of affected per¬ 
sons Z to remain affected whether infectious or not as long as they remain immune, but 
this construction appears impossible. We therefore seem to be forced to the conclusions 
that Ross’s a priori pathometry does not cover those zymotic diseases in which immunity 
with non-infectiousness is a prime phenomenon; it might well cover those in which 
immunes were permanent carriers, especially if the rates of transfer of infection from the 
ill and from carriers to susceptibles were not materially different. 

• If in equation (18) we take x " 1 when T — 0 and assume x«i»14*nr4'6r* + 
4* 4“ «T», we find, on equating coefficients of powers of T, the following values of 

h, c, d, e, k in terms of a, good to the power a*, inclusive. 


b ™ pa^ 


[i 


48 192 768 


'•] 
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7/> - 6 , Up* - 2lp +• 12 ■ . »7p* - 23ap* + 168/> 

-4- -- - it - 4 - -fl» - 4 “ - i 

72 432 10368 


, . , r®#* - 2 , - 15p + 12 79/)* - imp* + 168/) 1 

^ L 48 288 6912 J 

^ r /) , 13/)* - 24/. + 24 , 35/.* - 84/)» + 84/) T 
^ IHO 1440 8640 J 

^ p , P , n ^^P* 24/>* + 24^ ^ + 84^» ^ 

p - I 12 180 8640 51840 

For any assumed slope of the ^-eurve at x >» 1 one could plot a short range of that 

curve, say from T ■« — V* lo T » -f‘A- With the value of k one could then proceed 
stepwise from (18) to any other value of x removed an integral number of units of time 
for any value assumed within that range. 

Particularly interesting, however, is to derive expressions in terms of the maximum 
case rate so C^r/m. This requires the value of T when d^x/dT^ » 0, which is 

^ 1 p - 2 bp* - mp , Up* ~ 2bp* + 12p - 8 . 

- -^. + -- 

and is valid only to the term in a* whereas x was valid to the term in a*. For this value 
of 7\ s »» --dx/dT takes the value So, viz., 

+ or + 

Hence a may be found in terms of iio, good to the tenn iii 2 h>®, inclusive. With this value 
of a one may derive expressions in so for k and for the value of Xa of x at the peak of the 
epidemic, as follows: 


1 1 . 113/)* - 290/) . 

■--- So . 


With these values one may compute stepwise from (18) the values of x for successive 
values of x removed from the mode by integral numbers of units of time under any as¬ 
sumed value of the ratio Cnr/nt and for any value of p. 

For the approximation that leads to the symmetrical curve, w^; may write (13') nearly 
enough as 

5 ** m + ^ CVt — tank (f * "o)* (Q 
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Therefore for the beginning and end of the epidemic we should have 

1 _ . ^[2rmCo „ 1 ^ SrtrtCo 

Sfi ^ m -h ^ Cor 4“ ~—* -Sip • m 4" 2 ^ ^ — p —• 


In general for x at the beginnfng and end, equation (19) for x may be solved in series. 
If we stt 



X «1 ^ rv* 4 - K ^ yA 4. (p±.n(^p 

6 72 540 


(p 4- l)(2p - l)(2p* - 23^ 4“ 23) 


7*/» 


17280 

and Xg will be the value with the positive sign, Xg that with the negative, and 

Total cases - 2y'/> + ^ T*/* + 

36 

(p 4- l)(2p - l)(2p» - 23p 4- 23) 
8640 


Y*A 


provided we measure cases relative to m. Transformed to actual numbers 

Total cases - m y'/, + 

(p + l)(2/> - l)(2p» - 23» + 23) 

8640 y . W 



Equation (D) witli Y defined as'in (E) gives a relationship between total cases, peak 
cases Cor and m and p which may be solved for any one of those four quantities in terms 
of the other three to give a more exact expression than (17) which was based on an ap* 
proximation. If we solve for m and retain only the fir^t approximation beyond (17) we 
find 

,,, (total cases)* f ^ 5^* 4- 4^ — 4 / peak cases yi ^ 

^ ^ 8(peak cases) L \toul cases/ J 

Eor p 1 the correctidn term in (F) is at most two-thirds of the square of the ratio ol 
peak cases to total cases. This ratio in sharp epidemics of measles (after allowance for 
under-reporting) is rarely as much as V« so that the correction rarely anumnts to more 
than two percent, and, therefore, considering the difficulty of accurate estimation of 
actual total cases or peak cases, we may consider (17) a sufifidently good approxlmatiaKi. 
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^ The actual caicuiation of the course of «■ mx from (18) for three comparative 
special cases, with s dx/dT » C/m, is as follows: 


^ - 1, w - 

1, *# » 0,3 p «» 2, m » 

2. *0 - 16 

^ “ 3, m « 

3, •# «- 

S 

Cases S 

Cases 

S 

Cases 

1.9780 



* 



0.0001 




1.9788 

2.9326 





0.0002 

0.0002 



1.9786 

2.9324 





0.0004 

0.0002 



1.9782 

2.9322 


3.9165 



0.0008 

0.0004 


0.0003 

1.9774 

2.9318 


3.9162 



0.0016 

0.0008 


0,0006 

1.0768 

2.9310 


3.9166 



0.0032 

0.0018 


0.0016 

1.0726 

2.9292 


3.9141 



0.0063 

0.0038 


0.0033 

1.9663 

2.9254 


3.0108 



0.0123 

0.0084 


0.0072 

1.9640 

2.9170 


3.9036 



0.0238 

0.0178 


0.0156 

1.9302 

2.8992 


3.8880 



0.0456 

0.0368 


0.0336 

1.8847 

2.8624 


3.8544 



0.0837 

0.0732 


0.0604 

1.8010 

2.7892 


8.7848 



0.1446 

0.13B6 


0.1320 

1.6664 

2.6536 


3.6528 



0.2231 

0.2190 


0.2176 

1.4833 

2.4346 


3.4353 



0.2866 

0.2804 


0.2865 

1.1467 

2.1482 


3.1488 



0.2857 

0.2864 


0.2865 

0.8610 

1,8618 


2.8623 



0.2140 

0.2190 


0.2206 

0.6470 

1.6428 


2.6418 



0.1246 

0.1356 


0.1389 

0.6224 

1.5072 


2.6029 



0.0612 

0.0732 


0.0768 

0.4612 

1.4340 


2.4261 



0.0274 

0.0306 


0.0396 

0.4338 

1.3974 


2.3865 



0.0117 

0.0178 


0.0198 

0.4221 

1.3796 


2.3667 



0.0049 

0.0084 


0.0096 

0.4172 

1,8712 


2.3671 



0.0021 

0.0038 


0.0048 

0.4161 

1.3674 


2.3523 



0.0009 

0.0018 


0.0024 

0.4142 

1.8656 


2.3499 



0.0003 

0.0008 


0.0009 

0.4139 

1.3648 


2.3490 



0,0002 

0.0004 


0.0006 

0,4137 

1.3644 


2.3484 




0.0002 


0.0003 


1.3642 


2.3481 




0.0002 




1.3640 
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The left-hand skewness far 1 and right-hand skewness for ^ 3 show in the hgures. 

The different values of £q were chosen so that the case rates at maximum Cot «« zom and 
total cases should be the same provided the approximate formula (16) were used and the 
value of Xo were taken from (B) in footnote 9. Slight irregularities in the numbers must 
be expected due to the limited number of places carried, and slight discrepancies in 
verifying (16) from the calciilations because of the approximative nature of (16) and (B). 

J. Brownlee stated, Proc, Boy. Soc, Med., Epid. Sect,, 2, Part 2. 243-268 (1909); 
. . . the symmetry of the course of the epidemic is an obvious and marked feature. The 
deduction from this phenomenon is direct and complete, namely, that the want of per¬ 
sons liable to infection is not the cause of the decay of the epidemic. On no law of in¬ 
fection which I have been able to devise would such a cause permit epidemic symmetry. 
The fall must in all cases be much more rapid than the rise, though, on the contrary, 
when asymmetry is markedly present the opposite holds. Ross* comments on this 
statement. We may point out that if we accept the generalization of the law of mass 
action suggested in (10) there is symmetry for ^ » 2, negative skewness for p < 2 and 
positive skewness for p > 2. Thus a rather simple law has been devised which may ex¬ 
plain symmetry or skewness of either sign. Furthermore,'in the examples above which 
correspond to rather severe epidemics of measles the rise is at the (logarithmic) rate p 
log Xb or 0.68, 0.77, 0.81, respectively, for p ^ 1, 2, 3; and the rate of the fall is — p 
log 3C/f or 0.89, 0.77, 0.74, respectively. In the first case the rate of fall is considerably 
greater than the rate of rise, in the second case they are equal, and in the third case the 
rate of fall is but slightly less than the rate of rise. With higher values of p the rate of 
fall would become considerably less than the rate of rise, but even with very high values 
of p and with the same values of peak cases and of total cases as in the illustrations above 
the rate of rise could probably not exceed 0.89 and the rate of fall not be lower than 0.69. 


A LETTER FROM LORD RA YLEIGPI TO /. WILLARD GIBBS AND 

HISREPLY 

By Edwin B, Wilson 
Harvard School of PtJBwc Health 
Communicated December 4 ,1944 

In the smaU collection of letters left by J, W. Gibbs and now in the 
possession of Ralph G. Van Name is one from Lord Rayleigh the answer to 
which I presumed still existed because the present Lord Rayleigh quoted 
three sentences from it in his biography of his father.^ When I sent a copy 
of his father's letter to Lord Rayleigh, he kindly sent mp a transcript of 
Gibbs’s reply. As this exchange of letters between a foreign associate and 
a member of this Academy seems to me likely to be of sufficient interest to 
our members and of sufficient importance to the history of science to justify 
publication in full even at this late date, I have secured the permission of 
Lord Rayleigh and of Professor Van Name to print them here. 
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June 5/92 

Terling Place, 
Witham, Essex. 

Dear Prof. Gibbs: 


I have been experimenting lately upon the intensity of reflection from 
water at nearly perpendicular-incidence, and the not very close agreement 

that I have found with Young's formula ^ has set me thinking 

whether there is any reason for expecting this formula to be correct, when 
the effect of dispersion is included. The case of two strings joined together 
one (as usual) perfectly flexible and the other with such stiffness as to in- 

troduce dispersion, shews that the reflection is not to be got from -—;— 

/Lt + 1 

even though the correct fx be used; I think the deviation from this is of the 

same order as the deviation of ^\ from ^ ~. But this case does not 

much resemble optical dispersion (one would suppose), and I am writing 
partly to ask whether you have ever considered Uie problem of reflection 
with inclusion of dispersion on the lines of your published papers. And 
with respect to the latter I find a diflficulty in your estimation on Kelvin's 
theory [is not this analytically identical with Ix)renz?l of the potential 
energy as 

I bk^ 

^2 "4 


(Phil. Mag.f XXVII, p. 24) in which the 1st contains I and the 2nd does 
not. Supposing the disturbance from uniformity to be by simple changes 
of elastic quality, would not the 2nd term contain like the first. 

And now on another subject. Have you ever thought of bringing out a 
new edition of, or a treatise founded upon, your Equilibrium of Het. 
Substances." The original version though now attracting the attention it 
deserves, is too condensed and too difficult for most, I might say all, 
readers. The result is that as has happened to myself, the idea is not 
grasped until the subject has come up in one's own mind more or less inde¬ 
pendently. I am sure that there is no one who could write a book on Ther¬ 
modynamics like yourself. 

I feel that I am taking a liberty in writing like this, but it is in the in¬ 
terest of science and you will forgive me. 

I remain 

yrs very truly 
Rayleigh 


New Haven. 
June 27,1892, 


My dear Lord Rayleigh, 

The electrical theory of light seems to afford a very simple equation for 
harmonic motions of any one period in any optical Add, without neglect of 
the causes of dispersion. If we consider an dement of space containing 
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many ponderable molecules, the electrical motions in that space are pre¬ 
sumably very complicated, but they result from the motions at a distance, 
and the effect of motions at a distance can be expressed by a very simple 
formula. There is first the electromotive force of induction, of which the 
components are calculated from the components of acceleration by the 
same law as the potential isrcalculated in the theory of gravitation from the 
density of matter. If we write Pot to express this operation, we will have 
— Pot F for this force, F being a bi-vector representing the displacement 
(t. e., the three components of F are complex realms). There is also (or 
may be) an electrostatic force which can be represented by VQ, where Q 
is a complex realm (the electrostatic potential). It should be borne in 
mind that the displacements which occur in the equations of wave motion 
are a sort of average for elements of space which are large in comparison 
with the distances of neighboring molecules, but small in comparison with 
a wave-length. If F is understood os representing such an average, and 
likewise Q 

-Pot F -VQ 

will still correctly represent the electromotive forces acting upon the ele¬ 
ment from a distance. Whether this formula correctly represents the in¬ 
ternal forces of the element or those forces which arise from the immediate 
neighbourhood of the element is of no consequence. Now I say that F is 
a function of —Pot F -- vQ* This is really saying very little. It is only 
saying that if under any circumstance an average harmonic motion F sub¬ 
sists in an element of space, and if we then chwge things in the remoter 
parts of the field, but so that the value of —Pot F — vC shall remain un¬ 
altered at the element considered, the same motion F will continue to sub¬ 
sist in that element. F is therefore a function of —Pot F — VQ and by 
the principle of supeiposition of motions a linear function. Or, we may say 
that — Pot F — V (3 is a linear function of F, and write as in my paper on 
Kelvin's quasi-labile ether. 

— Pot F — vO 4ir^F 

the operator ^ representing in ^^eral a linear vector function, which how¬ 
ever m the case of an isotropic body reduces to a (so-called) numerical 
quantity (rstrf, if the body is transparent). It will of course vary'in dif¬ 
ferent parts of the field witl^ the optical properties of the bodies in tht field. 
The equation is not indeed absolutely accurate—the definitions on which it 
is founded are not absolutely sharp, and the phenomena of (non-magnetic) 
rotation of plane of polarization form a striluDg exception to the equation, 
which I have discussed at leng^ in my 2nd ‘‘Note on the Elec. Theory of 
Light" We may say tliat the inaccuracy in the equation results from the 
virtual assumption that the structure oi a body is in&iitely fine as measured 
by a wave-length of light. 

But I do not see that any amount of dispersion constitute any reason for 
the failure of the equation. It will apply^ so far as 1 can see, even tooases 
of selective absorptive and abnormal (s(M:alled) dispersion, m well as to 
any degree of opacity. 

Now this general equation (as I have pdnted out in my psqier on Kelvin’s 
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quasi-labile ether) gives us on one hand Fresnel’s wave-surface, and on the 
other Fresnel’s laws of intensities of reflected light, if we suppose that ^ is 
constant on each side of a mathematical plane of reflection, which is of 
course a very precarious supposition. You will remember that in one of 
your papers you refer to one of Lorentz, in which he claims to obtain a re¬ 
markable agreement with Tamin’s experiments for solids by supposing the 
change in index (i.e., in to be gradual. Your own experiments have 
shown that at least in the case of liquids the influence of foreign substances 
at the surface is considerable. Besides the question of the gradual or 
abrupt change in there is the question (at least when the foreign sub¬ 
stances are present) of values of # which are not intermediate, as complex 
values where ^ is real on each side of the surface, 

I was very glad that you vindicated Fresnel’s law from the most consid¬ 
erable deviation as reported by Jamin for liquids, and feel quite sorry that 
your later experiments show in another way a deviation. I should hope 
for the sake of the theory (to which you see I am somewhat attached) 
that the deviations can be accounted for by attributing some not unnatural 
qualities to a thin fllm at the plane of reflection.^ 


With respect to reflection of waves in strings, we may cause dispersion 
by supporting a heavy string by threads (very close together) from the 
ceiling. For waves of any one period (in time) the reflection where two 
such strings are joined is determined entirely by the wave-lengths in the 
two strings. 


I am afraid that I hardly have the right to say what the potential energy 
should be on Kelvin's theory, in respect to a point on which he has not ex¬ 
pressed himself. It is however natural, if we imagine a sea of jelly to be 
surging to and fro among fixed molecules, to suppose that the jelly is 
thereby distorted. There are indeed two exceptions; 1st. If we suppose 
that the molecules do not affect the motion of the jelly, although they may 
have made it denser (by their attraction); 2nd. If we suppose the mole- 
ctdes to move with the jelly, taking the same displacements. In either of 
these cases (both apparently improbable) the momentum of the jelly 
would have the same ratio to the velocity for all directions about a point. 
This is not the case in Kelvin's theory, in which the effective inertia is 
aeolotropic (Phil. Mag. XXVI, 501). If then the jelly is distorted in its 
motion by the molecules among which it flows, the potential energy should 
not vanish for / , at least apparently not. (It is hard to speak with 

absolute certainty in regard to so peculiar a jelly, which enjoys moreover, 
I suppose, the privilege of further hypotheses in its behalf as they may 
become necessa^.) I think we may say that it is reasonable to admit such 
a term in the formula on a priori evidence, its magnitude (whether zero or 
otherwise) to be determined a posteriori, I am not claiming the existence 
of an absolutdy constant term, but one which does not vanish for / *« ». 
I shotdd expect, however, that it would be tolerably constant in most 
cases. As a matter of fact, it seems to me that we can measure it, as com¬ 
pared witii the other term, by means of the dispersion of light, as I have id- 
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dicated in the passage in question. As thus measured^ it does not appear 
at all constant (for constant amplitude) as I should expect it to be. This 
seems to me a very serious objection to the theory, al^ough one which I 
should urge with great diffidence, as Lord Kelvin has not touched upon 
these points. 

I thank you very much for your kind interest in my '"Equilib. Het. 
Subst."' I myself had come to the conclusion that the fault was that it was 
too long. I do not think that I had any sense of the value of time, of my 
own or others, when I wrote it.* Just now 1 am trying to get ready for 
publication something on thermodynamics from the a priori point of view, 
or rather on “Statistical Mechanics” of which the principle interest would 
be in its application to thermodynamics—in the line therefore of the work 
of Maxwell and Boltzmann. I do not know that I shall have anything 
particularly new in substance, but shall be contented if I can so choose my 
standpoint (as seems to me possible) as to get a simpler view of the subject. 

I remain 

Yours faithfully 
J. Willard Gibbs 

^ Life of Lord Rayleigh, I/ondon, 1924. See pp. 172-173. 

* As I interpret the statement of Lord Rayleigh in his Scientific Papers, vol. IV, p. 12, 
where the results of his experiment in question are reprinted, he finally concluded that 
the discrepancy between theory and experiment was not sufficient to require any explana- 
tiou. 

* This and the preceding two sentences are the three quoted in the Life of Lord Ray¬ 
leigh, The referetice to Statistical Mechanics which immediately follows is of particular 
interest in view of the publication about a decade later of the Elementary Principles in 
Statistical Mechanics. 
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where the constant c* the ratio of the flexural rigidity El and 

mass p per unit length of the beam^ and I is the length of the beam.^ 

The kinetic and potential energies are given, respectively, by 


T 


I/m-- 


El t)Y 

2 Jo \ Sx^ / 


(3) 


It is well known that the differential equation (1) is the Euler-Lagrange 
equation resulting from Hamilton's Principle 



when the usual restrictions are made on fourth order derivatives. There 
is a conservation of total energy so that T + C/ ~ C, a constant along a 
motion of the beam. 

A one-parameter family of positions of the vibrating bea'm will be called 
a dynamical path or dynamical trajectory, A dynamical path need not be 
specified by the time parameter L Let u = u{x, t) be a dynamical path 
with the time parameter t and total energy C, Let us define a new pa¬ 
rameter ,T along this dynamical path by 

s -=JjA{\)dK, (5) 

where 

X(X).2C-£//(?^)V. <6) 


In tenns of this new parameter s, the conservation of total energy yields 
the condition 



on defining ii{x, s) = «(*, t{s)) and * A{t(s)). Now condition (7) 
can be written in the following equivalent form: 



bujx, j) N 
/ 



s) 

d** 


) 


2 

dx 


C. 


( 8 ) 


This then is the statement of the conservation of total energy when it is 
expressed in terms of the parameter s instead of the time /. 

If the boundary conditions (2) are used in integrations by parts and if we 
employ the energy condition (7) or (8), we can establish the following 
theorem> 
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Theorem L JJ u ^ u(x t) is a dynamical path wUh the time parameter 
t and total energy level C, then in terms of the parameter s defined in {5), it 
satisfies the integro-differential equation 

s) ^_J P b*u(xus) du(xus) lagfa, s) 

d5* X(j)l L^o ds 'j i>s 

In other words, the partial diffa'ential equation (1) for the vibration 
states of a beam, simply supported at both ends and having the same total 
energy level C, becomes the integronlifferential equation (9) when it is ex¬ 
pressed in terms of the parameter s. 

Let us now consider a converse problem to that of deriving (9). In 
fact, we shall start with the equation (9) and assume that u(Xf s) is a solu¬ 
tion of (9) with certain properties. If we define a parameter t by 



where 

.5(X) - 2C - £J jT* • (11) 


then one can prove the following result.* 

Theorem 2. If a {x, s) is a solution of the integro-differential equation 

(9) such that A(s) > 0, ii(o, s) — ii(l, s) •* 0, —^^1 “ — 

d** J*-o J*-4 

0, if s is a general parameter, C is a fixed positive number, and if U{x, s) 
satisfies the energy integral (7), or eguiwUently (8), then by the change {10) ef 
parameter s to the time parameter t, the function u{x, t) dtfined by u{x, t) » 
s{t)) will satisfy the partial differential equation {!), the boundary condi^ ' 
tions {2) and will have a total energy level C—in other words u u{x, t) wiU be 

a dynamical path in the time parameter t and will have a total energy level C. 

To bring out some geometrical ideas connected with our subject, let us 

multiply both sides of the energy integral (7) by » where X is i 

arbitrary (suitably admissible) )}arameter. This gives 


i an 


, El pfmx, s(\))y _ fisY 
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Hence, if we define e{x, X) by vix, X) = «(*, i(X)) we obtain 


v« 

(13) 


The parameter s defined by (18) is, however, the arc length of a curve w 
« v{Xt Xi), parameterized with parameter Xi, (Xo < Xj < X), in an in¬ 
finitely dimensional ''Riemannian'* geometry with function c(X)rdinates t(x) 
and element of arc length squared given by 



where hi>{x) as well as vix) are arbitrary continuous functions with fourth 
order continuous derivatives such that p(x) and 5i;(x) as well as their second 
derivatives vanish at both ends of the beam, x — 0 and x — L It is im¬ 
portant to notice here that the boundary canditions for a beam hinged at both 
ends play an important rdle in the determination of the function coordinate 
space of the geometry} We shall assume that t/(x) satisfies the inequality 


C > 


f/(' 


/ 


dxt 


a property that guarantees the positive definiteness of the quadratic func¬ 
tional diflferentied form (14). 

By definition, the curves v — v(x, X) that make the length functional (13) 
have a stationary value are the geodesics of our infinitely dimensional 
'*Riemannian*’ space. The generalized Euler-Lagrange equation for this 
generalized calculus of variations problem can be shown to be the iniegro- 
differential equation (9) provided that the general parameter Xi, is taken to 
be the arc length parameter s and provided «(x, s) is replaced throughout 
by »(*, j). 

If X is the time v(x, /) is a solution of tlie beam problem hinged at both 
ends and having total energy C, and if T{t) is the corresponding kinetic 
energy at any time t, then it can be shown readily that the arc length 5 of 
the dynamical path v *= p(x, /) is given by 

s « J" 2T{ti)dt\, 

This result provides a physical interpretation for the arc length of a geodesic 
in our infinite dimensional *'Riemannian” space. From another point of 
view, it can be regarded as a generalization of Hamilton's characteristic 
function * Hamilton introduced his characteristic function (action integral) 
in his studies on optics and then later in his studies on dynamical systems 
with a finite degree of freedom and with an energy integral. 
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It is clear from our previous discussion that the energy integral (8) for a 
solution of the integro-differential equation (9) is equivalent to the demand 
that the parameter 5 be an arc length parameter of the infinite dimen¬ 
sional “Riemannian” space (14). With the aid of this result, we can sum¬ 
marize Theorem 1 and Theorem 2 briefly in the language of vibrations as 
follows: 

Theorem 3. The vibration states {dynamical path) with total energy levd 
C of an elastic beam with both ends kinged can be represented by a geodesic in 
the infinite dimensional '"Riemannian'' space whose element of arc length 
squared is given by (14), and conversely. 

It can be shown that the infinite dimensional “Riemannian’' space (14) 
is not of constant “Riemannian” curvature/ Hence the vibrations of an 
elastic beam hinged at both ends with constant total energy furnish a physical 
model for the geodesics of a special type of infinite dimensional '*Riemannian' 
space with variable ^'Riemannian" curvature. 

The harmonic vibrations of the simply supported beam are given by 


nrcx 


w„(x, t) = Dn sin -— sin w^ {n = 1,2,.), 

I 


where the angular frequency 




. El 




A simple calculation shows that for C > 0 and for each integral value of n, 
the harmonic vibration 

, . 2 JFC . nnx . Jm\ 

tj « --4/— sin-sm ( —. 4 /—/ I 

n^ir^^EI I \ H P / 


is a closed geodesic in the infinite dimensional '‘Riemannian" space with 
element of arc length ds given by (14). It can also be shown that this in¬ 
finite system of closed geodesics Ui(x, t), U 2 (x, t), , forms a mutually 

orthogonal system of curves at the origin v(x) - 0 of the space (14) and 

that the tangent vectors to these geodesics at the origin have the 

same magnitude given by twice the total energy C of each of these harmonic 
vibrations. 

With the same general methods and obvious occasional changes in de¬ 
tail, one can treat the vibrations of cantilever beams, the vibrations of other 
beams, and many other problems in the mechanics of continuous media.^ 

^ See KAmi4n and Biot, Mathentatical Methods in Engineering, pp, 267~27H, 28V290. 
See also Timoshenko, S., Vibration Problem in Engineering, p. 221. 
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* The method of proof and details are similar to those given by the author in another 
connection. See Michal, A. D., The Vibrations of Elastic Strinj^s as Studies in Geodesics. 

* The boundary conditions of functional equations play a similar geometrical rdle in 
many other contiections. In the applications, this is not only the case in all sorts of vi¬ 
bration problems, but also in many other physical phenomena. 

* See Whittaker, E. T-, Analytical Dynamics (Cambridge, 1927), pp. 289 and 317. 
The reader who is acquainted with the Maupertuis-Jacobi “Least” Action Principle in 
finite degrees of freedom will notice that we have incidentally given a generalization of 
this principle for an infinite degree of freedom problem. 

* The general tensor calculus and the geometric concepts associated with it can be 
improvised by anyone who is acquainted with the author’s general “Riemannian” geo¬ 
metries as studied in Michal, A. D., “General Differential Geometries and Related 
Topics,” Bull. Amer, Math. Soc., 45 529 5(^3 (1939), especially pp, 651-659. Refer¬ 
ences to the author's earlier work are also given in this paper. 

* While giving an account of this paper in a lecture to my Seminar on Applied Mathe¬ 
matics, Bateman kindly called my attention to an application of Haar's work on the 
calculus of variations to Hamilton's Principle (4). Assuming only the existence of con¬ 
tinuous set'ond order partial derivatives, Hamilton's Principle leads to the two partial 
dilTerential equations 

duix, t) d*zt'(.r, /) d^u{x, t) du'(x', t) ^ . 

—.- « ..,- *.. (a) 

d dx* d.r* d 

in terjns of an auxiliary function te(jc, 0* If continuous fourth order derivatives are as¬ 
sumed to exist, the elimination of tc(.x, t) in (a) leads to the classical equation (1) for 
beam vibrations. In terms of the parameter s, equations (a) become the two integro- 
differential equations 

dijx , s) f* ^ dte(^ > s) ^ ^ 1 s) 

d /!(.'?) dx* ' Os /(.?) dx* 

If conlinuou.s fourth order derivatives are assumed to exist, the elimination otw(x, s) in 
(b) leads to the fundamental integro-diflferential equation (9). 

Similar remarks can be made in other problems .such as the vibratiouvS of an elastic 
string. 
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AN EXTENSION OF LIE'S THEOREM ON ISOTHERMAL 

FA MI UBS 

By Edward Kasnkr and John De Cicco 

DbFARTMBNTS of MATHBACATtCd 

COLrVMIlIA UNIVBRSITY AND Il^INOIS InSTITITTB OF TECHNOLOGY , 
Communicated December 7, 1944 

i. Conformal Representation. —Let a surface S be represented confor¬ 
mally upon a plane v with cartesian coordinates (x, y). The linear-element 
of 21 is then of the form 


ds^ « £(x, y){dx^ + dy), (1) 


where £(x, y) > 0. The parametric curves x « const, and y =* const, 
form an isothermal net on 2^. 

It IS well known that k{x, y) » c, where A is a harmonic function of {x, 
y), that is, h satisfies tiae Laplace equation, + A|fy « 0, defines an iso¬ 
thermal family of curves on S. The constant c is called the isothermal pa¬ 
rameter. ^ 

The converse of the preceding statement is not valid. That is, if g(x, y) 
« const, defines an isothermal family of curves on S with linear-element of 
the form (1), then it does not follow necessarily that g is a harmonic func¬ 
tion, but it 'must be a function of a harmonic function. The exact state¬ 
ment which is due to Lie is as follows. The family of curves g(x, y) « const, 
represents an isothermal system on the surface 2 with linear-element of 
the form (1), if and only if g satisfies the partial differential equation of 
third order 


( 


dx* 


+ 


&yV 


arc tan— 
& 


0 . 


( 2 ) 


This means geometrically thjit the angle 9 between the <» ‘ curves g(x, y) » 
const, and the isothermal family x « const, (or y <*> const.) is a harmonic 
function of (x, y). 

2. Statement of Our Problem.—Wt propose to give the necessary and 
sufficient condition that g(x, y) « const., represent an isothermal fmnily 
upon a surface S when (x, y) are general curvilinear coordinates on S. 
That is, when the linear-element of 2 is of the form 

ds* « E{x, y)dx* + 2F{x, y)dxdy -f- (?{x, y)dy*, (3) 

where N* <» £G — P > 0, we shall determine the necessary and sufficient 
condition that g(x, y) » const, represents an isothermal system of curves 
on S. This leads to a wide extenripn the theorem of lie, which is stated 
above- 
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The preceding condition is simpler when the parametric curves fonn an 
orthogonal net, that is, when F « 0. Of course, the simplest condition is 
(2) when the parametric curves form an isothermal net and (x, y) are iso¬ 
thermal coordinates. 

As an application of our preceding work, we shall obtain the necessary 
and sufficient condition that the »‘ curves y) =» const, shall represent 
an isothermal family upon the Monge surface S: s y). 

Finally the condition is found that the level curves z = const, of the 
surface X: s =» f(x, y) be an isothermal family. This is applied to the map¬ 
ping upon a plane ir of the loxodromes (relative to the level curves) of the 
surface 2, showing that they can be represented by straight lines for a 
sphere (Mercator) and a spheroid (Lambert), (and for any minimal sur¬ 
face and also for any surface of revolution with axis perpendicular to the 
xy-plane), but not for an ellipsoid of three unequal axes. Here use is made 
of a theorem of Kasner, which states that the complete system of oo* 
isogonal trajectories of a given family of curves is linear if and only if the 
given family is isothermal, 

3. The Condition When the Minimal Lines Are Given in the Finite 
Form, —Let {u, t») denote the minimal coordinates of any point on the sur¬ 
face S. Then u ^ x + iy^ v ^ x — iy where {x, y) are the isothermal co¬ 
ordinates defined in (1). 

If a general point transformation is applied to the plane x upon which 
the surface 2 is conformally represented by means of the equation (1), it is 
found that u and v are given by the general expressions 

u « «(», y), V y), (4) 

where tt> and ^ are conjugate complex functions of the real variables (ac,y). 
Of course, (x, y) are now general curvilinear coordinates of any point on 2 
since the linear-element of 2 is of the fdrm (3). The finite forms of the 
equatioxis of the minimal lines are <^(x, y) const, and ^^(x, y) const. 

We seek the condition for an isothermal family in the general curvilinear 
coordinates (x, y). According to Lie’s theorem, any isothermal family is 
defined in minimal coordinates («, v) by a differential equation of the form 

log ^ - X(«) + M(e). (6) 

du 


By mbstituting (4) into this equation, we find that the «•' curves ^fined 
by the differential equation of first order dy/dx — /> -> p(x, y) form an iso- 
thfunnal family if and only if the function p of {*, y) satisfies an equation of 
the form 


log 


ft + ^ 






( 6 ) 
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The functions X of 0 and y^oi ^ must be eliminated by partial differen¬ 
tiation. Firstly upon applying the operation 4>y^/bx — and 

simplifying, and secondly the operation ^^5/dx — to the above equa¬ 

tion, we obtain the expression 



(<l,,(d/dx) - <^.(d/d 3 .))log 


<t>x + P4>x 

V''dx ^"dy/ 



Tliis condition is the necessary and sufficient condition that the curves de* 
fined by the differential equation d y/dx — /?(x, y) form an isothermal family 
on the surface 21 whose minimal curves are given in the finite form by y) = 
const, and ^(x, y) » const. 

4. The Condition (7) in Terms of the Differential Equations of the Mini- 
mal Curves. —For this purpose, let us define a(x, y) and /3(x, y) by the equa¬ 
tions 


so that the differential equations of the minimal curves are dy/dx — a 
and dy/dx — jS. 

Upon substituting these into (7) and simplifying, we obtain the expres¬ 
sion ultimately 



This is the necessary and sufficient condition that the family of curves 
defined by the differential equation dy/dx « ^ = p(x, y) is an isothermal 
family when the minimal curves of the surface S are given by the differential 
equations dy/dx « a(x, y) and dy/dx j8(x, y). 

5. The Condition {8) in Terms of the General Form {S) of the Linear- 
Element of the Surface 2.—If (x, y) are curvilinear coordinates on the sur¬ 
face 2 such that the linear-element of 2 is given by the general equation 
(3), it follows that a and 0 must be given by 

Cr Cr 


a 


( 9 ) 
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Let 6 denote the expression 


$ = arc jj (P^ + 


( 10 ) 


This is actually the angle 0 between any curve of the family dy/dx » p{x, y) 
and the parametric curves x «= const. 

Substituting the values of a and 0 as given by equations (9), we find that 
the equation (8) assumes the form 


dsc“ bxdy 


+ [IIG, - GH, + FH, 


HF,-\ + 

oac 


[Flh - HF^ +11- EJIG„ + 2FI1F^ + {EG - 27”)//.}] 
G 




+ 


~iHF„ - FH,, + Glhy - HG,,\ + ~ {GII, + HG,){FH, - HF,) + 


{W-GjGy - CniJIy) = 0 . ( 11 ) 

This is our extension of Lie’s theorem on isothermal familes. If it is 
desirable to write the above equation in a form which does not contain 
partial derivatives of //, we find the form 

2hJ'g — - 2F — + E + [{EG-2F^)Gy - + 2FGFy + 

L dx® dxdy dy^J 

EFGy + GFEy - 2EGFy] + [EFGy + GFE, - 2£GF, - £*G. + 
^ dx 

hfi FF 

{EG - 2F*)£. + 2£FF.]— + II (-££». - ^ G*. + 2£F,. + GEyy - 

oy G 

I {EG- 2F*)Gyy - 2FFyy] 

G 

GFEy* + |f(2 eg - F*)Gy* + AEFFy* + |(£G+F*)X 

1 £.G. - {EG + 'AF*)EyFy - |(3£G + F*)G.F. -G»£.£.- 
+ - G 

H 

I»EjGy + 2FGEyFy + U2W - EKP)G^y - F’£.G.+ 

^ 2EFGyFy + 2EFGyFy + 2GF£,F. - 2(£G + F»)F,F._ 


0. 


(12) 
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6. The Condition (12) When the Parametric Curves Are Orthogonal .— 
The parametric curves are orthogonal if and only if F ” 0* In that event 
the condition (12) becomes 

2EG (g ™ -f /? +' G(EG, ~ GE,) ~ + E(GE, - EG,) ~ + 

\ or* oy^/ dx oy 


(EG)‘''»(G£« - EG„) + (EG)-’^»(E»G,G, - G*£,£,) => 0, (13) 
where 0 =« arc cot/)(G/E)''^*. 

This is the necessary and sufficient condition that the »' curves defined 
by the differential equation dy/dx « p(x, y) be an isothermal family when 
the parametric curves on the surface X form an orthogonal net. 

Of course, if the parametric curves form an isothermal net and if x and 
y are isothermal parameters, then (13) reduces to Lie^s theorem stating 
that 0 is a harmonic function. 

7. The Condition (12) When the Surface S Is Given by the Monge 
Equation z » f(x^ y ).—In this case E = 1 + /,*, F » G 1 4* 
Substituting these values into (12), we obtain the expression 


(1 + /.* -t- A>) (1 + A*) ~ ^ + (1 + /,») ^ 

L 03 IP* ojieoy oy 


3- 


(1 +/,»)/« - + (1 +/.»)/, 






+ 


X 


+ (1 +/,*+/»»)-‘^' 


[(1 + /.*)/*.» - 2f4J.y, + (1 + f,*)U] 

+ 2/,*) X 

t* *r jf ) 

/r»* + (1 ~ /** + fti*)fxxf*r 2Jtf^fttf„ 4" 

■ 1 (I 

(1 +/»*)• 1+9/,*// ( 

X /c/w 

-0, (14) 


where 6 « arc cot (/>(1 + //) + /«/,]/tl + /«* + /»*]'^* 

The preceding equation is the necessary and sufficient condition that the 
eo' curves d ffined by dy/dx o p(x, y) be an isothennal family on the sur* 
face 2 which is given by the Monge equation z <» /(x, y). 

8, The Condition That the Level Curves z » Const. Form an Isothermal 
Family.~As an application, we find that the condition that the level curves 
z "> const, of the surface 2 defined by the Monge equation z » f(x, y) be 
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an isothermal family is given by the equation (14) where ^ — arc tan 

/»(! + /** + Upon simplifying this, we find that the required 

tiiird order condition is 


(1 +/»*4-/y*)(A* +fy^)[Mi +MU.-Ml + 3fy^)M, +MI + 3/,*)/*.r 

-Ml + 2M + +//)/« ~ 2fJJ^ + (1 +M)M] 

X [fxfvfxx (/** ” M)fxy — fxfvfyy] 0. (15) 


A first integral of this equation is 

[(1 +M)M - 3MvM + (1 + M)M \ 

(M+M)a+M+M) 


(16) 


Si)ecial classes of solutions are surfaces of revolution with axes perpen¬ 
dicular to the xy-plane, and cylinders with elements parallel to the xy- 
plane. AU minimal surfaces are also solutions as may be verified by (16) 
since for a minimal surface the numerator of the fraction vanishes. We 
have proved that there are no surfaces such that the isothermal system of 
level curves on S may be represented on the 3cy-plane by similar ellipses or 
hyperbolas with the same axes, or congruent parabolas with the same axis. 
Hence the only quadric surfaces which belong to our class are those of 
revolution and the cylinders. 

This may be applied to the mapping upon a plane tt of the loxodromes 
(isogonals of the level curves) of the surface S. By a theorem of Kasner 
which states that the complete system of isogonal trajectories of a 
given family is linear (in the anal 3 i:ic sense) if and only if the given family 
is isothermal, it can be shown that the loxodromes may be represented by 
straight lines in the plane t for a sphere (Mercator) and a spheroid (Lam¬ 
bert), but not for an ellipsoid of three tmequal axes. Also the loxodromes 
can be represented by straight lines in v for any minimal surface (in any 
orientation) and for any surface of revolution with axis perpendicular to t. 

In condusioh, we may state that the problem of this section is equivalent 
to the determination of the class of surfaces S which can be projected 
orthogonally upon a plane v such that the unique Tissot net (the level 
curves together with their orthogonal trajectories) is isothermal. This 
suggests for consideration the more general problem of determining the 
class of surfaces Z which can be pictured by a given non-conformal trans¬ 
formation T upon a given surface Zo such that the unique orthogonal 
Tissot net determined by T on Z or Zo is isothermal. A variation of this 
problem is to have Z and Zo given, and then to determine all transformations 
T vrith the above property. 

Other generalisations and applications of our fundamental formulas 
will be diacussed elsewhere. We show that the only surfaces which are 
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intersected by every set of parallel planes in an isothermal family, besides 
the obvious cases of spheres and and planes, are the minimal surfaces. 

This paper was presented before the American Mathematical Society, in April, 1944. 

^ Kasner, ‘'Lineal Element Transfortnations Which Preserve the Isothermal Charac* 
ter/' I^roc. Nat. Acad. Sci., 27, 40(W09 (1941). 

* De Cicco, ‘‘Lineal Element Transformations Which Preserve the Dual-Isothermal 
Character/' Ibid., 27, 409-^12 (1941). 

* Kasticr, " Transformation Theory of Isothennal Families and Certain Related Tra¬ 
jectories," Revista de Maiematicas de Tucuman, 2, 17-24 (1941). 

^ Kasner and Dc Cicco, "Generalized Transformation Thcxsry of Isothermal and Dual 
Families," Proc. Nat. Acad. Sci., 28, 62-65 (1942), 

* Kasner and De Cicco, "Transformation Theory of Isogonal Trajectories of Isother¬ 
mal Families," Ihid.^ 28, 328-333 (1942). 

* Kasner and Dc Cicco, "An Extensive Class of Transformations of Isothermal Fami¬ 
lies," RevUta de Matematicas de I'ucuman, 3, 271-282 (1942). 

’ De Cicco, "New Proofs of the Theorems of Beltrani and Kasner on Linear Families,” 
Hull. Amer. Math. Soc., 49, 407-412 (1943). 

» Kasner, "A Characteristic Property of Isothermal Systems," Math. Ann., 59, 252- 
364 (1904). Geometry of isothermal systems, Volume in honor of Rey Pastor, Institute 
de Matematica, vol. 5, Rosaria, 1943. 


NEW TYPES OF RELATIONS IN FINITE FIELD THEORY 
By H. S. Vandiver 

Department of Pure Mathematics, University of Texas 
Communicated November 27, 1944 

In two other recent papers' we developed methods which led to several 
new results in finite field theory, with particular application to ordinary 
congruences involving rational integers. In the present article we pursue 
these methods much further, obtaining various new kinds of relations. 

The results just referred to gave criteria involving binomial coefficients 
for the number of roots of an equation in a finite field. To reduce these 
expressions to simpler forms in order to give more convenient criteria as to 
the number of roots, it seems necessary to go into considerations involving 
binomial coefficients which have not been heretofore studied, and so far 
we can only use these expressions to supply this information in compara¬ 
tively few cases, some of which will be discussed elsewhere. At present we 
shall look at the situation from another angle. It is possible to apply the 
criteria to certain equations where we know in advance the number of roots 
or some properties of them. When this is done it turns out to be a fruitful 
method for finding relations of an entirely new type in number theory. 

As one example of this, we obtain ittimediatdy from the statement of 
Theorem II of the first paper' and the remarks just preceding it, the result 
that the least residue, positive or zero* of 
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A = (1) 

modulo />, is g c for p any prime of the fonn I + cm; m odd; a and b 
being any integers such that (ah^ p) ^ 1. In this connection we note the 
remarks of H. J. S. Smith* in connection with a congruence due to Gauss, 
which states that if ^ = 4n + 1 = is a prime then 

k ^ (mod p). (2) 

2(n\y 

Smith called this a remarkable relation since h may be determined directly 
by finding the least residue, in absolute value, of the right-hand member 
and this must be also < \/p. The result concerning A in ( 1 ) is some¬ 
what analogous. 

1 . We now note, as did Cipolla,® that we may introduce functions in¬ 
volving the roots of a certain congruence aside from merely the number of 
them. 

For example, consider the expression, 

Nr - i:{xr -- ( 3 ) 

where the summation extends over all distinct elements 5 *^ 0 , of a finite 
field F(p^). For the values xi of x such that f(X}) = 0, this expression re¬ 
duces to Xi, and for an x not an Xi, it vanishes in the field. 

Hence 

Nr = 

in Fip*') where the summation extends over all distinct roots r, of/(^) “= 0 . 
The relation ( 3 ) gives, if r 0 (mod ^ 1) and 

(/(*))*('"-•) = Co + C + + . . . : 

iV, = Cl + C| + , + C( + j, . . • , (4) 

where / = />"— 1 — r; s * — 1, 

and 

iVr + 1 = C. + C,. (5) 

for. r * 0. (mod s ). For the latter case AT, equals, in the field, the number of 
roots of /(as) * 0. We shall find (4) convenient for further investigations. 

From the point of view we are now employing, we shall find use also for 
the expression 


£(*'/(*)^ - +*), 


( 6 ) 
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where the summation extends over all distinct elements ^ 0 of F(p**) which 
contains (3), and rf > 0. This function obviously reduces to zero in the 
field. 

We now examine the relation 


ax^ +1 = 0; p* — 1 « me; (7) 

and use the fonn (3) which gives in this case 

Nr - (8) 


where the summation extends over all distinct values p such that p^ = 1 
if we set p“*^ in lieu of x^. 


Reducing (8) we obtain for ^ p"'^ 


or 



Summation as to p gives 





(9) 


where t ranges over the integers in the set 1, 2, . . . 1) such that t 

SB f (mod c). We know from (7) that if {--ay « 1 then there is just one 
value which satisfies the equation, and if (—a)* 1 there is none, that 

is, Nr == (—l)^a'’ or 0 in (8), for r > 0. Assume also r < c. This gives 


^ a*' or 0, (10) 

according as (—a)^ « 1 or (—1, and if ^ =» 0, then we must replace 
(-1)" + ^ 0 ." by -1 in this relation. 

Now take the expression (6), and set ax^ + 1 for/(x) and (—r) for r 
Expansion gives, if — \ > d > 0, 

or 

. ( 11 ) 

ti ranging over all the values in the set 0, 1,2, . . , d, such that h^r (mod 
c), and t ranges over all the values in the set 0,1, 2, . . . , k(p" ~ 1) such 
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that/ (mode). Forn *= l,a « l,c — 1 andd! 0 (mod — 1) 
the relation (11) gives 

if d < — 1, which is due to the writer/ and forn « l, / s o (mod (p 1)) 

to Bachmann.® 


Now set 


(»)-■ 


for w >v, then relations (10) and (11) give the 

Theorem I. Jf -- 1 ^ me, p prime, k > 0, a is any element, 0, 
of a finite field F{p^) then for 0 < r < c, 

S ^ 4 - “** “ or 0. 

^•wo \ r "f C5 / 

according as {—aY « 1, or (—a)*^ 3^ 1, also 




with the same conditions on a. 
For d > 0, 0 ^ r < c, then 


J - 0\ 


/d + 


(i>* - l)k 
r + cs 




2. To obtain certain other results we shall find it convenient here to 
introduce in the finite field of residue classes of a prime ideal (p) where 
p a primitive root of a prime / and use the algebraic field defined by a primi¬ 
tive Ith root of unity designated by f. The ideal (p) is a prime ideal in 
said field. Set ^ — 1 « /c. Then if a is prime to p and also o + 1 
0 0 (mod p), then 1 + af is also prime to p and 

(1 + atY = f* (mod p), (14) 


for some k,0 'St h < I, 

Expand the left hand member and collect powers of i*, then the result 
may be written 

At -{• Aii + = 0 (mod p). (15) 

We note that this congruence also holds if we set f*, f*. . . , f'" ^ in lieu 
of Tbep we also note that 

j 4, + + . *.. + ^ aa 0, 


(16) 
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since c is divisible by (p — 1) and a + 1 0 (mod p). The relations (15) 

and (16) after making the substitutions of the various powers of f already 
indicated give I congruences from which we may eliminate the ^'s since the 
determinant formed by the f’s is an alternant which is prime to p 9 ^ L 
Hence 


Ai~0; i = 0, 1,. /“I. 

Using the actual values of the A we have 

(r) ^ G+/) +• • • ^ ^ 

and since a 9^ 0 (mod p), 

for m 9 ^ k. 

These give the 

Theorem II. Jf p is a prime, and also a primitive root of a prime I, 
with p^'^^ — 1 ^ Ic, and r is any integer >0,a is an integer with {a{a + 1), 
p) ^ If then for some k in the setO, 1,,., ,l -- I, we have 

and for any m in the setO, 1,.. .1 1 with m ^ k,we have 

‘ These Procbbdinos, 30, 362-367, 368-370 (1044). 

* Smith, H. J. S., Collected Math. Works, v. 1, p. 269. 

* C^lla, Periodica, di Mat., 22, 36-41 (1907). 

« Attn. Math., II, 28, 332 (1027). 

* Bactunann, Niedere Zaklentheorie, 11,46 (1010). 
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FERMArS QUOTIENT AND RELATED ARITHMETIC 

FUNCTIONS 

By H. S. Vandiver 

Department of Pure Mathematics, University op Texas 
Communicated November 27, 1944 
If {a, p) ^ I, p prime, the integer 

q{a, p) = ®(1) 

P 

has entered into many investigations in number theory. A number of 
questions concerning it are unsolved. For example, if a is fixed, is there a 
finite or infinite number of p's such that g(a, « 0 (mod p), and if infinite 
is there a finite number of />’s such that ^ 3 = 1 (mod p^) for i some given 
integer > 2 ? 

Another somewhat related function is 

W { p ) = (2) 

known as Wilson's quotient. It differs from ( 1 ) in that it depends on p 
only. This function has a property^ which connects it with the Bernoulli 
numbers, that is, 

— - " - -t- - SE 6, _, + (rood p), (3) 

P P 

where {b + 1)" •= » > 1. and after expansion we set 6* = i*. Our 

object here is to introduce two other arithmetic functions (designated by 
G and M/p below) expressed as quotients, each of which is related to Fer¬ 
mat’s quotient or the Bernoulli numbers. 

1. We know that «= 0 for ft > 1 and odd. Set = (—1)" ~ ‘ 
and further, write 



then consider the known relations 

+ M “ -S" * 0 (®od py, {p - l)/2. . (4) 

We theti define the function 

G{n, p) - 

P 


We have 


(5) 
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G(fti p) as Gin + Ml P) (tnod p)f 

so that there are only ^ — 1 incongment G*s modulo p. This follovra from 
the relation* 

K + y/* + m ” (y “ 

We also infer from this that we get no essentially new functions by using 
wistead oi — B*. We shall be interested here 

in the problem of transforming G(», p), modulo p, with B* 0 (mod p ). 
There is no known case* where G(n, ^ 0 (mod p) under this restriction. 
We have* 

« _ - pt^X ' 

—^ H ^ (tnod #>*), 

At a-l 

and 

^ ) p*-t 

---^fc„ + p_i ^ E yaa**-^*-* {modp*), 

and for ^b 2 i + p^i ^ (mod ^); i > 1 

” ~ ^ <;(2t, p) Vi (mod />), (6) 

2 i(2^ — 1) 

the summation extending over all values d in the set 1, 2, * . , , — 1 

which are prime to p . 

2 . In another paper^ the writer founded an arithmetical theoiy of the 
Bernoulli numbers on the congruence 

•Srt « 1** + 2" + . . . + — 1)** as pbn (mod />*) 

n < ^ 1, Now Sn has the property that it is divisible by p for L 

So also has the function 

c 

where a ranges over all the positive int^ers, a < (J> — 1) such that se 1 
(mod p ); also, n pt 0 (mod c). However, all proofs of the above property 
of Sn seem to depend on additive properties of this function, whoi^ 

a. 

defined by means of multiplicative properties of certain integers and many 
of the additive properties of 5n and all apparently fail to carry over to A. 
Nevertheless, there is a relation between A/p and the Bernoulli numbm, 
and it is given in Theorem I below. This was a quite unexpected result. 
Consider the expression 

E (1 — (op + 1)^ ~ *)* SB JV (mod p*), 


(7) 
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where p ranges over all the values such that p^ ss 1 (mod p*), where ^ — 1 
«= me* Any term in this expression reduces to unity, modulo & p is 
such that 

op -f 1 ^’0 (mo<l p), (8) 


for p > 2. If this is not the case, however, then for such a value of the 
corresponding term (7) is divisible by Hence, N in (7) is the number 
of incongruent solutions p, modulo p, in (8). The number of such incon- 
gruent solutions is 1 or 0, according as (—a)^ ^ 1 (mod p) or (—a)*' ^ 
l(raod p). Expansion of (7) gives 


N 




1 ) 


)■ 


modulo and this may be written 






Multiply through by a**, n ^ 0 (mod c), and using the value of N noted 
above, we have, after letting a range over the integers 1, 2. — 1 and 

adding, we obtain 

s C I ')+‘0 + 


c TS f2(P - D) 

*-i/' 


modulo p\ where 


5, « l’ + 2< +... + (/» - 1)‘. 


and r ranges over the integers in the set 1, 2, ^ — 1, such that (—r) 

satisfies *' ssa 1 (mpd p). Using the formula, for i even, 

Si sas pbi (mod /»*), (10) 

and dividing (9) through by p, we obtain, modulo p, vdth c and n even, 

^ “ -”‘1, (" r/) ‘ sC'V + 


^ 4* C»» + H 

k»l 
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ss 


It that, raoduio py 

( ccp A- ^ \ V/J \ 

\a,p + A/ \cl.)\M 

each of the integers a, /?, «i, being ^ 0 and < p. 

Employing this, we note that, modulo p, 

(2{p - 1)\ (p + p ~2\ _ (p - 2\ 

V kc J \ kc \ kc /’ 

and 

{ 2(p 1) \ _ (p + p - 2\ _ (P -2\ 

\p - I + ic) \p ^ tc - \j ^ \ic - \y 

Hence (11) reduces, modulo to 

It is also known that 

HB(-iy (mod/.). 

We also have 

(P (P - 2) (/> - 3) ..■■(/.- 1 - fee) 

\ kc ) ” 2. 3_ kc 

Now 

(/> - 2) (/. - 3) ...(/.- (1 + fee)) s (-1)*‘ 2. 3. . . . (fee + 1). 
SO that 

fee 

Also 

f P- 2\ . 2) ^ -J) . . .. ip-tc) 

\ic ~ ij 2.3. ..{Ic- 1) 

3s (—1)“ “ ‘ to (mod p). 


hence (12) becomes 
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— 2c 2J ^kc+n(~V*‘^ + t- + 1)*‘ (kc -h }) + 

k- I * - I 

- *l) *^ - * + " + "• 

Now use the relation 


4 p -- 1 _ b, 

s P — 1 ^ 


(mod p) 


for 5 ^ 0 (mod jf> — 1), we may then write, modulo p, if M^c, p, n) is 
Y^r where r rangCvS over the integers h such that (— /t)^ hs! 1 (mod p) 


M\c, p, n ) 

P 


(- 1)*‘ + 1) hc^n + 

Jtt W 1 


c{- 1)*-’ f: ”-J 

4-1 kc + n 


^kC + K 


-2cEitc + „(- 1)*‘, 


and collecting the terms on the right we find 

f» f; (- !)*'■ - ‘ ", (14) 

p 4-1 kc + n 

modulo p. 

Now, since c and n are even, 

« »'apj>l („„d p), 

P P 

where M = ^r” where r ranges over the incongruent integers < p which 

a 

satisfy ^ 1, hence we may simplify (14) and obtain 

Theorem I. If p is an odd prime with p — 1 ^ mc^ and M{c, n, p) is 
defined by 

i>" 

p ' 

where the summation extends over all integers r in the set 1, 2, ^ , p 1 

such that 1 (mod /?), with n ^ 0 (mod c), then if c and n are even, 

M{c, n, p) -cw Y (mod p). (15) 

k^*o kc + n 

For c ^ — 1, then w «* 1 and the result becomes the well-known relation 

( 10 ). , 

It is possible to extend the Theorem I to the sum 
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{ma + ky 
z » 


where a ranges over the integers in the set 1, 2,^ 1 such that a' ^ 1 

(mod p), and so that the ft’s are replaced by numbers of the form 
(wft + ”, but the proof will not be given here. Also it follows from 

Theorem I that 


Af(c, n, p)/n ss Af(c, n + r, p)/{n + r)(mod p). 

^ A proof is g^ven by the writer, as a special case of an explicit expression for any 
Bernoulli number, In Duke Math. Jour., 57S (1941), relation (26). 

‘ PoUaceek, Math, ZHL, 21,38 (1924). 

» Vandiver, Duke Math. Jour., S, 549 (1939). * 

< Trans. Amer. Math. Soc.^ 51, 510 (1942). 

‘ Lucas, Amer. Jour. Math., U 229.230 (1878). 


NON-LINEAR INTEGRAL EQUATIONS OF THE HAMMERSTEIN 

TYPE 

By C. L. Dolph 

DbPARTMBNT op MaTHRMATICS^ PaiNCKTON Univkrsjty 
Communicated November H, 1944 

Sufficient conditions for the existence and uniqueness of a solution to the 
integral equation: 

iix) - yi* K(x, y)f[y. ^ {y)]dy (1) 

were investigated by Hammerstein* and his pupils. If K(x, y) is a sym 
metric, positive-definite continuous kernel* in L* and f(x, y) is continuous 
in X and y, their results may be chissified into three closely related cate¬ 
gories, according to the degree of non-linearity permitted/(*, y) 
Hammerstein obtained the most general theorem by requiring that 
(jc, y) satisfy the inequality: 

y)dy < + Ci; Cj > 0; 0 < *ti < X, (A) 

for all V. Here Xi is the smallest characteristic value of JC(*, y) in the sense 
of linear integral equations. Under this condition Hammerstein estab¬ 
lished the existence of at least one function V'(x) satisfying (1). His method 
was essentially that of the Rayleigfa-IUtz process, (A) bdng sufficient to 
guarantee the existence of a lower bound to the functional possesong (.1) as 
its Euler-Iagrange equation. 
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Iglisch^ imposed a stronger condition on /(», y) ; namely, 

0 < lim Sup-^^^ < Ml < Xi. (B) 

\y\^m y 

Utilizing reasoning similar to that of the fixed-point method of Schauder- 
Leray, Iglisch proved the existence of a solution under (B), 

Both Hammerstein and Iglisch also treated (1) under a still stronger 
condition oti/(x, y). In the event that/(x, y) satisfied the inequality: 

(C) 

ya - yi 

both men were able to establish the existence and uniqueness of a solution 
to (1). Golomb* also applied the Picard Approximation Process to con¬ 
struct a solution under (C) even when K{x, y) was unsymmetric and ad¬ 
mitted an absolutely and uniformly convergent bilinear expansion in its 
characteristic fimctions. 

In the event that /(x, is a linear function in the conditions (A)» 
(B) and (C) are all equivalent and the above results are classical. As is 
well known, in the linear theory it is not essential to limit the above in¬ 
equalities to the smallest characteristic value. In fact all that is required 
is that the linear function / be bounded from above and below by consecu¬ 
tive characteristic values X* + i. It is therefore natural to consider the 
non-Hnear integral equation (1) under the corresponding more general 
conditions: for all v 

I’ + c« < y)rfy ^ M.+ .+ C.+ , (AO 

Mn ^ lim $ lim Sup^ m»+ i (BO 

|y| —« y |y|—- y 

.. /(*» yt) - /(*, yi) ^ .. 

yt - y\ 

for any yt, yi. 

In the cases (BO nnd (CO the theorem corresponding to (B) and (C) and 
their methods of proof can be readily generalized. These proofs depend 
Upon the existence of an a priori estimate (A the norm of all possible solu¬ 
tions to (1) under the above conditions of f(x, y). In order to establish 
an estimate, use was made of the fact that (BOi and hence a fortiori (C0> 
io^ly that/(«, y) can be written as; 
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/(*, y) - + g{x, y) (2) 

where for sufiftciently large \y\ > N 

y)\ < t (3) 

This enables (1) to be written as one of the equations of the family de¬ 
fined by: 

// Kix, y)ir{y)dy + r K{x, y)s:[y. iAy)]4y. 

(4) 

That is, for T « 1, equation (4) reduces to (1); and for t =» 0, equation (4) 

is an ordinary Fredholm equation of the first kind, which, since 

is distinct from all the characteristic values of K(x, y). possesses only the 
solution — 0. Moreover, for any value of r, 


2 — M«]® 


[m»+ I 


where 

jlgC^Olj < A when |1^,|1 < N (6) 

and 

= Min|[x,+ , - 

The fixed-point method of Schauder-Leray^ can now be applied and the 
existence of a solution concluded under (B') almost immediately. The 
estimate given by (5) is also entirely sufficient to prove the uniqueness of 
the solution under (C')* 

In distinct contrast to this, no scheme yielded an a priori estimate under 
(A'). In fact, it is an easy matter to construct an example demonstrating 
that there is no topolo^caJ reason for such an estimate to exist under these 
conditions. Thus the local methods of the calculus of variations have to 
be replaced by those in the large before further progress is possible. The 
generalization of (A) which was finally achieved is very incomplete, even 
though it does employ the methods in the large in a somewhat different 
way than they had hitherto been used. The method of proof does npt in 
any way depend upon the existence of an a priori estimate, although, re¬ 
markably enough, once the existence of a solution has been estabUshed, it 
does permit an ^timate of the norm of the solution to be made (a postmcH 
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estimation). Before stating these results and sketching the method of 
proof, it is convenient to state that equation (1) is equivalent to 

<l>{x) - // H{x, y) f {y J? H{y, s) ^ {s)ds]dy (8) 

where 

K{x. y) - X* Hix. s) H {s, y) ds (9) 

in that if ^(x) is a solution of (1), then 

Mic) = fa Nix, y) f [y, 'l'(y)]dy (10) 

is a solution of (B), and conversely, if (>(x) is a solution of (8), then 

i{x) = f’’ H(x, y) 0 (y)<iy (11) 


is a solution of (1). Furthermore, equation (8) is the Euler-Lagrange 
equation of the functional 

Ji<i>) - (0. - 2G(II<f>) (12) 

where 

6(H«) - (U) 

Theorem: If /(x, y) vsatisfies 

<t>) Cn ^ G{<t>) ^ fin + i(^, 4>) + I (A*')t 


where fin$ Mu + i are less the nth and w + 1st characteristic values of K(x, y) 
respectively; if 

l/(*.y)l <4 H +B (14) 


for some constants A > 0, B > 0; and if the functional /(4) possesses 
only one maximum on any n-dimensioual linear manifold in Hilbert space 
parallel to the one wntaining the origin and the first n characteristic func¬ 
tions of K(x, y ); then equation (1) has at least one solution. 

Sketch of the Proof: Let F denote the class | of n-dimensional mani¬ 
fold described above, the particular one containing the origin. Define 


and 


d{Mn) = Sup y («) 
4 t Mn 

d » inf d(M,). 
M,eT 


(15) ^ 

(16) 


Condition (A") implies that the number d defined by (16) is finite. Each 
AC is tmiquely de:^ed by its intersection with the manifold orthogonal 
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to Jkfn. This intersection will be denoted by For all manifolds such 
that 

dUi:) < d{Ml) ( 37 ) 

tile norm of the function is governed by the inequality 

llrll < ( 18 ) 

Thus, if a sequence of manifolds \M^\ is chosen so that 

d{Ml) d (19) 

the corresponding sequence (^} will converge to a value, since any 
bounded set of Hilbert space is sequentially compact in the usual weak 
topology [in which neighborhoods are defined in terms of an e and any 
finite set of linear fimctions**]. 

The linear manifold M*n containing and parallel to Ml is a limit 
manifold for which 

d{Ml) « d (20) 


and on which, by hypothesis, there exists a point ^ such that 

Ji<k) « d. 


Furthermore, unless 


( 21 ) 


grad J(<h) « 0 (22) 

it would be possible to displace into a new manifold on which 

d(MT) < d (23) 


contrary to the definition of d. One mexely has to consider the displace¬ 
ment defined by 

<l>r ^ 4>o + r grad J (0o) (24) 

and to divide Ml into three concentric regions located around ^ as center. 
The first of these is defined as the region of where grad is uniformly 

bounded away from 2ero, the third as the region at infinity where 

♦ 

/(<*•) < 2 (25) 

and the second as the difference between the first and the third. The ex¬ 
istence of the third region follows directly from the original hypotheses. 
The problem then reduces to a finite dimensional problem in M-variables 
and it follows by an examination of all possible cases that (24) would permit 
to be di^laced into M”, satisfying (23). From this contra^ction 
and (8) and (11), it follows that eqtwtion (1) has at least one solution. 
Moreover, since 
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\\i*\\ < G{M^) (26) 

and 

(27) 

an estimate of 0 ^ and hence of can be made with the aid of (A'^), 

In the event that f(x, y) is linear and of the form 

f{<t>) = + hix) (28) 

this method of proof also yields an interesting geometrical interpretation 
of the relationship l>etween the homogeneous and nonhomogeneous linear 
Fredholm problems which agrees with the one first given by Lusternik 
and Schnirelman'^ for the finite-dimensional analogue of the homogeneous 
case. It can l)e shown that the usual characteristic functions and valued 
are given by considering linear cy<5les in the projective Hilbert space, which 
may be thought of as lying on a sphere at infinity with its diametrical op¬ 
posite points identified and that the solutions to the non-homogeneous 
problem for values of X between successive characteristic values may be 
obtained as above by considering w-dimensional linear manifolds passing 
through Hilbert space and parallel to Afjl. 

The complete and detailed proofs of the above results will be published 
in a forthcoming paper. 

• The theorems are still true if the kernels are only "brauchbar unstetig.” 
t (A') on equation (8) is easily seen to be the same as (AO for equation (1). 

** See, e g., F. H. Murray, Linear Transform<itions in Hilbert Space, Princeton Uni¬ 
versity Scries. 

* Hammerstcin, A., Acta Maihematica, 54, 117-176 (1930). 

* Iglisoh, R., Math. Ann., 101, 98-119 (1929). 

» Golomb, M., Math. Zeitsekrift, 39, 45-75 (1035). 

* Leray-Schauder, Paris, licole normale superieure Annates, 51, 45-78 (1934). 
Uusternik and Schnirelmati, MHhades Topologiqites dans les ProbUmes Variationnels, 

Actualitis Scientifiques et fndustrielles, V. 188 (1934). 
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CONCERNING TANGENTS TO CONTINUA IN THE PLANE 

By R. L. Moore 

Dbfartmknt of Pure Mathematics, University of Texas 
Communicated November 17, 1944 

The line k is said^ to be tangent to the non-degenerate continuum^ M 
at the point P of M if every subset of M which has P as a limit point inter¬ 
sects every domain which contains k-P and is the sum of the interiors 
of two vertical angles with vertex at P. 

The straight line ray PB is said to be tangent to the non-degenerate 
continuum M at the point P of M if every subset of M which has P as 
a limit point intersects every domain which contains B and is the interior 
of an angle with vertex at P. 

Theorem 1. No continuum M contains an uncountable point set H such 
that for each point P of IT there is a ray starting from P and tangent to M at 
P. 

Proof, Suppose there exists a continuum M containing such a point 
set H, If P is a point of II there exist an acute angle a with vertex 
at P and a domain D containing P such that M^D-P lies in the interior of 
a. It follows, by a theorem of Den joy’s, that H is countable. 

Theorem 2. // the non^degenerate continuum M has a tangent at each of 
its points then every suheontimmm of M is a continuous curve. 

Proof, Suppose iV is a non-degenerate subcontinuum of M, Clearly 
every tangent to M at a point of N is also tangent to N at that point. Let 
K denote the set of all points P oi N such that no ray starting from P is 
tangent to N at P. Every point of TiC is a local separating point of N. 
Hence, by Theorem 1 and a theorem of G. T. Whyburn’s,® iV is a continu¬ 
ous curve. 

Theorem 3, If the compact continuum M has a tangent at each of its 
points and K is the set of all emanation points of triads lying m M then K is 
totally disconnected. 

Proof, Suppose, on the contrary, that R contains a nondegenerate 
continuum and therefore an arc t. Since every point of ^ is a limit point of 
Kt every one is a limit point of a subset II of K such that every point of H 
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is the emanation point of scmie simple tried lying wholly in t except for 
one lire that has only P in common with f. >Suppose Pi is a point of IT, 
There exist three arcs PiXt, P\X^ and P\X^ lying in M such that two of 
them lie on i and the third one has only Pi in common with t and no two of 
them have in common with each other any point except Pi- Let Pi^ and 
P\B denote the two rays which start from Pj and lie on the straight line 
which is tangent to M at Pi. There exists a rectangle CDE,F of diameter 
less than 1 such that ( 1 ) its diagonals CK and DP intersect at Pj, (2) every 
point of Jlf-Pi that lies in its interior lies in the interior of one of the two 
triangles CP\P and EP\F, (3) .Yi. A% and are in its exterior and (4) the 
angle CP\D of the triangle CP\D is acute. For each n less than 4 let Yn 
denote the first point in the order from Pi to that the arc PXn has in 
common with the perimeter of CDEF. F^ach of the points Vu Y^z and Y^ 
lies on one of the straight line intervals CD arul F.F. Hence there exist 
points Cl, Du Wi and Zj such that (1) G and Di are either C ahd D or E 
and F and Wi and Zi are two of the points Fi, Fa and Y^ and ( 2 ) Wi and Zi 
both lie on C\Du (3) Zi belongs to /. Let PiTl^i denote the interval, with 
end-points at Pi and Wu of that one of the arcs PiXu P 1 Y 2 and P 1 Y 3 on 
which TFi lies and let PiZi denote the interval, witli end-points at Pi and 
Zi, of the one on which Zi lies. The arcs P^ Wi and PiZi lie, except for their 
end-points, wholly in the interior of the triangle CjPiDi. 

Similarly, in view of the fact that PiZi is a subset of t, it is clear that 
there exist a triangle CnP 2 D 2 of diameter less than and arcs P 2 Z 2 and 
P 2 PF 3 lying in M such that ( 1 ) if P is any point in the interior of the tri¬ 
angle C 2 P 2 D 2 tlic distance from P to Pi is less than one half tlie distance 
from P to the line C\Du (2) the angle CiPJh of this triangle is less than one 
half of the angle CjPiPi of the triangle CiP^Du (3) the triangle C^PJTz lies 
wholly in the interior of tlie triangle GPiPi, (4) P 2 belongs to IT and the 
arc PsZ 2 is a subset of the arc PiZi and (5) Wi and Zj lie on the interval 
CiDi and each of the arcs P 2 Z 2 and P 1 W 1 lies, except for its end-points, 
wholly in the interior of the triangle CzPJTi. This process may be con¬ 
tinued, It follows that there exist an infinite sequence of triangles CiPiZ?i, 
C 2 P 2 P 2 , • . . and two infinite sequences of arcs PiTFi, PTWi, . . . and PiZi, 
P 2 Z 2 , , . . such tliat C^P^Du PiZi and PiIFi are as described above and, if 
for each «, the angle CnP%Dn of the triangle CnPnDn is called and the 
interior of this triangle is called I„ then, for each w, ( 1 ) the diameter of 7„ 
is less than }/n and + j is a subset of ( 2 ) the angle + 1 is less than 
one-half of the angle (3) the distance from each pefint of -i- 1 to the 
line CnDn is more than n times the distance from that point to P„, (4) the 
arcs P„Z„ and PnWn lie in M and, except for their end-points, in /„ and the 
points Z„ and Wn He on the interval C„P„. The point sets A, A, /s, . . . 
have a point 0 in common. Suppose h and k are two straight lines thnmgh 
0 and suppose there exist infinitely many positive integers n such that h 
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and k both intersect the interval Then there exist two rays OL and 

OT lying on h and kt respectively, and such that, for infinitely many inte¬ 
gers n, OL and OT both intersect and therefore the acute angle 

CnODn is not less than the acute angle L 07 \ In view of conditions ( 2 ) and 
( 3 ) this is clearly impossible. Hence tliere exists a line 5 through 0 such 
that no other line through 0 intersects more than a finite number of the 
intervals of the sequence CiDi, CiD'iy . * . . Sux>pose x is a line through 0 
distinct from q. There exists a number dr such that, for every n greater 
than 6 r, x contains no point of the side and tlierefore intersects both 

of the sides P»C„ and of the triangle CnPnOn^ It follows that, for 

each such w, x intersects both of the arcs and in the interior of 

CnPnOn and thus contains two points of M (and therefore a point of M dis¬ 
tinct from 0 ) in the interior of that triangle. Thus every line through 0 
except q contains a siibset of M having O as a limit point. But this is im¬ 
possible since there is a tangent to M at O. 

Theorem 4. If the dosure of the compact and countable point set K is 
totally disconnected then there exists a dendron M such that ( 1 ) K is the set 
of all junction points of M and ( 2 ) M is topologically equivalent to a dendron 
that has a tangent at every one of its points. 

Proof. Since R is totally disconnected and K is comx>act and count¬ 
able there exists an arc a containing R and such that ( 1 ) every point of K 
is a limit point of some component ^)f a-R and ( 2 ) if K is non degenerate, 
the end-points of « belong to R. There exists a reversibly continuous 
transformation 7 ' of the plane into itself such that T{a) is a straight line 
interval AB. Ix.*t Pi, P2, . • . denote the j»oiiits of T(K) imd for each n let 
Kti denote one coniiK)neut of A 3 -T{R) of which Pn is a limit point. For 
each A"rt is a straight line segnieut having P„ as one of its erul-points. 
There exists a sequence of mutually exclusive circles Pu h h ^ • such that 

( 1 ) for each «, is tangent, at P„, to the straight line that joins A and P, 

( 2 ) the length of the segtnent Kn is gi'eater than n times the diameter of 
Pn‘ Pot each n let 7„ denote an arc of such that ( 1 ) one of its end-points 
is at P„, ( 2 ) its length is less than one-fourth of the length of ( 3 ) its 
orthogonal projection onto AB is n subset of P + 7 v,». Let N denote the 
point set./ 4 P + Yi + 72 + . • . • This point set is a dendron with a tangent 
at each of its ]:)oints and K is the set of all junction points of the dendron of 
which N is the image under the transformation T. 

Theorem 5. If the compact continuum M has a tangent at every one of 
its points and K is the set of all points P of M such that there is a straight 
line ray starting front P and tangent to M there then K is a countable inner 
limiting set and its closure is totally disconnected. 

Proof. Let A"i denote the set of all end-points of M. The set Ki is a sub¬ 
set of K. Let Kt denote A- Ai. By Theorem 1 , Aa is countable. By a 
theorem of Meager’s,^ Ai is an inner limiting set. Suppose Kt is not. 
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Then it contains a point set Kz which is dense in itself. Let Pi denote some 
point of iCs. Let PiOi denote the ray starting from Pi which is tangent to 
M at ttiat point. Let Ri denote a circular domain with center at Pi and 
diameter 1. There exists an isosceles triangle CiPiDi lying, together with its 
interior lu in Pi and such that the point Oi is within the acute angle CiPi- 
Di of this triangle and no point of M except Pi is on either of the straight 
line intervals PiCi and PtDi but M contains two arcs PiZi and PtWi hav¬ 
ing only Pi in common and lying wholly in h except for the point P and the 
points Zi and Wi both of which lie on the interval CiDi. There exists a 
domain Pa lying in Pi and containing Pi but no point of M that is not in 
the interior of the angle CiPiDi^ Since Pi is a limit point of Ps, this do¬ 
main contains a point Pa of Kz distinct from Pi and at a distance from Pj 
less than half its distance from the line CiDi. The point Pa belongs to /i. 
If PaOs is the straight line ray which is tangent to M at Pa, and which starts 
at that point, there exists an isosceles triangle CiPJOi^ lying with its interior 
h wholly in I\ and within a circle with center at Pa and diameter Va, such 
that (1) Oa lies within the angle CzPJDz of this triangle and no point of M 
except Pa is on either of the straight line intervals P 2 C 2 and PJD^ but M 
contains two arcs PaZa and P^Wt having only Pa in common and lying wholly 
in la except for Pa and the points Za and Wa which lie on the interval CaJDa, 
(2) the angle CaPai^a is less than one half the angle CiPiDi and (3) the dis¬ 
tance from any point of h to the line CiDx is more than twice its distance 
from Pi. This process may be continued. It follows that there exist an 
infinite sequence of triangles CiPiDu C^PJD^f • . . and two infinite sequences 
of arcs PiZu P»Za, . . . and PiWu PtW^, . . . such that CiPiDi and PiZi and 
PaZa are as indicated above and such that if, for each », /„ denotes the inte¬ 
rior of the triangle C«P«I>« and denotes the angle CnPrPn of this triangle 
then, for each there hold true four conditions which may be worded pre¬ 
cisely as are Conditions (l)-(4) concerning the /«, P«Z„, P«T^n> 

etc., with which the above proof of Theorem 3 is concerned. A contradic¬ 
tion follows as in that proof. Hence Kz is an inner limiting set. Since both 
Pi and Pa are inner limiting sets so is P, their sum. 

Suppose now that K cqntains a nondegenerate continuum. Then it 
contains an arc L Since no subset of P is dense in itself, therefore there 
exists an interval h of t which contains no point of P. The interval h is 
a continuum of condensation of M and therefore, if i/ is the set of all emana¬ 
tion points of simple triods lying in M, h is a subset of the closure of H 
(and indeed of the closure of U ^/i). But this is contrary to Theorem 3, 

^ Cf. Besicovitch, A. S., Fund. Math., 22, 49-56 (1934), 

* Throughotit this paper space is supposed to be the plane. 

* Whybum, G. T., ''Sets of Local Separating Points of a Continuum/' BulL Amer. 
Math Soc., 39, 97-100 (1933). 

* Menger, Karl, "Grundziige ciuer Theorie der Kurven", Math. AnnaleUt 95, 272-306 
(1026). 
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JVRl/S HOMOTOPY GROUPS* 

By Ralph H. Fox 

department of Mathematics, Svracusb UmvBRSiTv 
Comirmnicated January 18, 1944 

A promising line of attack on the luisolved problem of calculating the 
homotopy groups tt,, r == 1,2, ..., of a topological space Y was initiated by 
J- H. C. Whitehead.^ The results which he has obtained involve a certain 
“multiplication”: for any pair of elements a c 0 e Tn the Whitehead 
product a’0 is defined and is an element of the group Tm ^ n - i- This 
multiplication can be compared with the group operation only when m — 
n ^ I and in this case a0ot~^0^^. 

In order to study tliis product 1 define here, for every dimension 1, 
a group Tr which I call the r-dimensional torus homotopy group and which 
has the following properties: 

1, Every homotopy group of dimension less than r + 1 can be mapped 
isomorphically into Tr- (In fact most homotopy groups have many such 
isomorphisms.) 

2. If y — a * where a € Wm, 0 € «*«, y € + n - i und w + « — I < 

r + 1, then isomorphisms “““* r,, t,, + « - i Tr can be so chosen 

that y-^f and y = 

The groups n, r 2 , rs, ... form a direct homoniorphisin system and the 
limit group r has properties (1) and (2) with r = co. Thus all the homotopy 
groups and all the Whitehead products can be studied within one single 
group r. 

Let F be a topological space and one of its points. Denote by 7*,. - i 
the (r — 1)-dimensional torus whose coordinates are the r 1 real numbers 
Xi, Xij - 1 (mod 1). The r-dimensional torus homotopy group 

rr(F) — rr(F, y*) is defined to be the fundamental group of the function 
space Y^^ “ ^ using the mapping y+ = ^ as base point. Thus an 

element of Tr{ V) is represented by a continuous F-valued function/ of r real 
variables Xo, Xu .. ., Xr - i (mod 1) which satisfies the condition 

(*) /(Xo. Xi, ..Xr - i) == y* if Xo ^ 0. 

Denoting by 8r the totality of such functions /, it is easy to see that two 

such functions fo and/i determine the same element of whenever there is 
a homotopy/,, 0 < f < 1, between them such that/, e 8r for every /. The 

multiplication in tr is determined by the multiplication in = f-g is 

defined by 


A(xo, x„ ,,., Xr ^ l) 


//(2xo, xi, .,., Xr-. i) when 0 < Xo < Vs* 
\g(2xo — 1 , Xi, ..., Xr- i) when Vs < Xa < 1. 
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The discussion of the preceding paragraph parallels a discussion of the 
classical homotopy groups® which is presumedly known to the reader. It 
is sufEcient here to recall that an element of irm(K) »= VniY, y*) is repre¬ 
sented by a continuous F-valued function / of m real variables Xo, Xj, . -., 
Xm - 1 (mod 1) which satisfies the condition 

(**) /(^Oi Xu . .» - i) “ ym if 3C< ^ 0 for some f =» 0* 1, .. ., w — 1. 

Let the totality of such functions / be denoted by Sm. If w ^ r and A 
denotes a sequence {iui%, .. .,tm- i},wliere0 < < ... < i <r, then, 

by assigning to every / € gm that g c ?f which is defined by 

g(X0, Xu . . Xr - l) = /{Xo, X/^, Xig, , . X,^ _ j), 


a homomorphism a of ir«(y) into rr(F) is set up. These 

homotnorphisms can be shown to be isomorphisms, although proof of 


this fact is by no means easy. There are exactly 




these iso¬ 


morphisms Tm ^ Tr, and there is no reason for preferring any of them over 
the others. It is easily seen that n is identical with xt, and that t 2 is identi¬ 
cal with Abe’s* group k^, 

A homomorphism ^ of onto i is defined by assigning to every f € it 

that g e 8,. - 1 which is defined by 


g(Xo, Xi, . . ., Xr - *) === /(Xo, Xi, . . ., Xr - 8, 0). 


It can be shown that the subgroup t/ of tr which is generated by the sub¬ 
groups (ir„), 2 < m < r\ A C {1, 2, ..f — 1 j, is the direct product 
Xwf (t„) of these subgroups, that r/ is the nucleus of tlie homomorphism 
^ and that r,. is a split extension of the abelian subgroup r/ by tr - u 

In general the torus homotopy groups are non-abelian. In particular 
Tr is non-abelian in the case that Y is the union of an r»-sphere and an n- 
sphere (w* -f- n 1 = r) which have exactly one point in common. Thus 
Tr may be non-abelian for simply connected spaces if r > 3 and for spaces 
with abelian fundamental group if r > 2. This shows that not all of the 
'*non-ab^an character” of a space is expressed by its fundamental group. 
However if F is a topological group its torus homotopy groups Itre all 
abelian. 

The exact statement of how the Whitehead products are represented in 
r, as commutators is as follows: If A has m — 1 indices and B has n -r 1 
indices, if A ^ B is vacuous and if ct eir»»(F) and «ir,^(F) ihen 
=» [a^, where [u, r] denotes the commutator e (—1)* * 

and ri « (—I)** where w is the number of instances afi>j with i t A and 
j « B, It should be observed that it follows from previous discussion that 
[a^, « 1 if .4 ^ B is not vacuous. By the theory of group-extensions 



VoL. 31, 1946 


MATHEMATICS: R. H. FOX 


73 


it can be shown that is determined by the groups iri, ttj, ..., irr and the 
Whitehead products a € w + w — 1 < r + L 

By restating in terms of torus homotopy groups the combination of two 
of J. H. C. Whitehead's results^ we find the following theorem: Let K be a 
complex obtained from a complex K* by removing the interior c — cr of a prin¬ 
cipal n-dimensional simplex <r, where n > 2. The nucleus of the injection 
homomorphism rJ^K) r,(iiC*) is precisdy the invariant subgroup of Tn{K) 
which is generated by the image of the injection homomorphism r^ib) TrfK). 
This reformulation seems to have more intuitive content and suggests more 
clearly than the original theorems an attack on the harder problem where 
dim o > n. 

If is a subset of Y which contains y* the relative torus homotopy 
group TriY mod y*), f > 2, may be defined. One starts with the col¬ 
lection 8r(F mod F*, y*), of those continuous F-valued functions / of 
the r — 1 real variables xo, Xu .. - 2 (mod 1) and the real variable 

0 < t < 1 which satisfy the conditions 

/♦♦♦X Xu .. ~ 2, /) € F* if ^ « 0. 

‘ ^ 1/(^0, Xu ..., .Vr - 2 , /) = y* if ^ = 1 or if Xq ^ 0. 

From Sr (F mod F*, y#) the group Tr(F mod F*, y*) is obtained by the 
same procedure which led to the definition of Tr( F, y^) = Tr( F mod y*, y*). 
Just as in the absolute case there are isomorphisms : Tmi Y mod F*) 
Tr(F mod F*), where A djl, 2, 2}, and homomorphisms 

rr(F mod F*) - i(F mod F*). The subgroup t/(Y mod F*) of 

rr(F mod F*) which is generated by the subgroups w'? (irm(F mod F#)), 
m > 3t A C {1, 2, ,.., r — 2}, is the direct product of these subgroups, 
T Ms the nucleus of and r is a split extension of Tr' by tr - 1 

A homomorf)hism of rr + i( F mod F*) into rr{ F^) is defined by the trans¬ 
formation // I « 0); a homomorphism of Tr(F,*,) into rr(F) is defined 
by injection of F# into F; a homomorphism of r,.+ F(F) into rr+ i(F mod 
F*) is defined by / --♦ g where xu ..Xr - 1 ; Xr) = /(xq, x^), A CZ 
(1, 2, .. ., r}, 2 < w < f + 1. In the resulting system of homomorphisms 

^ Tr + x'( F) r, + x( F mod F*) r.( F*) r,(F) 

it may be verified that the nucleus of any homomorphism is the image of 
the preceding homomorphism and that the nucleus of the first homomor¬ 
phic is generated by the images of the injection homomorphisms ir„( F*) 
ir«( F), 2<w:gr+L IfFisa fibre space over a space Z and F# is the 
fitu-e which contains y* and whose image point is the base point of Z then 
Tff F mod F*, y*) •• rr{Z, and the homomorphism system becomes 

n ,. a'(F) Tr^tiZ) t.(F*) r,(F), 
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Any element of Tr determines, together with the fundamental r-cycle of 
the antecedent space, a continuous r-dimensional cycle. In this fashion a 
homomorphism Tr{Y) into the r-dimensional homology group Hr{Y) of Y 
is defined. The image group is the group of spherical r-dimensional cycles, 
and the nucleus of this homomorphism obviously contains the commutator 
subgroup of T,. However, it is not true that the commutator subgroup is 
the nucleus. This is shown by the example of the 3-sphere T = 5* with 
r =s 4. It is known that there is a non-trivial element a of 7 r 4 ( 5 ®), hence 
is an element of the nucleus; on the other hand r 4 ( 5 *) is abelian because 
5 * is a group manifold. 

Elements of the nucleus which are not commutators may be constructed 
with the help of tlie homotopy groups of the rotation groups. If a e 7 r„( 7) 
and p is an element of iCmiRn - i)> where i is the rotation group of the 
(n — l)-sphere then there is determined an element a** e + „( Y). The 
element where A »= {l, 2 , . . tn + n — 1 ) and = {l, 2, 

..w — 1 }, belongs to the nucleus of the homomorphism + n(F) 

+ «( Y), If a is the generator of T 2 {S^) and p is the generator of ti{Ri) 
then is the generator of vz(S^). From the fact that the “Ein- 

hangung” of this element is non-trivial it can be shown that 
is not a commutator.^ 

The torus homotopy groups have a rather obvious generalization which 
may turn out to be useful. Let fx be any mapping of Tr i into Y and con¬ 
sider the fundamental group r,.( K, fx) of the function space Y^^ “ ^ using the 
mapping p as base point. If p « y* the definition reduces to that of 
Tr(Vp y*). The group rr(F, p) depends only on r, Y and the homotopy 
class of p; particularly, to any element a of rr( Y, p) there is a group r, 4 . i 
(F, a). The cycles which arise from the homomorphism of rr(F, p) into 
J/r(F) need not be spherical cycles; for example, the fundamental cycle of 
the torus can occur. 

A more detailed analysis of the torus homotopy groups will appear else¬ 
where. 

* Presented to the American Mathematical Society under the title “The Complete 
Homotopy Group/' abstracts 49-11-306(1943) and 51-1-49 (1945). 

1 Ann, Math,, 42, 409-428 (1941) and Proc, London Math. Soc,, 45, 243-327 (1939), 

§§ 10 , 11 . 

* All homotopy groups are multiplicative in this paper. 

» Jap, Jour, Math,, 16, 169 (1940). 

^ In this and the succeeding paragraph there is a certain amount of overlapping with 
recent unpublished work by George W, Whitehead. 
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EXPERIMENTS ON SEXUAL ISOLATION IN DROSOPHILA. 
IV. MODI PICA TION OF THE DEGREE OF I SOLA TION BETWEEN 
DROSOPHILA PSEUDOOBSCURA AND DROSOPHILA 
PERSIMILIS AND OF SEXUAL PREFERENCES IN 
DROSOPHILA PROSALTANS 

By Ernst Mayr and Th. Dobziiansky 
Tub American Museum Natural Historv and Columbia University, New York 
Communicated January 9, 1945 

Sexually active animals find their potential mates and recognize them as 
belonging to the same species with the aid of stimuli that are but poorly 
known. In birds, it has been shown that species recognition may be either 
strictly innate or conditioned through experience (for a short summary of 
the literature see Cushing^). Conditioning seems to play a major r61e 
particularly in species with highly developed parental care. On the other 
hand, innate mechanisms control the recognition of potential mates of the 
same species in birds that are not raised by their own parents, such as cow- 
birds, parasitic cuckoos and megapodes. The same seems to be true for 
most of the lower vertebrates and invertebrates. It is, however, very little 
known to what extent the functioning of the innate patterns may be in¬ 
fluenced by conditioning and by other extrinsic factors. The experiments 
described below were devised to explore the possibilities in this field. 

Material and Methods. —For most of the experiments an orange-eyed 
mutant strain of Drosophila pseudoobscura Frolova descended from flics col¬ 
lected at Pifton Flats, San Jacinto Mountains, California, and a wild strain 
of Drosophila persimilis Dobzhansky and Epling from Stony Creek, north 
of the Sequoia National Park, California, were used. For some of the 
experiments strains of Drosophila prosaltans Duda from Chilpancingo and 
Zopilote Canyon, Mexico, and from Belem, Iporanga, and Bertioga, Brazil, 
were employed (concerning these strains see Dobzhansky and Streisinger®). 

The two species, D, pseudoobscura and D. persimilis, are almost indis¬ 
tinguishable morphologically, although Reed, Williams and Chadwick® were 
able to discriminate the strains at their disposal with the aid of an ingeni¬ 
ously contrived ratio of thorax volume to the product of wing area times the 
cubed wing length. D.^persimiUs was formerly known as ‘7J. pseudo¬ 
obscura race B."' The irrationality of this designation became progres¬ 
sively more clear with the accumulation of data showing that these species 
are distinct genetic systems; their separation is fully maintained in nature 
despite the broad overlapping of their distribution areas.^ Too great an 
emphasis on morphological distinctions as species criteria leads to results 
that are plainly untenable. One would have to break living mankind into 
five species that are not at all isolated reproductively,® and yet consider as 
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single ‘‘species'* some groups of clearly separate species of Drosophila.* 
Except when stated otherwise, the experimental procedure was the same 
as described in the preceding parts of this series.*^ ^ Batches of ten freshly 
hatched females of each of two species or strains to be tested were placed 
with ten males of one of these species in vials with food. After 4 to 7 days, 
depending on species and the particular exi>erimcnt, the females were dis¬ 
sected and their sperm receptacles and spermathecae examined for sperm. 
The amounts of sperm present in an inseminated female vary greatly, par¬ 
ticularly in heterogamic crosses: sometimes the ventral receptacle is 
tightly filled with sperm, sometimes loosely, and sometimes only a few mov¬ 
ing spermatozoa are found. No attempt was made to record the various 
degrees of insemination; so long as any sperm was found, the fly'was re¬ 
corded as inseminated In only a single D. pseudoobscura female, sperm 
was found in the spermatheca but none in the receptacle. The stock bottles 
were kept mostly at room temperature, and the experimental vials in an 
incubator at 24V2^C. Since the experiments lasted from May to Novem¬ 
ber, “room temperature" varied considerably, and this may be a source of 
error in some of the experiments, • 

Sexual isolation between D. pseudoobscura and P. persimilis was first dis¬ 
covered by Lancefield* and subsequently studied by Boche,® but the data 
of the last-named investigator have never been published. We found the 
isolation to be much stronger when P. pseudoobscura than when P. persimi¬ 
lis males are used; it must, however, be noted that our experiments con¬ 
cern a single strain of each species, and that other strains may quite con¬ 
ceivably behave differently. Such differences between strains of P. pseudo¬ 
obscura and P, persimilis with respect to sexual isolation from a third spe¬ 
cies, namely, P. miranda, are, indeed, known.^® 

Mixed CuUuresr-'SpedBc smells may be very important components of 
isolating mechanisms in animals with a highly developed olfactory sense. 
Experiments were, therefore, arranged to test whether or not there was a dif¬ 
ference in the degree of sexual isolation between P. pseudoobscura and D, 
persimilis when these flies are raised in separate culture bottles or together 
in the same bottle. Fertilized females of the two species were placed to¬ 
gether, but without males, in the same cuHmre bottle, and transferred to 
fresh bottles at about 24-hour intervals. The larvae of both species grew 
up together in the same culture medium. The flies of the two species were 
separated after hatching before any copulation could occur. Sets of 10 
females of both species were then confined with 10 males of one or the other 
species in vials with food, whereupon the females were dissected and their 
seminal receptacles were examined for sperm. As a control, similar tests 
were made using flies of the two species which develop^ in separate bottles. 

It can be seen from table 1 that rmsing flies of the two species in the same 
culture medium does not lower the sexual isolation between them; curiously 
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enough, the results seem to indi^te, if anything, the opposite. It probably 
occurs in nature not infrequently that larvae of the sympatric species D. 
pseud^obscura and D, persimUis grow up in the same food medium, and it is 
obviously of survival value to both species that the mixing of the smells of 
their larvae does not lead to lowering of isolation between the two species. 

TABLE 1 

Number of Females Dissected (n) and Per Cent Carrying Sperm (%) in Crosses 
IN Which Z>. pseudoobscura and D, persimUis FuES Were Raised Together in the 
Same Bottle or in Different Bottles 


MALK 

RAIISKD 

HOaCOOAMTC 
n % 

HSTBROOAIflC 
n % 


taOLATlON 

tRDBX 

pseudoobscura 

separately 

82 

87.8 

83 

9.0 

100.7 

0.80 

pseudoobscura 

together 

145 

89.0 

140 

0.7 

220.0 

0-98 

perstmilis 

separately 

127 

63.8 

119 

22,7 

42.6 

0.48 

persimilis 

together (May-June) 

41 

73.2 

41 

2,4 

43.6 

0.94 

persitnilts 

together (July) 

82 

76.5 

89 

32,9 

31.2 

0,40 


Conditioning .—A set of D, pseudoobscura males was divided in two parts; 
some males were kept for 8-15 days in regular culture bottles with an excess 
of females of their own species (*‘pro-conditioned'O j and others for the same 
length of time with females of D. persimUis (“counter-conditioned”). Simi¬ 
larly, some D. persimUis males were “pro-conditioned” and others were 
“counter-conditioned.” Groups of 10 males were, then, confined with 10 
freshly hatched females of each of the two species in vials with food; the 
females were dissected and examined for sperm. In “control” experiments 
freshly hatched males were confined with freshly hatched females. The re¬ 
sults are summarized in table 2. 


TABLE 2 

Number of Females Dissbctbd («) and Per Cent Carrying Sperm (%) in Crosses 
OF D. pseudoobscura and D. persimUis 



UOHOOAMriC 

* % 

HBTICROOAICXC 

« % 


ISOLATION 

tNDRX 

pseudoobscura control 

82 

87.8 

83 

9.6 

100.7 

0.80 

pseudoobscura pro-conditioned 

97 

81.4 

98 

0.0 

129.0 

1.00 

pseudoobscura counter-conditioned 

116 

88.7 

W 

1,6 

182.7 

0,96 

persimilis control 

127 

63.8 

119 

22.7 

42.6 

0,48 

persimilis pro-conditioned 

32 

56.3 

37 

13.5 

13.9 

0.69 

persimilis counter-conditioned 

47 

87.2 

52 

38.5 

25.0 

0.39 


The results are inconclusive as far as D. pseudoobscura males are con¬ 
cerned. There seems to be less isolation among the controls than among 
the counter-conditioned flies. However, the “control” experiment em¬ 
ployed freshly hatched males while in the conditioning experiments males 
were 8--15 days old. Furthermore, most of the control experiments were 
made in May while the conditioxiing experiments were made in July. In 
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the case of D, persimilis males the conditioning appears to be effective. 
Males that had been conditioned with their own females show a higher 
isolation index (0.09) than the controls (0.48) or males conditioned with 
D, psezidoohscura females (0.39). The x* of the difference between control 
and pro-conditioned flies is 2.08 (for two degrees of freedom P > 0.20); the 
X* of the difference between control and counter-conditioned flies is 13.63 
(P < 0.01). The effects of counter-conditioning are more significant than 
those of pro-conditioning. 

Light—Vhilip, Rendel, Spurway and Haldane'* have stated that P. 
subobscuray a European relative of D, pseudoobscura and P. persimilisy does 
not mate in the absence of light, and that normal females of this species kick 
off mutant males with a yellow body color. Although morphological dif¬ 
ferences between P. pseudoobscura and P. persimilisy as well as those be¬ 
tween strains of D. prosaltansy are very slight, the possibility that visual 
stimuli are involved in mate recognition is not excluded. To test this, vials 
were prepared containing two kinds of females and a vsingle kind of males. 

TABI-E 3 

Mate Discrimination in the Light and in the Dark 


LIGHT 


OK 

DARK 

PBMALBh 

MALK3 

JtOMOOAMIC 

H % 

HETBKOOAMie 

n % 

ikolatiun 

INUSX 

Light 

pseudoobscura, persimilis 

pseudoobscura 

40 

80.0 

40 

7.5 

0.83 

Dark 

pseudoobscura, persimilis 

pseudoobscura 

60 

80.0 

69 

2,9 

0.93 

Light 

pseudoobscura, persimilis 

persimilis 

100 

78.0 

300 

40,0 

0.32 

Dark 

pseudoobscura, persimilis 

persimilis 

100 

9.3.0 

100 

60.0 

0.22 

Light 

prosaltans-A, prosaltans-D 

prosaltans-A 

70 

82.9 

66 

3.1 

0.93 

Dark 

prosaltauvS-A, prosaltans-D 

prosoltans-A 

69 

46.4 

68 

1.6 

0.94 

Light 

prosaltans-B, prosaltans-C 

prosaltans-B 

68 

30.7 

68 

2.9 

0.86 

Dark 

prosaltanS'B, prosaltans-C 

prosaltans-B 

69 

18.6 

67 

0.0 

1.00 


Some of the vials prepared on each of the days during which the experiments 
lasted were placed in an opaque box and the others on the top of the same 
box; the box was exposed to dayligjit but protected from direct sunlight. 
The temperature varied in the environment, but it was obviously very 
similar inside and outside the box. Females of the *Mark series*’ were dis¬ 
sected soon after being removed from the box. The results are summarized 
in table 3; in this table the strains of P. prosaltans coming from Chilpan- 
cingo, Zopilote, Belem and Bertioga are denoted “prosaltans-A,” B, C and 
D, respectively. 

It is evident that in P. pseudoohsmray P. persimilis and P. prosaltans the 
mate discrimination is not greatly influenced by the presence or absence 
of light. In P. prosaltans the light has, however, an obvious influence on 
the total number of inseminations taking place within a given time inter¬ 
val; a significantly greater number of matings takes place in the vials ex¬ 
posed to Hght than in thbse kept in the dark. The data for P. persimiUst 



VoL. 31, 1946 


GENETICS: MAYR AND DOBZHANSKY 


79 


if taken at their face value, would indicate an opposite effect of light, but 
the differences observed are in need of confirmation. 

The Role of the Wings. —When a courting male of D. pseudoobscura or 
Z>. persintUis pursues a female he spreads and vibrates his wings. The 
pitch of vibration may be correlated with the wing surface® which is larger 
in the latter than in the former si)edes. If females exercise the choice, it is 
possible that they are helped in recognition of the males by the pitch of the 
wing vibration. If so, the females should have difficulties in recognizing 
wingless males, and the isolation index should drop. Actually, the opposite 
happened when wingless D. persimiUs males were confined with winged 
D. perstmilis and 'D. pseudoobscura females~the isolation index became 
higher (table 4). However, the point when around 50 per cent of the fe¬ 
males were inseminated was not reached after 4-5 days^ exposure, as with 
normal males, but only after 8 days. Females seem to recognize the spe¬ 
cies of wingless males as readily as of normal ones, but either succeed better 
in avoiding insemination by not conspecific wingless males or are less easily 
excited into a receptive state. 

TABLK 4 

Insbmination Records of D. persimilis and D, pseudoobscura Females by Wingless 

D. perstmilis Males 

IIOMOOAMIC METBMOOAMIC ISOLATION 

n % n % X ’ INOBX 

78 65,4 70 12.8 42.8 0.67 

Experiments with wingless females and normal males resulted in isolation 
indices which are practically identical with the control experiments. This 
is important if considered in conjunction with the observation that non- 
receptive females often flick off with their wings males which attempt to 
mount them. Non-receptive wingless females seem to be equally capable 
of avoiding males. 

Sexual excilemenL —Dobzhansky and Koller,^® working with D. pseudo¬ 
obscura and D. miranda^ obtained an indication that males aged in the ab¬ 
sence of females are less efficient in discriminating between their own and 
foreign females than males pro-conditioned with their own females. If 
significant, this result may be due either to sexual excitement of the males 
aged without females or to the pro-conditioning of the other group of males. 
We have kept males and females of D. pseudoobscura, D» persimilis, and of 
four strains of D. prosaltans in isolation from individuals of the opposite sex 
but with abundant food for approximately seven days, whereupon these 
fully mature flies were placed together in the same vial, always avoiding 
etherization of the fUes. As in the earlier experiments, one kind of males 
and two kinds of females were placed in each vial. The difference between 
this technique and that of Dobzhansky and Koller^® lies in that in the experi- 
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ments under consideration both males and females were aged in isolation, 
while in the latter experiments only the mates were so aged. Courting 
and copulating pairs can be seen in the vials within a few minutes after 
the flies are placed together, and in from one to four hours approximately 
half of all females are found to be inseminated. If freshly hatched flies are 
used, it takes from four to five days for half of the females to become in¬ 
seminated, and relatively few copulating pairs are seen in the vials at any 
one time. The results of the experiments are summarized in table 5. The 

TABLE 5 

Matb Dxsciuuination in Individuals Aged in Isolation from the Oppositb Sbx 



uAi*nm 

homooamic 
» % 

HBTBKOOAWIC 
n % 

X* 

ISOtATtON 

INO»X 

pseudoobscura, persimilis 

pseudoobscura 

40 

70.0 

37 

6.4 

20.53 

0.86 

pseudoobscura, persimilis 

persimilis 

43 

67.4 

56 

7.1 

26.66 

0.81 

prosaltans-A, prosaltans-D 

prosaltans-A 

63 

93.6 

74 

23.0 

30.60 

0.61 

prosaltans-B, prosaltans-E 

prosaltans-K 

38 

2.6 

43 

67.4 

22.63 

-0.92 


Chilpancingo, Zopilote, Bertioga and Iporanga strains of D. prosaltans are 
referred to in this table as '*prosaltans-A/’ B, D and E, respectively. Fre¬ 
quencies of the homogamic and heterogamic fertilizations in mixtures of 
D. pseudoobscura and D. persimilis shown in table 2 may be taken as control 
values for comparison with the data in table 5, although these experiments 
have not been performed simultaneously. For insemination records in 
D. prosaltans see Dobzhansky and Streisinger.® 

Examination of table 5 shows that aging in the absence of individuals of 
the opposite sex fails to change the degree of sexual isolation when D. 
pseudoobscura males are used; with D, persimilis males, such aging leads 
even to a strengthening of the isolation, although more data are needed to 
establish this point. Aged prosaltans-A (Chilpancingo) males gave a some¬ 
what lower isolation index than was obtained with males placed together 
with their prospective mates shortly after their hatching from the pupae; 
males of prosaltans-E (Iporanga strain) prefer B (Zopilote) females to their 
own, and this preference seems to be enhanced by aging in the absence of 
mates. 

Temperature, —Flies raised at room temperature were placed in vials soon 
after their hatching from pupae, and the vials with the flies were kept at 
24Vs®i 18^ and 16V*®C. for as long as necessary to obtain insemination 
of about half of the females. This takes 4-5 days at the higher and 7-9 
days at the lower temperatures. The results are summarized in table 6. 
“Prosaltans-A," B, C and D are, in this table, the Chilpancingo, Zopilote, 
Belem and Bertioga strains of D, prosaUanSp respectively. 

The behavior of D. pseudoobscMra and P* prosaUans flies is about the 
same at all the temperatures tried. D, persimilis shows clear sexual isola- 
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tion from Z>, pseudoobscura at the higher temperatures, but at 18® and 
16 Va® D. persimilis males seem to discriminate against females of their own 
species in favor of those of D. pseudoobscura. Ulus is particularly astonish¬ 
ing because D. persimilis is, on the whole, confined in nature to cooler habi¬ 
tats than D. pseudoobscura. It may be that females of D. persimilis become 
sexually receptive only very slowly at temperatures of 18®C, and lower, so 
that most D. persimilis females in the low temperature experiments were 
simply unavailable for insemination* To test this possibility, D. persimilis 
females and males, and D. pseudoobscura females, were aged for 10 days 
at and placed together, at the same temperature, for about 24 

TABLE 6 

Mate Discrimination at Different Temperatures 


rsioLA' 

HOWOOAH1C HBTRKOOA.MIC TlQN 


FKMAt.9:S MAI.KS , 

n 

% 

n 

% 

X* 

INDfiX 

24V*** pseudoobscura, persimilis pseudoobscura 

30 


28 

3.6 

20.4 

0,92 

18® pseudoobscura, persimilis pseudoobscura 21 

85.7 

18 

0.0 

15.4 

1.00 

16V2‘* pseudoobscura, persimilis pseudoobscura 42 

92.9 

40 

12.5 

24.2 

0.76 

24V*** pseudoobscura, persimilis persimilis 

65 

93.8 

64 

39.1 

14.6 

0.41 

21 ® pseudoobscura, persimilis persimilis 

B6 

53.6 

63 

12,7 

.15.4 

0.62 

18® pseudoobscura, persitnilis persimilis 

21 

4.8 

20 

55.0 

8.7 

-0.84 

16 Vi* pscudoob,scura, persimilis persimilis 

86 

32.6 

90 

52.2 

4.0 

-0.23 

24 V*** prosaltans-A, prosaltans-C prosaltans-A 

59 

86.4 

68 

8.6 

37.8 

0.82 

24V** pro8altans-B,prosaltans-D prosaltans-B 

58 

74.1 

58 

8.6 

30,1 

0,79 

16Vi* prosaltans-A, prosaltans-C prosaltaiis-A 

77 

90.9 

75 

2.3 

62.3 

0.94 

lev** prosaltans-B, prosaltans-C prosaltans-B 

84 

44.0 

85 

4.7 

14.6 

0.81 

hours. Dissection of the females showed 

that 59.4% 

of the 106 D. per- 


similis^ and 44.6% of the 92 pseudoobscura females were inseminated. 
This gives a non-significant positive isolation index of 0.14. Sexual isola¬ 
tion between D. pseudoobscura and D. persimilis appears, then, to be weaker 
at lower than at higher temperatures if males of D. persimilis are used. 
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DOMINANCE MODIFICATION AND PHYSIOLOGICAL 
EFFECTS OF GENES^ 

By L. C. Dunn and vS. Gluecksohn-vSchokniieimer 
Dkpartme!^ of Zooi-or.v, ConmniA University 
Comtnurncated January 15, 1945 

vSeveral years ago* there was found in the house mouse a mutation with 
several striking effects including absence or shortening of the tail, absence 
or abnormality of one or both kidneys, absence of external anus and genital 
aperture and abnormalities of other parts of the urogenital system. In the 
stock in which it occurred this whole syndrome of effects behaved as a unit 
and showed simple segregation from normal. The mutation acted as a 
lethal, all homozygotes Sd Sd being tailless and dying shortly after birth, 
all showing imperforate anus and absence of both kidneys. Heterozygotes 
showed a lesser expression of these defects, having short tails, and less 
severe urogenital malformations. The mutation in the original stock there¬ 
fore acted as a dominant in respect to its effect on the tail, as recessive or 
nearly so in its lethal effect, and as incompletely dominant in its effect on 
urogenital development. 

When the Sd mutation was removed from the stock in which it originally 
occurred and was transferred by a series of successive backcrosses to another 
inbred normal stock, the tail length of heterozygotes pro^essively de¬ 
creased until after five backcross generations nearly ail were tailless, while 
the viability of the heterozygotes decreased, due to the greater effect of Sd 
on the urogenital system.^ About 90 per cent of all Sd+ animals at birth 
had abnormal kidneys.® The dominance of Sd on tail length appeared to 
have been increased by the genetic constitution of the new stock while the 
lethal effect appeared also to have become partially dominant. There was 
no evidence of necessary connection between the effect upon tail length and 
upon viability. 

Since the above observations were published we have transferred the Sd 
mutation to two other normal-tailed inbred stocks by repeated backcross- 
ing. In one of these stocks (identified as m) the tail length of heterozygotes 
increased, and the proportion of tailless animals among the heterozygotes 
decreased. In the Fi, BCi and BC* generations the cross of Sd+ by normal 
m produced 142 normal, 90 short-tailed and 26 tailless; while in BCa and 
BC 4 the comparable figures are 39 normal, 23 short and no tailless. The 
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totals, 181 normal and LSS indicate a lowered viability of Sd+ 

associated with increasing tail length. This was probably due to increased 
severity of the urogenital lesions, since of four heterozygotes dissected at 
birth, three had urogenital abnormalities. 

When backcrossed to the other inbred stock, a normal albino stock 
known as CF (Carworth Farms), changes in the opposite direction occurred 
in the Sd heterozygotes; that is, the tails became shorter, the proportion 
of tailless heterozygotes increased, and the relative viability of the hetero- 
zygotes increased. The figures are Fr-BC*: 59 normal, 14 short, 53 tail¬ 
less; BCr-BCs: 26 normal, 7 short, 18 tailless. The totals of 85 ++ 02 
Sd+ indicate no excess mortality of short and tailless . Forty-three 
of these heterozygotes were dissected and in all cases the urogenital system 
was normal. Thus the CF genetic constitution, which increased the sever¬ 
ity of the tail defect, eliminated the deleterious effect of 5d4- on viability 
and on the urogenital defects chiefly responsible for the viability effects of 
Sd. The conclusion is obvious that the several effects of Sd upon the 
hetcrozygotes are modified by different genetic factors. 

Since this is so, the conclusions of Fisher and Holt* concerning dominance 
modification of Sd will have to be examined critically. Fisher and Holt 
similarly outcrossed animals obtained from this laboratory to other 
stocks in the Cambridge University laboratory, and set up selection lines 
in one of which the tail length of heterozygotes was increased, while in the 
other, tail length remained short. The viability of heterozygotes in the 
Idnger-tailed line improved. Fisher and Holt supposed that the chief fac¬ 
tor in viability was tail length, so that natural selection for viability aided 
the selection for longer tails, while in the negative line it was ‘‘always acting 
in opposition, in that mice most defective in the development of the caudal 
vertebrae will also, on the whole, be most defective in other respects. ’ ’ This 
assumption, as our observations show, is entirely unwarranted. They as¬ 
sume also that as the tail length of the heterozygotes increases “so one 
might expect the chance of homozygotes becoming less abnormal, with a 
consequent lengthening of life, to increase.“ This is based on the same 
reasoning as that above and is supported only by the occurrence in the line 
selected for tail length, of two animals diagnosed as homozygotes {Sd Sd), 
one of which lived for 22 days and the other for 72 hours. Since tailless 
heterozygotes with internal lesions as severe as those of the longer lived 
assumed homozygote have been described by Gluecksohn-Schoenheimer,* 
the diagnosis of homozygosity rests on the occiarrence of imperforate anus 
and cloaca. These defects have been found recently in rare cases among 
heterozygotes also, so it is possible that Fisher and Holt were dealing with 
an extreme heterozygote. 

There is no doubt that the tail length of heterozygous mice is read¬ 
ily modified by other genetic factors, which thus may be said to modify the 
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dominance of Sd in its effect upon the tail. But these other factors, as our 
results show, may change the dominance of Sd in its other effects in ways 
opposite to that in which the tail expression is affected. 

In order to derive some meaning from such observations for Fisher's 
general theory of the origin of dominance in evolution, it would be necessary 
to specify whether modifiers of Sd would be selected because of their effect 
on tail length or because of their effect on urogenital development. In 
view of the evident relation between the urogenital expression and viability 
there can be little doubt that modifiers which tend to make the urogenital, 
effect of Sd recessive would be selected. But these same genetic amstitu- 
tions may, as we have seen, increase the dominance of Sd in respect to tail 
length. It can be concluded that the evolutionary significance of factors 
affecting dominance can be properly assessed only when their physiological 
effects are known. 

* The observations reported were made with the aid of a grant from the Josiah Macy, 
Jr., Foundation. 
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RELATIVE SENSITIVITY OF CHROMOSOMES TO NEUTRONS 
AND X-it4y5. III. COMPARISON OF CARCINOMA AND 
LYMPHOSARCOMA IN THE RAT 

By a. Marshak Atli> Muriel Bradley*' 

Radiation Laboratory, UNivBRarry or Caditornia, and Dbpartmbnt or Raoiolooy, 
Univbrsity or California Mbdical School 

, Communicated January IS, 194S 

In previous studies it was shown that the relative response ol chromo* 
sotnes of the "resting" nucleus to neutrons and x-rays {n/x) may be used 
as means for identifying physiological stages of the nudeua which cannot 
otherwise be recognized.*’ * By appl}ring such an anai)rsis to different 
tumors in the same species it is possible to determine whether the nudei 
and chromosomes of the cell types so analyzed are in fact the same, as 
might be expected from existing theories in genetics and embryology, or 
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whether they differ. We wish to report here the results of an analysis of 
the Walker 256 cardnoma and a lymphosarcoma of the rat. 

TABLE 1 

WALKBR CARaNOMA 250 


•X-ItAY» - - --- - -. 


TZUK 

XN 

DOSS 

IN r 

TOTAL 

ANA- 

% 

COll- 

RBCTBO % 

POSB 

IN n 

TOTAL 

ANA- 

% 

COB- 

RBCTBO % 

UOOM 

UNIT# 

PHAftBg 

NORMAL 

KORMAf. 

UNITS 

PHASaS 

NORMAL 

normal 

3 

47 

669 

61.6 

66.5 

8 

708 

62.7 

67.7 


99 

626 

37.1 

42.1 

8.9 

711 

60.2 

66.2 


143 

668 

30.1 

35. J 

12.5 

684 

48.9 

63.9 


180 

633 

13.7 

18.7 

17.8 

662 

30.4 

35.4 


240 

639 

7.9 

12.9 

27 

613 

17.3 

22.3 


286 

537 

2.4 

7.4 

38 

563 

7.7 

12.7 






41 

740 

7.4 

12.4 

8 

60 

606 

69.1 

74.1 

9 

618 

61.7 

66.7 


107 

53^ 

48.9 

63.9 

18 

562 

40.2 

46.2 


164 

681 

36-3 

41.3 

24 

616 

30.2 

36.2 


228 

734 

26.3 

31.3 

30 

579 

24.2 

29.2 


277 

692 

17.1 

22.1 

44 ■ 

580 

15.7 

20.7 


344 

647 

8.6 

13.6 

66 

834 

9.2 

14.2 

12 

48 

714 

66.1 

71.1 

7 

716 

68.8 

63.8 


98 

608 

47.6 

62.6 

21 

646 

31.6 

36.6 


149 

637 

38.6 

43.6 

22 

645 

27.0 

32.0 


192 

846 

28.9 

33.9 

37 

647 

16.2 

20.2 


300 

869 

15.9 

20.9 

40 

733 

9.4 

14.4 


337 

797 

11,4 

16.4 

64 

516 

4,8 

9.8 


354 

666 

7.4 

12.4 






460 

666 

4.6 

9.6 





18 

120 

671 

63.6 

68.6 

6 

665 

76.9 

80.9 


264 

928 

34.0 

39.0 

20 

664 

46.8 

51,8 


392 

636 

24.8 

29.8 

36 

676 

26,1 

31.1 


462 

667 

20.6 

26.6 

48 

686 

13.1 

18.1 


588 

627 

10.1 

15.1 

49 

697 

11.9 

16.9 


684 

623 

4.9 

9,9 

62.9 

722 

7.9 

12.9 






63.7 

672 

6.6 

11.6 


... 




74.4 

633 

4.6 

9.6 


.». 

. •. 

... 

... 

81.7 

676 

1.7 

6.7 

24 

96 

683 

69.6 

74.6 

18 

627 

66.8 

60.8 


120 

606 

77.2 

82.2 

24 

648 

42.3 

47.3 


239 

627 

44.6 

49.6 

43 

584 

26.9 

31.9 


392 

863 

30.0 

36.0 

66 

607 

18.8 

23.8 


462 

677 

27.9 

32.9 

92 

668 

6.9 

10.9 


588 

505 

20.6 

25.5 

104 

744 

3.1 

8,1 


784 

637 

ro.8 

16.8 

«•* 

... 


.. • 


The animals carrying the tumors were treated with x-rays or with neu¬ 
trons by the same methods and apparatus previously described.* The 
methods for fixing the tissue, preparing the smears and making the counts 
have also been ^nresented. 
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The data obtained from counts of normal and abnormal anaphases are 
presented in tables 1 and 2. For plotting the curves (Figs. 1, 2, 3 and 4) 
each per cent normal anaphases was corrected by adding to it the average 
per cent abnormal anaphases of all controls for that tumor. The correction 
for the carcinoma was 5.0 %, the average from 12 control animals; for the 
lyitiphosarcoma it was 12.1%, the average from 7 controls. The per cent 

TABLE 2 
Lymphosarcoma 


TIM« 

l>OSB 

- .X~RAV&> 

TOTAL 

% 

COR- 

OOftB 

-WRIT 

TOTAL 

rRONA- 

COR- 

IN 

IN r 

ANA- 

RBCTRD % 

XN n 

ANA» 

% 

RBCTRD % 

HOUKA 

vtnra 

PRASBS 

SOKMAL 

NORMAL 

usrra 

PHA5B» 

NORMAL 

NORMAL 

3 

61 

543 

63.9 

76.0 

8 

619 

62,6 

74.7 


97 

538 

43.1 

55.2 

16 

618 

47.8 

59.9 


148 

578 

31.3 

43.4 

22 

506 

32.4 

44.6 


201 

613 

17.6 

29.7 

34 

504 

18.6 

30.7 


272 

629 

6.4 

18.6 

61 

503 

B.9 

21,0 


341 

543 

2.8 

14.9 

68 

621 

2.6 

14.7 

8 

96 

645 

. 66.9 

69.0 

10 

601 

68.5 

80.6 


166 

644 

46.4 

57.5 

* 20.6 

520 

60.9 

63.0 


226 

626 

28.5 

40.6 

31 

540 

37.2 

49.3 


301 

526 

21.5 

33.6 

41 

611 

27.8 

39.9 


366 

624 

16.1 

27.2 

51 

616 

18.6 

30.7 


424 

616 

9.6 

21.6 

63 

521 

10.1 

22.2 

12 

55 

653 

66.7 

78.8 

8 

569 

73.9 

86.0 


117 

656 

52.0 

64.1 

21 

617 

45.6 

57.7 


197 

620 

33.8 

46.9 

39 

618 

28.2 

40.3 


274 

624 

26,2 

37.3 

45 

624 

23.6 

36.7 


361 

536 

17.9 

30.0 

57 

539 

14.1 

26.2 


417 

543 

12.3 

24.4 

67 

522 

12 .‘4 

24.6 

18 

95 

556 

56.8 

67.9 




•, * 


189 

640 

44.8 

66.9 




*,. 


296 

634 

24.9 

37.0 






384 

653 

14.3 

26.4 






484 

639 

8.7 

20.8 






566 

624 

6.6 

17.6 




‘ • • 

24 

94 

572 

64.4 

’76.5 

10 

629 

72.9 

86.0 


206 

696 

44.9 

57.0 

22.6 

650 

68.2 

70.3 


307 

531 

34.8 

46.9 

42 

530 

44.5 

66.6 


414 

526 

27.3 

39.4 

51 

646 

37.0 

49.1 


639 

690 

16,4 

27.6 

84 

616 

18.0 

30,1 


637 

545 

12.1 

24.2 

89 

640 

13.6 

26.6 


abnormal anaphases in unirradiated animals is considerably greater in the 
lymphosarcoma than in any other type of tumor studied so far. When 
plotted semi-logarithmically the per cent normal anaphases for each time 
interval following irradiation fall on a straight line, i.e., the data 
fit an exponential curve. The points were all fitted graphically. The 
mean deviation of the points so fitted varied from 0,7 to 3,7%, with only 
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one curve giving a mean deviation greater tlian 3%, so the fit may be con¬ 
sidered good. Table 3 gives the slopes of the curves, the mean deviation 
of the points about each curve, and the ratio (n/x) of the slopes obtained 
with neutrons to those obtained with x-rays- 


• The slopes of the curves for the lymphosarcoma are consistently smaller 
than the corresponding slopes for the carcinoma for both x-rays and neu- 
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trons at all time intervals except at 24 hours. Such a result might be ex¬ 
pected if the chromosomes of the lymphosarcoma were smaller than those 
.of the carcinoma. However, the chromosomes of the cells studied showed 
no very obvious differences in size, although it was found impossible to 
make any accurate measurements. We cannot, therefore, offer any expla¬ 
nation for the observed differences in slopes. 
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Although there is a progressive decrease in the slopes observed following 
x-rays or neutrons in both tumors at 8,18 and 24 hours after irradiation, the 
slopes at 12 hours are anomalous in this respect. In the lymphosarcoma 
there is no significant difference between the slopes at 8 and 12 hours, which 
is also true for the carcinoma treated with x-rays. The latter tumor wheft 
treated with neutrons, however, gives a steeper slope at 12 than at 8 ox 18 
hours. It is interesting to note that analysis of chromosome response in 
the plant Viciafaba shows no difference in x-ray slopes at 12 and IS hours 
and no significant difference in 8- and 12-hour neutron slopes. In the 
mouse lymphoma there is a marked rise in the slope for both x-rays and 
neutrons at 12 hours. If slopes of survival curves for either x-rays or neu¬ 
trons are plotted as a function of time after irradiation, in all the tissues 
thus analyzed the slope for the 12-hour interval appears either as part of 
a plateau or as a peak in the curve. Obviously the 12-hour stage is a 
critical one in all the chromosomes analyzed so far. 
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8 

6.62 
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12 
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18 
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1.1 
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24 

2.49 

3.7 

20.93 

2.0 

10.81 

Lympho¬ 

3 

5.80 

1.6 

33.80 

1.8 

6.77 

sarcoma 

8 

3.65 

1.5 

22.73 

0.7 

6.23 


12 

3.66 

2.2 

22.91 

1.9 

0.26 


18 

3.32 

1.3 


... 

■ • • 


24 

2.44 

2.2 

14.02 

1.6 

5.99 


kx “* slopes following treatment with x-rays, «• slope>s following treatment with 
neutrons, dx « deviation of points from x-ray curves, «« deviation of points from 
neutron curves, n/x « ratio of the slopes obtained with neutrons to those obtained 
with x-rays- 

The ratio of neutron to x-ray efficiency {n/x) is approximately 6 at 3 
hours for both tumors, as it has been for chromosomes of all species of plants 
and animals studied so far,® Beyond this point all similarity between the 
n/x ratios for the two tumors ceases. While there is a progressive increase 
in n/x to 10.8 at 24 hours in the carcinoma, in the lymphosarcoma it re¬ 
mains at approximately C for all the periods studied.f However, the ratios 
for the lymphosarcoma are strikingly similar to those observed in a mouse 
lymphoma, for which the ratios were 5.8, 5.9, 8.8, 5.9, and 5.9 for the inter¬ 
vals 3, 8, 12, 18 and 24 hours.* In other words, the chromosomes of the 
rat lymphosarcoma in their reaction to x-rays and neutrons resemble those 
of the mouse lymphoma much more than they do chromosomes of another 
tumor of the rat.J For reasons previously given,^ * the differences in re- 
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sponse of the chromosomes cannot be ascribed to differences in the extra- 
chromosomal (cytoplasmic) conditions of the histologically different types 
of cells involved. Likewise the theory advanced by other investigators^* ® 
which postulates chromosome “breakage’' followed by “healing" of the 
broken ends, cannot account for results such as these. ^ We must conclude, 
therefore, that there are physiological differences in the chromosomes of two 
different tissues (l 3 anphoid and epithelial) of the same species. 

Theories concerning cell differentiation during the early stages of ontog¬ 
eny and of “de-differentiation" in carcinogenesis commonly imply that 
the getiic constitution of the cells remains constant. By implication it is 
also inferred that the chromosomes also remain unaltered. The experi¬ 
ments reported here indicate that such assumptions are entirely unwar¬ 
ranted. Possible changes in the chromosomes during embryogeny or 
carcinogenesis may be detected by the methods described here. 

Summary, —1. Chromosomes of the Walker 250 rat carcinoma are more 
sensitive to x-rays and neutrons than those of a rat lymphosarcoma in all 
parts of the resting stage studied except at 24 hours prior to anaphase. 

2. In both these tumors, as well as in a previously studied mouse 
lymphoma and the plant Vida faba, the mitotic phase 12 hours before 
anaphase appears to be a critical one. 

3. The ratio of neutron to x-ray efficiency, n/x, which was previously 
shown to be an index of physiological activity of the cliroinosomes, is ap- 
ptoxiniately 0 at all time ititervals studied in the lymphosarcoma, whereas 
in the carcinoma n/x increases progressively from 0.0 at 3 hours to 10.8 at 
24 hours. From this it is concluded that there are physiological differences 
in the chromosomes of two different tissues in the same species. 

4. Chromosome resiponse of the rat lymphosarcoma to x-rays and neu¬ 
trons is more like that of the mouse lymphoma than that of the rat car¬ 
cinoma. 

5. Results obtained here indicate that assumptions that the chromo¬ 
somes remain unaltered during ontogeny of normal cells and during de¬ 
differentiation in carcinogenesis are unwarranted. 

We wish to express our gratitude to Dr. Robert S. Stone and Dr. Earl 
R. Miller of the Department of Radiology for the interest they have shown 
in this research and for facilitating arrangements for its execution. We 
take this opportunity to thank the Department of Botany of the University 
of California for the use of equipment and facilities essential to this work. 

* Fellow of the Finney-Howell Research Foundation. 

Port of this research was supported by grants from the Christine Breon and Frank 
and Blanche Wolf Fund.s administered by the Medical Research Committee of the Uni¬ 
versity of California Medical School. 

t A breakdown in the cyclotron made it impossible to obtain the data ueetled for the 
18-hour neutron curve. However, the argument presented here will not be altered 
by whatever value of n/x may be obtained for this interval. 
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% Althougli tile mouse lymphoma and rat lymphosarcoma do show stmilarky in re¬ 
sponse as determined by the ratio w/jc, there is a diiference between the two in another 
respect. When abnormalities are plotted as a function of time after irradiation, the 
mouse lymphoma chromosomes show a peak in sensitivity at 12 hours as weU as at 3 
hours, which does not appear in the lymphosarcoma. 

1 Marshak, A., Proc. Nat. Acad. ScL^ 28, 29-35 (1942). 

* Marshak. A., Radiology, 39, 621-626 (1942). 

* Marshak, A., Proc. Soc. Exp. Biol Med., 41, 176-180 (1939). 

* Oustafsson, A., Hereditas, 23, 281-^335 (1937). 

» Sax, K., Genetics, 26, 418^26 (1941). 
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OM/llIE GENETIC CONTROL OF MUTABILITY IN MAIZE 
By M. M. Rhoades 


Departmenj op Botanv, CouiMBiA University 
Commutiicated February Ji, 194 


The Dt gene in maize is of more than usual interest because of its strik¬ 
ing ability to increase the mutability of the recessive a allele which is 
normally higiily stable,^* ^ 'The locus of a is in chromosome 3; data were 
published in 1941 proving that Dt lies in chromosome 9, but its ])rccise 
location in the linkage map was uncertain. The present paper is chiefly 
concerned with (1) the accurate location of Dt, (2) the regional distribution 
of crossing-over in the short arm of chromosome 0 and the location of the 
known mutant genes in this chromosome, and (S) a consideration of a, 
paper by Goldschmidt^ in which is offerecl an alternative exiilanation to the 
results inteq^reted by the author as the greatly increased mutability of the 
recessive a allele. 

(I) According to the summary in Emerson, Beadle and Fraser/ the 
linear order and intervening map distances iu chromosome 9 arc as follows; 
ygt 19 C ^3 sh 15 bp 15 wx 12 ri. The yga locus is close to the end of the 
short arm with the other loci occupying more proximal positions. Four 
point back-cross data involving the yellow green-2 (yg^), shrunken endo¬ 
sperm {sh), waxy endosperm (wjc) and the Dt loci are presented in table 1. 
The Dt allele has no known eiTect other than to raise the mutation rate of 
the a allele; the classification for Dt and dt therefore rests upon the presence 
or absence of mutant areas showing the A phcnoty])e. The data iu table I 
n kce I)Ta eY£ii.xm£aiTQyer urn the left of ygg. Creighton and Me- 
Clintock*^ and McClintock® have shown that yg 2 is very close to the terminal 
knob on the end of the short arm. Creighton found only 1.5 per cent 
crossing-over between yg 2 and the knob. The location of Dt seven units t<^ 
the left of yg 2 t which is only 1.5 units from the knob terminating the end of 
the chromosome, would seem an inconsistency. However, the cross-over 
value found by Creighton for the knob-yga region is undoubtedly too low, 
since she worked with chromosomes 9, one of which possessed a large 
terminal knob while the other had a minute knob. It has been observed 
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that asynapsis frequently occurs with terminal heteromorphic knobs; this 
asynapsis should result in lower cross-over values in distal regions. Further, 
her low percentage of recombination Was based on a relatively small 
population of 261 individuals, which would permit a large sampling error. 

(2) The location of Dt at the extreme left end of the short arm of 
chromosome 9 is of interest in connection with McClintock^s* recent in¬ 
vestigations on mutations and deficiencies. The short arm of this chromo¬ 
some at pachytene has about 20 chromomeres. Those chromomeres ad¬ 
jacent to the centromere are more deeply staining than the distal ones. In 
an elegant series of experiments she localized the ygi locus in a distal por¬ 
tion of the first chromomere. Joining this ultimate chromomere to the 
terminal knob is a thin, lightly staining chromatin thread to which she was 
able to assign the locus of a gene affecting chlorophyll development. Dis¬ 
regarding the heterochromatic terminal knob, the only part of chromosome 
9 to the left of the yg% locus is the threadlike strand connecting the ulti- 

TABLB 1 

Four Point Back-Cross Linkage Data Involving the Dt Gene 
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Yg^Sh 20 . 6 % 
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mate chromomere and the knob. i2Lis.JSKvejajcro^.rPver^ the left of 

yi^a:, unless it is situated within the terminal knob (a possibility which can¬ 
not be wholly dismissed even though the knobs are believed to be composed 
of genetically inert heterochromatin), it must lie somewhere on the thread¬ 
like strand. The total length of the genetic map of the short arm of 
chromosome 9 is approximately 60 imits. Cytologically this short arm has 
approximately 20 chromomeres. Seven of the 60 cross-over units lie to the 
left of the ultimate chromomere. This is a much greater proportion than 
should occur if the amount of crossing-over per unit of length was of the 
same order along the short arm and suggests that a disproportionately 
high amount occurs in the distal portion of the short arm of ch^moscmie 9. 

It is perhaps significant that the Dt gene, which exerts such a profound 
influence on the mutability of another gene, is located near to or in the 
heterochromatic knob terminating the end of the short arm of chromo- 
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some 9. The mechanisms through which the Dt gene alters the mutability 
of a are unknown^ but on certain hypotheses the effect of Dt would be 
modified if it were interstitially rather than terminally situated. 

The location of Dt in the short arm of chromosome 9 is in no way sur- 
ptising, but it might be pertinent to mention the distribution of mutant 
loci in this chromosome. The long arm of 9 is approximately twice the 
length of the short arm, yet of the thirty-odd mutant genes belonging to 
this chromosome not one has been located definitely in the long arm, al¬ 
though virescent-1 may fall here7 The failure to find a proportionate 
sliare of mutant loci in the long arm may reasonably be attributed to the 
existence of duplications.* These duplications may exist within the long 
arm of 9 itself or may be found in certain of flxe other chromosomes. A 
similar condition possibly exists for chromosome 5. The two arms are 
approximately equal in length, yet the great majority of the mutant genes 
have been found to lie in the slightly longer arm. With the exception of 
chromosome 8, which is as yet sparsely populated with mutant genes, such 
a marked localization of genes to restricted portions of the chromosome as 
occurs in chromosomes 9 and 5 does not appear to hold for the remaining 
chromosomes, although more information on this point is needed. That 
duplications do exist in maize is attested by the occurrence of occasional 
bivalents at M I in haploid plants. The existence of duplications is of 
interest in connection with the problem of the origin of maize. It has been 
held that maize is an ancient amphidiploid resulting from the cross of two 
five-chromosome species. The notion that five is the basic number rather 
than ten has been entertained ever since two close relatives, Coix and 
Sorghum, were found to have species with a haploid set of five chromo¬ 
somes. 

(3) In a recent paper, Goldschmidt® described a situation in Droso¬ 
phila melanogaster in which factor interaction gives a variety of pheno¬ 
types resembling in some degree at least the array of types found by 
Demerec® for the unstable miniature alleles of Drosophila virilis. The 
hran^^ allele of the arc locus in chromosome 2 has no phenotypic effect un¬ 
less the recessive allele, at the silver locus in the X chromosome is 
present. Flies lacking the brari^^ allele but homozygous for svr^^ have 
pointed wings, while flies with bran*^ and svr^^ exhibit a considerable 
diversity of phenotypes. The majority have pointed wings like those of 
svf^, the remainder have one wing pointed and one truncated or else 
have “transitions from a pointed to a truncated wing in all conditions of 
asymmetry down to a symmetrical, truncated {dumpy-hke) wing.“ 
Goldschmidt believes the allele to be one which acts near the thres¬ 
hold between the pointed wing and the dumpy wing phenotypes and holds 
that the range of phenotypes may be satisfactorily accounted for by 
epistasis near the threshold value and by consideration of the develop- 
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mental physiology of the wing. Goldschmidt states that the phenotypes 
found by Demerec for the unstable mt< allele resemble those found in 
bran^^ flies and suggests that the unstable gene hypothesis be 

abandoned. He argues that the mi-c allele is not unstable but is influenced 
by another gene, similar to hran^^, which has no effect alone but wlych 
interacts with mt in the direction of normal wing development. He re¬ 
ports another arc allele, bran\ which gives an array of phenotypes re¬ 
sembling those produced by the unstable mt-n allele in virilis. 

In the belief that he has satisfactorily accounted for the variety of pheno¬ 
types found for the unstable miniature allelcvS in virilis by a hypothesis 
which does not require the high mutation rate postulated by Demerec, he 
next considers variegation* in plants. Reviewing the a-Dt situation in 
maize reported by the author, he suggests that the variegatioti found here 
can also be accounted for by his hypothesis of factor interaction, e pi stasis 
and threshold values. Specifically he cites the a allele as comparable to 
svr^\ while Dt would parallel hran^^\ To account for mutations of a to A 
in sporogenous tissue, giving rise in many cases to anthers with half of 
the pollen carrying the a allele and the other half possessing the dominant 
A allele (derived by mutation), he assumes that the mutations of a to Ay 
yielding self-colored seeds and plants, are not changes of a to but are due 
to the introduction through outcrossing of a new allele of Dt equal to A in 
its ability to produce anthocyanin in the aleurone, plant and pericarp tis¬ 
sues. This new allele of Dt is therefore comparable to the branJ^ allele. 
Goldschmidt states that no published results disprove his hypothesis. In 
this he errs, because several decisive observations which negate his in¬ 
terpretation have been published. First, the location of the a allele is in 
chromosome 3 while D/ is in chromosome 9. The newly arisen mutations 
of a to A show the same linkage relations with genes in chromosome 3 as do 
standard A alleles. On Goldschmidt’s hypothesis the new color-producing 
genes should exhibit linkage with loci in chromosome 9 since Dt lies in that 
chromosome. Second, when a mutation of a to A occurs in a cell of a a 
Dt Dt constitution, the genotype of that cell and its descendents is .4 a 
Dt Dl On his hypothesis the constitution should be a a Dt^ (where 
Dt^ represents the new Dt allele equal to A in its ability to form antho- 
cyanins). Third, Goldschmidt postulates the existence of a new allele of 
Dt which produces the same phenotypic effect as does 4. At least five 
different alleles at the a locus have been obtained by mutation of a in the 
presence of Dt, On his hypothesis there must be five different Dt alleles, 
yet the Dt gene comes from a single source. They could arise only by 
mutation, so his hypothesis would merely shift the mutability from the 
a allele to the Dt allele, and he would still have to contend with the high 
mutability of the Dt allele. 

Interesting though Goldschmidt’s studies are on factor interaction in 
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Drosophila melanogaster, and however closely their phenotypic expression 
may simulate those produced by unstable genes, they can hardly be con¬ 
sidered as negating the validity of the mutable gene hypothesis. 

Summary. —Data are presented showing that the Dt allele, which pro¬ 
foundly affects the mutability of the recessive a allele, is located at the end 
of the short arm of chromoso^ie 9. The regional distribution of crossing- 
over in the short arm of chromosome 9 and the location of the known 
mutant genes in chromosome 9 are considered. An exahiination of the 
published data on the genetic control of the mutation rale of the recessive 
a allele reveals that it cannot be accounted for in terms of factor inter¬ 
action, epistasis and threshold values as Goldschmidt suggests. 

‘ Rhoades, M. M., Genetics, 23, 377 '397 (1938). 
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MAINTENANCE AND INCREASE OF A GENETIC CHARACTER 
BY A SVBSTRATE^CVTOPLASMIC INTERACTION IN THE 
A BSENCE OF THE SPECIFIC GENE* 

By S. Spiegelman, Carl C. Lindegrrn and Gertrude Lindegrbn 

Department of Bacteriology and Immunology, Washington Universitv School 
OF Medicine and The Henry Shaw School of Botany, Wasiungton University 

Communicated January 29, 1945 

Introduction.. —Our previous studieson the production of galacto* 
zymase by Saccharomyces cerevisiae revealed that in certain diploid strains 
its appearance in the cell was effected by a direct interaction between the 
cytoplasm and galactose. In certain haploid strains, mutation was ap¬ 
parently required before adaptation to galactose fermentation occurred. 
Study* of other yeast types supported the view that mutation in the haplo- 
phase was one of the mechanisms of adaptation. Thus, it was possible to 
adapt the normally diploid Schizosaccharomyces pombe (which had previ¬ 
ously been reported^ as unadaptable) to galactose fermentation by in¬ 
oculating a galactose medium with a heavy suspension of haploid spores. 

Information on the relation of specific genes to adaptation was pro- 
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vided by an analysis of the genetics of adaptation to melibiose fermenta¬ 
tion,® In this investigation progenies of a hybrid between Saccharomyces 
cerevisiae and Saccharomyces carlsbergensis were used. 5, carlsbergensis 
and all its haploid segregants can adapt to melibiose fermentation; 5. 
cerevisiae and its haploid progeny cannot. Data obtained from 175 
progenies of the interspecific and of related hybrids were consistent with 
the view that 5, carlsbergensis is homozygous for two pairs of dominant 
genes» any one of which is capable of producing the adaptive enzyme. 

The experiments with adaptation to both galactose and melibiose led to 
the conclusion that the gene initiates the synthesis of the adaptive enzyme, 
providing the specific substrate is piesent. The data showed that, within 
wide limits, the amount of adaptive enzyme in the cytoplasm depends on an 
interaction between the cytoplasm and the substrate. These results raised 
the following questions: 

1. If synthesis has been initiated, can the substrate-cytoplasmic inter¬ 
action maintain the enzyme indefinitely in the cytoplasm in the absence of 
the specific gene? 

2. If some enzyme is present, can synthesis of additional enzyme occur 
in the absence of the specific gene necessary to initiate its synthesis? 

The opportunity for answering these questions was provided by analysis 
of certain progenies of the 5. cerevisiae by 5* carlsbergensis pedigree.® 
Both questions were answered in the affirmative. Not only can the cells 
increase their ability to ferment melibiose in the absence of the gene but 
this character has been maintained in these cells for over 1000 generations. 

Methods, — A . Matings and Isolation of Haploid Segregants: The 
general methods for inducing ascospore formation, their dissection and 
subsequent treatment for the production of hybrids and isolation of 
haploid strains have been described elsewhere.®* ®. For purpose of later 
discussion, the steps involved in the formation of a hybrid and the analysis 
of its haploid segregants are listed; 

1. Mating by mixture of two haploid strains of proper mating types. 

2. I nduction of sporulation, 

3. Dissection of 4-spored asci. 

4. Planting of the four spores separately on agar. 

5. Testing of the resulting clones for the character. 

B, Test for Ability to Ferment Mdibiose: All clones were characterized 
according to their ability to ferment melibiose by the standard inverted 
tube technique. These tests were run in duplicate and held for a period of 
more than four weeks before being discarded as negative. All these tests 
were checked by Warburg manometric methods, in which the rate of COi 
evolution in nitrogen by a suspension of the cells in Af/15 KHiPOi was 
measured after the melibiose had been added from a sidearm. The nitrogen 
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used to displace the air in measurements on anaerobic COt production was 
passed over hot copper to remove any traces of oxygen. All measurements 
were taken at 30.2°C. and the vessels were shaken at a rate of 100 oscilla¬ 
tions per minute over a 7-cm. arc. The basic medium and carbohydrate, 
as well as their treatment and preparation, were the same as those used 
previously.® 

ExperimentuL —In the previous® experiments on adaptability to melibiose 
fermentation, tlie cells came into contact with melibiose for the first time 
in the test for adaptability, and the first four steps (see Methods) were per¬ 
formed without the addition of melibiose. In the present experiments the 
effect of performing all five steps in the presence of melibiose (3%) was 
tested. The reason for this procedure lies in the fact that a cellular adaptive 
enzyme is stabilized by keeping the cells in contact with the specific sub- 

TABLE 1 

Eppbct op Meubiose on Phenotypic Characters of Segreoants from Diploidk 
Fqrmbi;} by Matings in Its Presence and Absence. Indicates Ability to 
Ferment Melibiose, — Inability. All Spores Come from a (-f x “) Cross. (See 
Text for Further Details) 
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strate. A hybrid was obtained by mating an adaptable haplophase clone 
carrying a single 5. carlsbergensis gene controlling adaptation, to a haplo¬ 
phase clone of 5. cerevisiae which carried the allele controlling non-adapt¬ 
ability. These heterozygous diploid hybrids are all adaptable, for the 
mel 4* gene is dominant. Each 4-8pored ascus from a heterozygous diploid 
cell yields two adaptable and two unadaptable haplophase cultures. 

Table 1 summarizes the results of these experiments. Asci 1-15 origi¬ 
nated from mating a pair of mel+/mel — haploids while 16 and 17 originated 
from mating a different pair of mel+/mel— haploids. Melibiose was pres¬ 
ent in the substrate in all five steps in the formation and dissection of asci 
1-7, inclusiye. Asci 10-17, inclusive, were formed in the usual way, with¬ 
out melibiose. In handling asci 8 and 9 the agar in which the spores were 
planted contained melibiose (step 4, Methods) although melibiose was 
absent in the first 3 steps. 
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It is evident frojn table 1 that all asci formed in the complete absence of 
melibiose give the typical 1:1 ratio charactenstic of a heterozygous hybrid 
segregating a single pair of genes. These results agree with those reported 
previously® on equivalent crosses. On the other hand, with the exception 
of ascus No. 7, identical hetcrozygotes treated with melibiose yielded four 
adaptable spores from each ascus. 

The results obtained without melibiose prove that only two spores of 
each tetrad in asci 1 - 6 , inclusive, contain tlie specific gene responsible for 
adaptation to melibiose fermentation. Despite this, all four spores from 
these tetrads produced haplophase cultures which fermented melibiose. 

Since all steps were carried out in the presence of melibiose, selection of 
adaptable mutants from haploids originally unable to ferment melibiose 
might have occurred. Step 4 particularly is open to such criticism. How¬ 
ever, several specific facts rule out this possibility: (1) During the testing 
of many segregants from S. cerevisiae, all of which are negatiye, no muta¬ 
tion to an adaptable type has been observed whether melibiose was pres¬ 
ent or not. (2) The same is true of negative haploids from heterozygous 
hybrids. No mutations to the adaptable type have been seen among these 
no matter how often they have been transferred through melibiovse media. 
( 3 ) Asci 8 and 9 whose segregants were planted on melibiose, yielded the 
standard 1:1 ratio. 

More conclusive evidence on this point was obtained by the following 
experiments. Presumably, the cultures from two spores of each tetrad 
(from the first six asci) were able to fermerzt melibiose only due to the 
presence of the adaptive enzyme in the cytoplasm. Consequently, it is to 
be expected that removal of the melibiose would lead not only to the dis¬ 
appearance of ferment ability in all cases, but to an eventual loss of re¬ 
adaptability in two of every four cultures arising from each of the first six 
asci. To exclude the complication of mutations away from adaptability* 
only non-dividing cultures suspended in itf/15 KH 2 PO 4 were used. The 
24 adapted haplophase cultures Originating from the first six asci were all 
grown in the basic culture medium containing melibiose as the sole carbo¬ 
hydrate source. Using sterile precautions the cells were washed free of the 
medium with KH 2 PO 4 and resuspended in sterile M/15 KH 2 PO 4 to 
make sus|X*nsions containing approximately 8 mg. dry weight of yeast per 
cc. Each suspension was divided into two equal parts, and sufficient 
melibiose was added to one portion to make a 4% solution. This was used 
as a control to test the stability of the enzyme in the presence of the sub¬ 
strate under the experimental conditions. The other portion of each sus¬ 
pension did not receive any melibiose. The flasks were then shaken con¬ 
tinuously at 28*^0, and cells were removed at intervals to test them for the 
ability to ferment melibiose. 

None of the control suspensions containing melibiose showed loss of the 
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ability to ferment this sugar within the experimental period. On the other 
hand, all of the suspensions without substrate showed decreases within 24 
hrs. in their rates of anaerobic CO 2 evolution when melibiose was added. 
In varying ix^riods of time, ranging from 7-20 days, all of these suspensions 
lost the ability to evolve significant amounts of CO 2 anaerobically on im¬ 
mediate contact with melibiose. Twenty-four hours after a suspension 
showed insignificant rates of CO 2 evolution in the presence of melibiose 
(i.e., Qcoj values of less than unity) a sample was removed and incubated 
with melibiose aerobically at 30.2®C. to test for readaptability. At the 
same time its ability to ferment glucose was also examined. This was done 
to avoid testing cells whose physiological condition was seriously impaired 
by the long vigorous shaking in the phosphate buffer without substrate. 
With cells unable to ferment glucose the inability to readapt to melibiose 
would be difficult to interpret. Three suspensions of the original 24 were 
eliminated on this basis. The data on the asci producing four testable 
segregants are given in table 2. The removal of melibiose and its stabiliz- 

TABLK 2 

Keadaptabiuty or Spores Ohtained by Mat)nos in Presence or Melibiose after 
Having Lost All Adaptive Kn7A’mes. -f Indicates Readaptability, — Inability 
Asens 

NO. A 

1 + 

2 ““ 

4 4- 

li -f 

ing influence leads to the reappearance of the expected MendcHan ratios. 
These results give further support to the view that only two spores in each 
of these tetrads carried the mcl-+- gene. 

In addition, data collected at the same time show tliat synthesis of addi¬ 
tional enzyme can occur in the absence of the specific gene necessary to 
initiate the synthesis. After allowing all suspensions to fall to low Qco, 
values (between 1.8 and 10.1), portions were removed and incubated with 
melibiose and regeneration* of activity followed at intervals by measuring 
the rate of anaerobic CO 2 evolution. The results on those haploid segre¬ 
gants which subsequently lost the ability to adapt are recorded in table 3. 
It is seen that in all cases, marked increases in activity were obtained. It 
may be noted here without going into detail that no significant difference in 
the rate of increase in enzyme activity could be established between the 
cells carrying the non-fermenting allele (mel —) and those which pos¬ 
sessed the meld- gene. As far as can be determined it appears that the rate 
of enzyme regeneration is critically determined by the enzyme and sub¬ 
strate content of the cytoplasm at the outset of the incubation period. 


SPORES 

BCD 

- 4* - 

“ 4- + 

4 * - - 

4- - - 
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All the strains listed in table 3 were carried in standard media with 
melibiose and were tested at weekly intervals. At the end of three months 
they could all ferment melibiose at a rate equal to or greater than the 
original rate. This period is equivalent to over 1000 cell generations. It is 
thus evident that melibiose can maintain the enzyme in the cytoplasm of 
these cells while active division is going on for long periods of time. 

Discussion .—These results appear to indicate that melibiose can obscure 
the nuclear hereditary mechanism because it is the specific substrate for a 
cytoplasmic enzyme whose activity level depends critically on the amount 
of substrate available. The fact that adaptability was lost on the removal 
of substrate proves that a directed mutation under the influence of melibiose 
is not involved. 

An explanation of the results obtained, in terms of enzymes and their 
specific substrates, may be briefly summarized as follows: By performing 
tlie mating in the presence of melibiose, the cytoplasm of the haploid 
gamete carrying the mel+ gehe is packed with the melibiose fermenting 

TABLE 3 

Qcoi Values after Aerobic Incubation with Mbubiose of Strains Which 
Eventually Lost Their Ability to Adaft 

HOURS IM CONTACT WITH MRUTBTOSK 


STRAIN 

0 

12 

24 

4S 

IB 

6,1 

40 

96 

123 

ID 

2.4 

26 

109 

114 

2A 

10.1 

39 

86 

136 

2B 

6.3 

46 

73 

101 

4C 

6.0 

69 

160 

170 

4D 

4.2 

20 

91 

134 

6C 

1.8 

34 

84 

141 

6D 

4.8 

42 

121 

130 


enzyme. Since both copulating haploids contribute cytoplasm equally to 
the zygote, it contains the enzyme. Because sporulation occurs in the 
presence of melibiose, the enzyme ^molecules are stabilized and possibly in¬ 
creased in amount, since the pre-spomlation period is characterized by 
growth and considerable storage. Each of the four haploid segregants 
derives its cytoplasm from the diploid hybrid and it follows that each will 
have enzyme molecules in its cytoplasm no matter what its genetic constitu¬ 
tion. Finally, the enzyme molecules are stabilized even in the descendents 
of the spores which do not have the mel+ gene by keeping the ceUs in con¬ 
tact with melibiose. From this point of view, both maintenance and in¬ 
crease of the enzyme activity can be effected by a direct cytoplasmic inter¬ 
action with the substrate in the absence of the specific gene. Therefore, 
as far as melibiozymase is concerned the function of the mel+ gene would 
be limited to the initiation of its ssmtbesis. 



VoL. 31, 1915 


GENETICS: SPIEGKLMAN, BT AL, 


101 


The experiments reported here do not rule out the possibility of a more 
direct genic involvement than is implied in the explanation proposed above* 
Thus, e.g., the data could be satisfied by assuming the existence of a third 
gene in the carlsbergensis genome in addition to the two mel+ genes al¬ 
ready described. This third gene, however, would have to possess the 
following properties or their equivalents: 

(a) It can be stimulated to functional activity in the presence of either 
one of the mel+ genes and the substrate, but not by melibiose alone. 

(b) Once activated it can remain functional in the absence of both rael+ 
genes, providing melibiose is present. 

(c) It becomes irreversibly deactivated if melibiose is removed and all 
the melibiozymase exhausted from the cytoplasm. 

Various modifications of this type of genic theory may be easily con¬ 
structed. However, on the basis of the available evidence, the most 
plausible explanation of the data which can be advanced at present is in 
terms of substrate stabilized enzymes and the effect of their specific sub¬ 
strates on their maintenance. 

The fact that enzymes in the cytoplasm can be influenced by their 
specific substrates provides a mechanism by which some of the phenomena 
of cytoplasmic inheritance can be explained. Tronsitory cytoplasmic 
effects could result from residual enzyme molecules which are not stabilized 
by the proper substrate. Lindegren^® explains the degeneration of hybrids 
showing heterosis on this basis. The importance of cytoplasmic units in 
inheritance has been emphasized by the work of Winge and Laustsen,^^ 
Sonnebom” and Rhoades'* among others and the speculations of Wright'^ 
and Darlington.'* The adaptive enzyme, melibiozymase is a self-per¬ 
petuating cytoplasmic entity but differs from Darlington's **plasmagene'' 
in beirig gene initiated and substrate stabilized. 

Since substrate can evoke enz)rmatic activity previously non-detectable, 
it is conceivable that this phenomenon may also play a role in cellular 
differentiation* 

Summary .—The effect of melibiose on the inheritance of the ability to 
ferment this sugar has been studied. In the absence of melibiose, a 1:1 
ratio of fermentots to non-fermentors is exhibited by the four haploid seg- 
regants from an ascus. This is typical of a heterozygous diploid and 
agrees with the known genetic backgroimd of the hybrid employed. When 
the segregation occurs in the presence of melibiose all four segregants can 
ferment the sugar. All four haploids and the dones derived from them can 
maintmn this ability indefinitely if kept in contact with the substrate* 
When, however, the melibiose is removed, only two out of the four can re¬ 
adapt to its fermentation. These data are explained in terms of adaptive 
enz 3 rmes and their stabilization by their specific substrates in the absence 



U)2 


MATHEMATICS: T. RADO 


PROC. N, A. S. 


of the gene; transfer of the character from one cell generation to the next is 
apparently effected by the enzyme molecules contained in the cytoplasm. 

* We would like to express our appreciation for a grant from Anheuser-Busch, Xnc., 
St. 1,/Ouis, Mo., and to the Department of Zoology of Washington University for the 
laboratory facilities placed at the disp6sal of one of us (S. S.). 
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ON SURFACE AREA 

By Tibor Rado 

Institute for Advanced Study and the Ohio State University 
Communicated February 8, 1945 

1. We shall be concerned in this note with Fr^chet surfaces of the type 
of the 2-cell.’^'® Such a surface S admits of a representation of the form 
S:x — x(Uf v)f y = y{u, v), z — s(«, v), («, v) e Q, where Q is the unit square 
0 g w g 1, 0 S t' ^ 1» and xiu^ v), y{u, r), z(u, v) are continuous in Q. The 
Lebesgue area of S will be denoted® by A{S}, We introduce a quantity 
a(5), to be termed the lower area of 5, using conceptions in-the theory of 
continuous transformations in the plane.® ® These conceptions will be 
briefly reviewed presently. 

2. Let Z? be a bounded domain (connected open set) in the uv plane. 
A bounded continuous transformation T, from D into a ^ plane, is given in 
the form T:^ « {(m, v), v == n(w» v), (u, v) € D, where {(«, v), rf(u, v) are 
bounded continuous functions in D, It is not assumed that T is bi-unique. 
With each point ((, v) there is associated® its essential multiplicity k((, ??, 
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T, D) with respect to T and D. For each point rj) we consider the set 
(f, rf) in D. A maximal model continuum for (t, rj) under T in Z> is a 
compact component of (?, rj). Such a continuum may or may not be 
essential.^ We define a subset £**' of D as follows: E* is the sum of all the 
essential maximal model continua, under T in /), corresponding to all the 
points (f, v) of the plane. The set JE* depends upon both T and D, Let 
be a subdomain of D. We denote by <p(D) the measure of the set of those 
points (f, n) where r;, 7\ D) 0 . In particular, <p(D) is thus defined 
for rectangles in D, The derivative* of this rectangle function, if it exists 
at a point («, will be denoted by Dg(u, v). Here and in the sequel, a 
subscript e refers to the fact that the quantity involved is defined in terms 
of the essential multiplicity k. We define further a subset TV of Z> as fob 
lows* A point (uq, Vq) e D belongs to N if and only if the following condi¬ 
tions hold: (i) (wo, Vo) e E*; (ii) there exists an open set G such that 
(z^o, t^o) c and the set G •-* (uo, lo) contains no point of any essential 
maximal model continuum of the point T(uq, Vo). It follows that there 
exist simple closed curves C of arbitrarily small diameter, such that (« 9 , vo) 
is interior to C and the topological index of the fx>int with respect 

to the image of C under T is different from zero.'* It follows further that 
this index is independent of C if the diameter of C is sufficietitly smalL 
We denote this index by L(wo, »o). For points («, v) not in we put 
u(u, tj) — 0. If A(w, v) exists at a point (w, r), then the quantity JAu, tO =« 
igiu, v)Dc(u, ij) will be termed the essential generalized Jacobian.^ By an 
oriented rectangle r we mean a rectangle with sides parallel to the // and v 
axes, respectively. denotes the interior of r. If the rectangle function 
I I is absolutely continuous* in D, then the transformation 7" will be 

said to be ff-4Cin (essentially absolutely continuous in D). If the essen¬ 
tial multiplicity function 7 ;, F, D) is summable, then T will be said to 
be eBV in D (of essential bounded variation in D).*’® 

3. Given a surface S as in 1, we introduce the three transformations 
(projections upon the coordinate planes): 

== y(u, V), z = s(w, v), («, V) e 
Ty:z = 2 (w, v), X = x{Uf v), (m, t>) t (?°, 

« x(u, v), y =« y(u, v), (u, v) 

The given representation of 5 will be termed® eB V if Ty, are eB V in 
Q®, and eA C if 7\, Ty, Tz are eA C in 0®. The essential generalized Jacobians 
of Tz, Tyt r, will be denoted by Xe* Ye, respectively. We shall denote 
the arithmetic square root of X*,* + YA + 2A by If We exists almost 
ever 3 rwhere in D and is summable in then its integral over will be 
denoted by /#. If the first partial derivatives of x(ut v), y{u, v), 2 (w, e) 
happen to exist at a point (m, v), then Z, F, Z will denote the Jacobians of 
Tg, Ty, Tg in the usual sense. W will then denote the arithmetic square 
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root of A'^ + F® + Z^. If W exists almost everywhere in and is sum- 
raable in Q^j then its integral over will be denoted by /. If is a 
domain in then we shall denote by gxiD) the integral of tc{y, z, D) if 
this integral exists in the Lebesgue sense; otherwise we put griD) =» +<». 
The quantities gv(D), gt(D) are defined in a similar manner. Finally, we 
denote by g(D) the arithmetic square root of gx0V + 

Let now Du A, • be any finite or infinite system of disjoint domains in Z). 
The least upper bound of tlie summation g(i5i) + g(Di)+ ...» for all pos¬ 
sible systems Du D%, . .., is defined as the lower area a(S) of 5. 

4. If we restrict, in the definition of a(S), the domains Du Du ■ - by 
permitting only simply connected domains, then we obtain a quantity that 
has been studied by Reichelderfer,® and has been called by him the essential 
area of S. Clearly a(5) is an upward revision of the essential area, which 
itself is an upward revision of other and analogously defined lower areas. 
The lower area a(5), defined above, is always less than or equal to the 
Lebesgue area .4(5). Generally speaking, most substantial results concern¬ 
ing the Lebesgue area were achieved in cases where it could be shown that 
some kind of a lower area agreed, under the special circumstances involved, 
with 4(5). The lower area a(5), introduced above, is the largest lower 
area studied so far, and thus it may be expected that it will agree with 
4 (5) under more general conditions. On the other hand, it is conceivable 
that in the process of upward revision we lose desirable properties as com¬ 
pared with previously used smaller lower areas. The outcome, as it appears 
at this time, is summarized in the following statements. 

5. Theotiem. Given S as ini, suppose that 4 (5) < + «>. Then the given 
representation of 5 is eB V in the essential generalized Jarabians A"*, Z« 
exist almost everywhere in and S 4(5) (c/. 3). The sign of equality 
holds if and only if the given representation is eA C in 

6. Theorem. Given 5 as in 1, suppose that 4(5) < +«», and suppose 
also that the first partial derivatives of x(u, r), y{u, v), z{u, v) exist almost 
everywhere in Then / g 4(5^ {tf. 3), and the sign of equality holds if 
and only if the ^ven representation of S is eAC in Qf. 

7. .Theorem. Given 5 as in 1, suppose theU 4 (5) < -foo» 1^/ , 

Rm be a finite system of simply connected Jordan regions, without common 
interior points^ whose sum is Lei Cj, ..., be the boundary curves of 
Ru .., Rmj <^nd letCu . .., CCi be the point-sets^ in xyz space, that correspond 
to Cu , Cm by means of the given representation of 5. Finally, let 8% be 
the surface determined by the given representation of 8 if (u, v) is restricted to 
Ri, i “ 1, 2, ..m. If the projections, upon the coordimate planes, of 
d, (fm <sre aU of {planar) measure zero, then 4(5) * (450+ -»+ 
4(50* 

8. Theorem, Given 8 as in 1, m have always a{S) S 4(5). If eilher 
A{S) < +00 or a{8) =* 0, ihm a(S) ^ 4(5). If 8admits of a represm-^ 
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tation of the form z * f{x, y), where f{x, y) is single-valued and continuous in 
a simply connected Jordan region^ then always a(5) « -4(5). 

9. Theorem. Given S as in let p denote a plane through the origin in 
xyz space. Let $, n denote Cartesian coordinates in p and let Kp{^, rj, Q^) denote 
the essential multiplicity function associated with the orthogonal projection of S 
upon p. Let us define ap as the integral of t;, Q^) if this integral exists, 
and let us put ap ^ otherwise. Let F be a point on the unit sphere 

^ - i, and let us put a{P) == a^, where p is the plane through the 

origin that is perpendicular to the radius of the unit sphere that joins P to the 
origin. IVe have then the following generalization^ of a well-known theorem of 
Cauchy. 

If A {S) < +03^ then a{P) is summable on the surface of the unit sphere, 
and its integral mean value {taken over the surface of the unit sphere) is 
equal to A{S)/2. 

10. As regards the proofs, the decisive points may be indicated as fol¬ 
lows. Due to the upward revision mentioned above, the lower area a{S) 
can be shown to be equal to A{S) in the cases described in the theorem in 
section 8. On the otlier hand, it can be shown that in spite of the upward 
revision the lower area a(5) remains sufficiently close to previously studied 
lower areas to enable one to extend, after proper modifications, previously 
developed methods^' ® to a(5). A few further remarks should be made 
concerning the theorem in 8. The second and third alternatives considered 
there are rather immediate consequences of previous resultsA ® The 
proof of the fact that a(5) - .4(5) if 4(5) < +»is based Cvssentially upon 
the following results. The given representation of 5, interpreted as a 
transformation from Q into xyz space, gives rise to a monotone-light fac¬ 
torization, to a corresponding middle-space M, and finally to partial map¬ 
pings corresponding to the proper cyclic elements of MJ ® Let 5i, 58, ... 
be the surfaces determined by these partial mappings (if M is a dendrite, 
then these surfaces are missing, and the summations in the next statement 
are understood to be equal to zero). Then we have the formulas 4(5) = 
4(5i) -h 4(52) + • .., »(5) ** a(5i) + aiSt) + . ... To secure the second 
one of these formulas, the upward revision of the lower area, mentioned 
above, seems to be indispensable. The first of these formulas was first 
studied by Morrey.'* * His proof was based on a characterization theorem 
for representations defining the same surface 5. Youngs found that this 
characterization theorem was false, derived an improved characterization 
theorem for the case of surfaces of the type of the 2-sphere, and proved* 
(for the 2-sphere case) the formula 4 (5) » 4 (5i) + A {S 2 ) +.... It seems, 
however, t^t even this improved characterization theorem of Youngs fails 
to hold for surfaces of the type of the 2-cell. However, the decisive formula 
4(5) ** 4(5i) + 4(tSt)+ .. * can be established independently of the dif¬ 
ficult topological issues suggested by the preceding observations. 
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11. It is entirely conceivable that the lower area a(5), used in this study, 
is always equal to the essential area.*^ A more fundamental issue arises in 
connection with the theorem in 8. In view of that theorem, one may be 
excused for surmising that always (i(S) » If true, this fact would 

have far-reaching applications. - 

^ Morrey, C. B., "An Analytic Characterization of Surfaces of I^'inite Lebesgue Area," 
Avi. Jour, Math., 57, 692-702 (1935); 58, 313 322 (1930). 

® Morrey, C. B., "The Topology of (Path) Surfaces/' ibid., 57, 17-i50 (1935). 

^ Rado, T., and Reichelderfer, P., "A Theory of Absolutely Continuous Transforma¬ 
tions in the Plane," Trans. Am. Math. Soc., 49, 258-307 (1941). 

* Rado, T., and Reichelderfer, P., "Convergence in Length and Convergence in Area," 
Duke Math. Jour., 9, 527-505 (1942). 

* Rado, T., "On Continuous Path-Surfaces of Zero Area," Ann, Math., 44, 173-191 
(1943). 

® Reichelderfer, P., "On Bounded Variation and Absolute Continuity for Parametric 
Representations of Continuous Surfaces," l^ans. Am. Math. Soc., 53, 251-291 (1943). 

' Youngs, J. W. T., "Curves and Surfaces," Am. Math. Monthly, 51, 1~11 (1944). 

® Youygs, J. W. T., "The Topological Theory of Fr^chet Surfaces," Ann. Math , 45 
753-785 (1944). 
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VITAMIN A IN RELATION TO AGING AND TO LENGTH OF LI FE^ 

By H. C. Shekman, H. L, Campbell, Madeline Udiljak and Helen 

Yarmolinsky 

Department op Chemistry, Columbia University 
Communicated February 21, 1945 

Previous papers from this Department have shown (a) that a food supply 
which supports normal nutrition, generation after generation indefinitely, 
may still be capable of improvement with resulting advance in nutritional 
well-being/** and {b) that such a nutritional improvement of the nonn 
may be due to enrichment of the initial dietary in one or more of i ts chemical 
factors, among which calcium, riboflavin and vitamin A may each play a 
major part.® 

In the case of enrichment of the food with vitamin A, not only does the 
life history as a whole show improvement but in one series of experiments 
there was indication of a somewhat specific benefit to the life pnwesses 
subsequent to the attainment of full maturity/ 

The present paper records the results of further expierimental studies of 
the effects of increased nutritional intake of vitamin A in the postponement 
of senility and the extension of the life span. In these experiments, as in 
the preceding series,the basal diet (Laboratory No. 10) was a mixture 
of five-sixths ground whole wheat and one-sixth dried whole milk with 
table salt and distilled water (sometimes referred to as our Diet A). The 
d^ee of over-all adequacy of this diet for the nutrition of the experimental 
animals used (laboratory-bred albino rats of the Osbome-Mendel strain) 
is best illustrated by the fact that families of these rats are still thriving in 
our laboratory in the 58th generation on this diet. Its vitamin A value 
has not shown significant variations and averages approximately 3 Inter¬ 
national Units per gram, or 0.8 I. U. per calorie. Thus this level represents 
a vitamin A intake which has been shown to be adequate in the usual sense 
of the term but which as both our present and our previous experiments 
show, is not ivlXy opHmai inasmuch as enrichment of this diet in vitamin A 
results in better average life histories. 

In the present experiments this level of 3 I. U. of vitamin A value per 
gram is compared vdth 0 I. U. and 12 I. U. in diets otherwise identical 
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(Laboratory Nos. 16, 3()0 and 361, respectively). The outstanding differ¬ 
ences found both here and in our previous studies of the 3 I. U. and 6 I. U. 
levels are that the doubling of the already adequate level (of 3 I.U. per 
gram of air-dry food or 0.8 1. U. per food calorie) results in longer life for 
both sexes and a fully proportionate prolongation of the reproductive period 
in the females. As individual differences are relatively large, yet the 
trends have been consistent in the three series of experiments of this 
laboratory (Batchelder, 1934; Sherman and Campbell, 1937, and tlie 
present) we give in table 1 the weighted average results of the tliree series, 
i.e,, of all the evidence of this kind available to date. 

It is apparent from the evidence thus summarized in table 1 that, starting 
with a diet already adequate in the usual sense of the word, a doubling of 
the vitamin A value of the diet deferred old age and increased the length of 
life. When the vitamin A value was again doubled there was apparently 
still further benefit though the numbers of individuals at the highest level 
is not large enougli to be regarded as entirely conclusive. It would be well 
to test in a similar way larger numbers at this 12 L U. level with parallel 
cases at a level of 24 1. U. per gram. 

TABLE 1 

Influence op the Vitamin A Value of the Foon: Experiments with Rats, Number 
OK Individuals Averaged in Each Cask ( ) 

ON niBT WITH ON DIBT WITH ON DIKT WITH 

a I. «./o. tt 1. U./O. 12 I. II./O. 

Reprotiucltve period of 

females (163) 265 days (164) 312 days (36) 369 days 

Length of life: 

Of females (163) 724 days (165) 801 days (36) 830 days 

Of males (112) 652 days (108) 685 days (24) 723 days 

Without assuming either that the nutritional need for vitamin A is 
projicrtionate to the energy need or that the relative magnitudes of the 
two nutritional needs run parallel for rats and men, the experiments here 
reported may yet throw some light upon the problem of optimal allowances 
for human nutrition. The basal dietary of the present experiments with 
its 0.8 I. U. per calorie would correspond to 2400 I. U, for a man consuming 
3000 calories a day. The doubled allowance, corresponding to 4800 1. U* 
per day, nearly all in the form of the vitamin itself as distinguished from 
provitamin, corresponds to the Recommended Allowances of the National 
Research Council, The experiments here reported, however, show that a 
further increase results in a greater benefit. This suggests that an 
allowance somewhat higher than that of the National Research Council 
might be more nearly optimal. This appears the more probable in view 
of. the fact that most people probably live less protected lives than those 
of these experimental animals. As the benefit of a libersd intake is doubt- 
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less largely due to the laying-up of a reserve store in the body against 
emergencies which may increase the rate of destruction of the vitamin, 
the relations of intake to bodily storage are being studied quantitatively. 

* Aided by grants from The Nutrition Foundation, Inc. 

^ Sherman. H. C.» and Campbell, H. L., Jour. Biol. Chem.t 60, 6 (1924). 

* Sherman, H. C., and Campbell, H. L., Proc. Nat. Acad. Sci., 14, 862 (1928); Jour. 
Nutrition, 2, 416 (1930). 

* Sherman, H. C., and Campbell, H. L., Jour. Nutrition, 14, 609 (1937). 

^ Sherman, H. C., Campbell. H. L., and Lonford, C. S,, Proc. Nat. Acad. Sci., 25, 16 
(1939). 


THE LAW OF MASS ACTION IN EPIDEMIOLOGY, II 


By Edwin B. Wilson and Jane Worcester 
Harvard School of Public Health 
Communicated Febniary 19, 1945 

If one takes tlie equation for an epidemic when there are new susceptibles 
(recruits) coming into tlie population in the form^ 


dS 

(It 


~ A 


-( 


S\ydS 

m) \dt t-r 


( 1 ) 


and introduces « = log {C/A), C — Ae”, measuring case rates relative to 
the recruit rate A instead of relative to m, one finds as the equation for « 


dti\ 
dt |i 


PA 

m 


ujl — r) —Hit) 

e * 


(1 - e“W) + 



( 2 ) 


If I be advanced to t + t/ 2, one has 


du 

di 


du 

I/+r/S 


\l~r/2 


pjl "(‘~’-/ 2>~u(l + r/3) 

m 


(1 _ 


)• 


(3) 


The first approximation to this equation, neglecting first and higher deriva¬ 
tives upon the right, is 


— ^ M 


O 


(4) 


and corresponds to the approximation for the case p — \ made by Soper in 
his discussion of periodicity. Equation (3) is indeed identical with his, 
except that pA/mr replaces A / m r. The period of an infinitesimal 
oscillation is therefore 



no 
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P - 



(5) 


The oscillations in epidemics of measles are not small. We have shown 
that, for approximations of this order in the absence of recruits (i4 » 0), 
we have 


m ^ (total cases)® 
p 8(peak cases) * 

where peak cases mcfuis the number of cases during one incubation period 
at the peak rate, and that if we consider higher approximations the value 
of m/p is not modified by more than perhaps 2 per cent unless the epidemic 
is very sharp (i.c., unless peak cases exceed one-sixth the total cases). We 
propose here to consider the modification in this relationship (6) that is 
due to the steady accession of susceptibles. 

If we integrate (4) and determine the constant of integration so that 
u = uo when du/dt = 0, i.e., at the peak, we have 

V« - - «o + e-. ( 7 ) 

dt 1 mr 


If ui be the negative root of w — the half period will be ob¬ 

tained by integrating dt from u ^ m to u ^ Ui and the whole period will 
be found by doubling this result to be . , 

^ - Vs ?- ■.+>] - Vg ' ® 

where 


/ = 


= V2 r 

Jut 


du 


vV 


«« +«“ 


( 9 ) • 


and can be computed for different values of Uo or.e*^ » Co/A, 

We now turn to finding the modification of (6) due to accession of re¬ 
cruits. If P be the period, the number of recruits during that time is PA 
and this must in turn be equal to the total cases, for in the hypothetical 
case under consideration everything must return to the same condition 
after one period. Hence 



As peak cases are Ae^^r, we have in Ueu of (6) 
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w ^ (total cases) 2 
p p peak cases 


( 11 ) 


In actual calculation we may obtain P from the total cases as P == total 
cases/j4 rather than from (8) and we may obtain m/p as 

m (total cases) ^ , 

- ^ -T -——- . (12) 

P 


Here A r are the recruits during an incubation period; to find / one must 
have a table of valuCvS in terms of Wo or of = C^/A computed from (9), 
viz., 


»* 1 2 4 6 ID 16 20 30 

f 2 t 6.4 7.1 8.0 9.7 11.6 13.1 15.3 


The crucial test of any theory comes with the comparison of the theo¬ 
retical results with the observed facts. If we had reliable values of m, of 
total cases, of recruits and of the peak case rate we could now detemiine the 
value of p appropriate to the particular relationship (12) derived from the 
theory. Fortunately, Hedrich* published a careful study of measles in 
Baltimore in which he has estimated the actual number of cases during 
each montli from January, 1900, to December, 1931, and the number of 
intacts at the beginning of each month. By definition his in tacts are 
children under 15 years who have not had measles. This should be close 
to the number of susceptibles 5. In so far as the fundamental equation 
(1) is true, we should expect to find m as the value of 5 at the time when the 
case rate C was equal to the value one incubation period earlier. There 
are two such occasions each year around the time when the case rate is 
maximum and around the time when it is minimum. At minimum, 
cases are fe^ and no great accuracy can be assigned to an estimate of the 
time when C{t) *= C{t — r); at maximum the cases are numerous in 
epidemic years but in non-epidemic years may be few and irregular. We 
have made the best estimates we can of the value of m at the peaks and in 
the troughs and find that the average value for the peaks is 67,000 and for 
the troughs 66,000. The average date of the peak (which varies from 
November to June) is estimated as around April 22 and the average date 
of the trough (which varies from August to November) is estimated as 
around September 22. The value m =« 66,500 represents about 5 Vj years 
of the estimates of recruits given by Hedrich. 

If we take six of the most dear-^cut epidemics, i.c., those that rise from 
low values of the case rate and die away to low values within a single 
ei^demic year from September to August wc find 
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Year. 

... 02-03 

04-05 

12-13 

25-26 

27-28 

30-31 

Cases.. 

... 27,194 

16,717 

23.069 

31,683 

28,657 

34,978 

A (yr.). 

. .. 11,100 

11,000 

11,700 

12,000 

11,600 

10,600 

P (y ). 

2.4 

1.5 

2.0 

2.6 

2.6 

3.3 

f*** . 

30.0 

6.7 

7.8 

11.4 

8.8 

12.4 

m . 

... 58,632 

59,817 

61,146 

70,629 

66,662 

64,064 

P . 

3.4 

6.1 

4.3 

3.7 

3.2 

2.6 


These values of p are certainly not in the neighborhood of 1, and further¬ 
more they show a great variation from epidemic to epidemic. 

If we take other clear-cut epidemics of measles from a variety of places, 
we have no published estimate of m to use and no estimate of the true 
number of cases of measles. However, we may for some places find a 
record of measles for a long period of years over which both the child 
population and the number of cases of measles seem to show little or no 
trend, and on the reasonable assumption that from 90 to 100 per cent of all 
persons have measles before the age of 15 we may estimate the fraction 
<f> of cases that are reported. We may also assume’* that the value of m 
is 5.5 times the average annual population A under 15, i.e., m — 5.5j 4. 
Under these assumptions we have^ 

p » totaU^ ^ ^ 23 . 

A<p \total cases/ (pA/24: 

The results are given in table 1. 

The value of P represents the number of years of recruits which are used 
up in the epidemic and must vaxy inversely with the estimate (p of the 
fraction of cases reported. As this estimate has been made by comparing 
tlie average cases reported with the recruits, it has been assumed that the 
reporting was equally good in all years. Such a period as that of 6.5 found 
for Minneapolis is not readily reconciled with the history of measles in 
that city before and after the great epidemic, namely, 

30-31 31“32 32-33 33-34 34-35 35-36 3G-37 37-38 38-39 

1776 232 8148 276 ' 18,022 3372 90 2677 4791 

With the estimate of 6776 for annual recruits the total of 39,384 in 9 years 
would give a ratio of 65 per cent for reporting instead of the 41 per cent 
obtained from a longer run of years. Probably 65 per cent is high because 
the years 29^30 and 39-40 were very low. Measles is a very variable 
disease and any estimate based on a limited number of years must be 
subject to considerable error; furthermore there is no assurance that the 
fraction of reporting is the same from year to year, it may be higher in 
the years of large epidemics than in years relatively free from measles, or 
inversely. As may be seen from the formulae used in the calculation the 
value of P varies inversely with the fraction of reporting and that of p 
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here listed the ratio is greater than V« and consequently the approximation will not be so good; we desired, however, to have a wide range of epidemics, regardless of the 
accuracy of the formulae, particularly as the difficulties in estimating the necessary quantities are such as to introduce a liability to a considcrabte error in the values of 
P and p. It should be observed that the values of P for these 23 epidemics arc not correlated appreoably with the ratio Feak/Totat 
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varies directly with the square of that fraction multiplied by /. Thus 
should we use 65 per cent in place of 41 per cent, we should get P «= 4.1 
and p = 2.2 in place of P = 6.5 and p — 1.3. 

As a result of the difficulty of making reliable estimates of the factors 
of reporting the values of P and P which are entered in table 1 cannot be 
regarded as individually well determined; but the conclusion from all of 
them and from the results obtained for Baltimore seems inescapable that: 
In so far as the relationship C = (5/w)^C_i may be valid for the course 
of epidemics of measles, the value of p which is appropriate to the relation¬ 
ship between peak cases and total cases cannot be considered to be unity, 
i.e., the simple law of mass action which has been so widely used is not in 
accord with the facts, and it is doubtful whether any fixed value can be 
brought into satisfactory accord with the course of epidemics in different 
years and in different places.® 


^ The notation will be essentially that of earlier papers, see these PROCnEUZNOS, 31, 
24-34 (1946). 

* Hedrlch, A. W., “Monthly Estimates of the Child Population 'Susceptible' to 
Measles 1900^1931, Baltimore, Md.,’* Amer. Jour, Hyg., 17, 613-530 (1933). Such 
estimates might appear easy to make. If one starts with any level of susceptibles at 
the beginning of any month, adds the number of recruits and subtracts the number of 
cases, one obtains the number of susceptibles at the beginning of the next month. The 
difficulty of scaling up the number of cases reported to the true number of cases is how¬ 
ever so serious that the process is not easy to carry out over a long period of time without 
getting unreasonably high or unreasonably low values of the susceptibles at some times. 
Hedrich’s work seems to be carefully and critically done and we shall base our calcula¬ 
tions upon his figures. 

• The age distribution of reported cases of measles for New York State (exclusive of 
New York City) and for Massachusetts for the years specified is 


New York State (Exclusive of N. Y, City) 

1932 1933 1934 1935 1930 


AOB 

CABBS 

% 

CABBtt 

%' 

CASBB 

% 

CABBS 

% 

CAavB 

% ’ 

WSAN, 

. % 

Under 1 

927 

1.87 

703 

1.99 

677 

2.01 

no 

1.78 

637 

1.94 

1.02 

1 

2,016 

4.06 

1,463 

4.15 

i;098 

S.62 

1,339 

3.36 

1,168 

4.21 

3.02 

2 

2.714 

6.47 

1.879 

6.33 

1,486 

6.00 

1J68 

4.43 

1,422 

6.13 

6,07 

a 

3,ia2 

6.41 

2,160 

6.10 

1.668 

6.77 

2,184 

6-47 

1.669 

6.02 

5.96 

4 

3.684 

7.32 

2,616 

7.18 

1,970 

6.86 

2.442 

6.12 

l,91Q 

6.89 

6.86 

5 

6,401 

10.86 

3,806 

10.70 

3,279 

11.41 

3,826 

9.60 

3.171 

11.48 

10.82 

6 

7,003 

14,29 

6.220 

14.80 

4,434 

16.44 

6,164 

12.92 

4,407 

16.89 

14.67 

7 

6,263 

12.62 

4.342 

12.31 

3,817 

13.29 

4,865 

12.19 

3,876 

13.97 

12.88 

S 

6.118 

10.31 

8,427 

9,72 

2.916 

10,16 

8,678 

9.20 

2,003 

10.47 

9.97 

9 

3,245 

6.64 

2,290 

6.49 

1,990 

6.93 

2,468 

6.18 

1,777 

6.41 

6.61 

10-14 

6,769 

13.62 

4,946 

14.02 

4,007 

13.96 

6.796 

17.08 

3,408 

12.60 

14.22 

16-10 

1,766 

3.56 

1,828 

8.76 

833 

2.90 

2,340 

5.86 

766 

2.76 

8.77 

20+ 

1,606 

8.OS 

1,204 

3.41 

712 

2.48 

2,840 

5.86 

066 

2.40 

3.44 


40,620 

99.98 

36,268 

99.09 

28,726 100.01 

39.904 

99.06 

27,788 100.02 

100,00 


The variation from year to year is notable. The large pmsentage of older cases in 
1935 is especially noteworthy; the percentages at all ages under 10 are below the average 
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of the percentages and are above the averages at all ages over 10 , Contrariwise in 
1936 the percentages are above the averages up to age 9 and below them after that age, 

MASSACIItrSETTa 


1036 1937 1933 1939 1940 


AOB 

CASKS 

% 

CAsns 

% ' 

CASsa 

% ' 

casks 


CASKS 

% 

VBAN, 

% 

Under 1 

627 

1 .95 

389 

1.91 

334 

3.27 

422 

1.62 

619 

2.92 

2.33 

1 

blBl 

4.38 

896 

4.40 

671 

5.60 

1,062 

4.08 

1,071 

5.06 

4.70 

2 

1,498 

5.55 

1,203 

0.35 

051 

6.38 

1,500 

5.76 

1,467 

6.03 

0.19 

3 

1.804 

6.91 

1,426 

7.00 

781 

7.66 

1,841 

7.07 

1,024 

9.08 

7.64 

4 

2,431 

9.01 

1,702 

8.80 

1.026 

10.05 

2,079 

7.98 

1,828 

8.63 

8.80 

6 

3.403 

12.01 

2,260 

11.10 

1.339 

13.13 

2.954 

11.34 

2,448 

11.56 

11.95 

6 

4.977 

18.44 

3,740 

18,41 

1,950 

19.12 

4.437 

17.03 

3,500 

16.53 

17.91 

7 

4,089 

16.16 

3.068 

16.06 

1,406 

13.78 

3,818 

14.60 

3,076 

14.52 

14,63 

8 

2,445 

9 06 

2.156 

10.69 

794 

7.78 

2,813 

10.80 

1,983 

0.36 

9.52 

9 

1.249 

4.63 

1,058 

5.19 

371 

3.64 

1,707 

6.5.5 

1,185 

5.60 

5.12 

10-14 

2.470 

0.15 

1,677 

8.23 

609 

6.97 

2,592 

9.95 

1,378 

6.61 

7.06 

16-19 

443 

1.64 

322 

1.58 

212 

2.08 

475 

1.82 

371 

1.75 

1.77 

20 + 

410 

1.52 

280 

1.37 

167 

1.54 

847 

1.33 

330 

1.56 

1.46 


26,987 

100.00 

20,366 

90.99 

0 

i 

100.00 

26,047 

99.09 

21.179 

100.01 

99.07 


Again the variation from year to year is large. The percentages in 1939 are below 
the averages for all ages under 7. In comparison with the mean percentages of New 
York State the Massachusetts averages arc higher under 8 and lower over 8 ; the cumu¬ 
lated percentages under 8 are Massachusetts 74.2, New York 62.1, It is clear that no 
percentage distribution can be assigned that is valid in both States in all years. How 
much differential there is in the factors of reporting by age in either State is unknown. 
The effect of the different age distributions in the two States could be eliminated but 
would make no really substantial modificatton. 

If one bases an actuarial calculation upon the mean percentages one finds that the 
average number of immunes in the population is more than 6 V 2 years of recruits in 
Massachu.setts and still more in New York State, On the other hand the figures given 
by Selwyn Collins (Public Health Reports, April 5. 1929) obtained from a large number 
of surveys in which was tabulated by age the percentage of children who had had measles, 
indicate much higher attack rates for children at early ages than those found here in 
either State. His fitted curve 

y *« 89 (1 — 

for the percentage who have had measles by age x, while representing well the observa¬ 
tions has the obvious defect which inheres in all such scries, namely, that the asymptotic 
percentage is too far below 100 to be representative of the true situation with respect to 
measles. There is no telling how the percentages should be scaled up to represent the 
true situation but the figures obtained from the curve give, respectively, 10.6,12.7,13.3, 
12.3, 10.6, at ages 1, 2, 3, 4, 6 in place of 4.7, 6.2, 7.6, 8.9,12.0 in Massachusetts. Con¬ 
version of the Massachusetts figures to rates would modify the percentages in a minor 
way. Clearly any estimate of the a'^erage number of susceptibles in the population based 
on rates derived from Collins* distribution, however, those rates were altered to come 
more nearly to representing the true situation with respect to immunity in the popula¬ 
tion, would be well below that derivable from the reported cases. 

The evidence is as a whole indicative of a value for m in the neighborhood of 6 V» 
years of recruits. 

^ Peak cases as reported may be estimated by inspection as slightly more than half 
the oases in the highest month. The difference between 30 and 31 day months is small 
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enough to be disregarded in view of statistical fluctuations and the inherent inaccuracies 
of estimating the factor of reporting. The short month February may better be ad¬ 
justed by taking from January and March an allowance for the lost day of January and 
the first day of March, leaving these as 30 day months, in ordinary years, with slightly 
different allowances in leap years. If it be assumed that the case rate is parabolic for 
the three highest months and that the cases are, respectively, A-j, Ao, Ai in sequence, 
then on the assumption that r is half a month 


CoT «• '*peak cases"’ 


26A o - aA - Ai (Ai - _ 

48 16(2Ao -X”i - Ai)' 


As the theoretical solution in the absence of recruits {A ■» 0) for the epidemic curve is 
the sech* curve, and as the effect of the recruits is probably small in the three highest 
months of the epidemic, and finally as the probability and sech* curves have been used 
more for fitting observed cases than the parabola, it might be better to estimate peak 
cases by fitting a sech* curve instead of a parabola; we have indeed used the sech* curve 
in a number of cases but have come to the conclusion that the extra work involved is not 
justified by the slight increase in accuracy which may thereby be obtained. 

* It is interesting to make some calculations for the data Soper gave^or Glasgow for 
the years 1901 "1916 which he seemed to think were of the forty years with which he 
worked those best suited to test his theory. One noticeable difference between his data 
and Hedrich’s for Baltimore or that for other American cities is the infrequency with 
which clcar-cut epidemics, which rise from few cases in one summer and die away to few 
cases in the next, arc found in Glasgow. For five epidemic years we find, however, 


YHAK 

TOTAl, 

CASBS 

PBAK 

A 

V 

P 


f 

P 

()3"04 

13,544 

1177 

800 

0,65 

1.2 

2.7 

6.6 

4.8 

07-4)8 

21,484 

1988 

800 

0.55 

1.9 

4.5 

7.3 

2.3 

09-10 

22,633 

3153 

800 

0.55 

2.0 

7.2 

8.6 

2.9 

11-12 

18,176 

2158 

800 

0.66 

1.6 

4.9 

7.5 

3.4 


In making the calculations we have taken Soper’s estimate of births as 25,500 and 
reduced it by about 20 per cent to allow for deaths at early ages, leaving recruits as 
A «• 800 per fortnight. We have taken ^ as 0.56 because Soper estimated the reporting 
as a little less than 60 per cent of births. Further we have taken w as 4 years of re¬ 
cruits in place of 5V* years because he mentions that the average age of measles in one 
epidemic was 4Vs years. The formula for p then becomes 104(440 //total cases)*. 
The average value of P is 1.7 years which corresponds fairly well to his figxire of a little 
under two years, but the values of p are certainly not reconcilable with the assumption 
^ 1. Soper appeared to take m as 2 years of births (recruits?) and this would cut 

our values of p in two. He did, however, note that m would appear to be 3.87 years of 
births (something probably in excess of four years of recruits) judged from the average 
age of cases but rejected this estimate for reasons that seem to us of doubtful cogency. 



VoL. 31, 1945 MA THEMA TICS: EILENBERG AND STEENROD 


117 


AXIOM A TIC APPROA CH TO HOMOLOG Y THEOR Y 
By Samuel Eilenberg and Norman E. Steenrod 
Department of Mathematics, University op Michigan 
Communicated February 21, 1946 

1, Introduction. —The present paper provides a brief outline of an 
axiomatic approach to the concept: homology group. It is intended that 
a full development should appear in book form. 

The usual approach to homology theory is by way of the somewhat 
complicated idea of a complex. In order to arrive at a purely topological 
concept, the student of the subject is required to wade patiently through a 
large amount of analytic geometry. Many of the ideas used in the con¬ 
structions, such as orientation, chain and algebraic boundary, seem arti¬ 
ficial. The motivation for their use appears only in retrospect. 

Since, in the case of homology groups, the definition by construction is 
so unwieldy, it is to be expected that an axiomatic approach or definition 
by properties should result in greater logical simplicity and in a broadened 
point of view. Naturally enough, the definition by construction is not 
eliminated by the axiomatic approach. It constitutes an existence proof 
or proof of consistency. 

2. Preliminaries. —The concepts of a topological space and of a group 
are assumed to be known. The symbol (X, A) stands for a pair consisting 
of a topological space X and a closed subset w4. A map/: (A", A) —> (F, B) 
of one such pair into another is a continuous map of X into Y which maps 
A into B. In case A is the vacuous set {X, .<4) is written as (A"). If /o, ft 
are two maps of (X, A) into (F, J5), they are homotopic if there exists a 
homotopy/(ic, t) connecting the two maps of X into F such that f(x, t) eB 
for any xtA and all t. 

5. Basic Concepts. —^The fundamental concept to be axiomatized is a 
function if/X, .4) (called the q^dimensional, relative homology group of 
X mod A) defined for all triples consisting of an integer g ^ 0 and a pair 
(X, A). The value of the function is an abelian group. 

The first subsidiary concept is that of boundary. For each g S 1 and 
each (X, .4), there is a homomorphism 

d:II,(X,A)-^II,^, {A) 
called the boundary operator. 

The second subsidiary concept is that of the induced homomorphism. 
If/is a map of (X, 4) into (F, B) and g S 0, there is an attached homo¬ 
morphism 
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called the homomorphism induced by f. 

4. Axioms ,—These three concepts have the following properties. 

Axiom 1 . identity^ then /* « identity. 

That is to say, if / is the identity map of (AT, A) on itself, then is the 
identity map of IIg{Xf A) on itself. 

Axiom 2. (gf)^ = 

Explicitly, if/: {X, A) —> {Y,B) and g:(F, J5) —► {Z, C), then the combi¬ 
nation of the induced homomorphisms f^:Hg(X, A) ^ B) and 

g* :IIg{ Y, B) lIg{Z, C) is the induced homomorphism (g/)# :Hg{X, A) —> 

/ 4 (^, C), 

An immediate consequence of Axioms 1 and 2 is that homeomorphtc 
pairs (Xf A) and (F, B) have isomorphic homology groups. 

Axiom 3. d/* — Ub. 

Explicitly, if/:(X, A) (F, J5) and g ^ 1, the axiom demands that 
two homomorphisms of A) into {B) shall coincide. The first 

is the combination of d://j(Ar, A)(A) followed by (/|A)#: 

(A) Hq..i (B), The second is the combination of \Hg{X, A) 
J/,(F, B) followed by d:J/,(F, B) J 4.1 (B). 

Axiom 4. If f is homotopic to g, then g*. 

Definition: The natural system of the pair (AT, A) is the sequence of 
groups and homomorphisms 

... IlgiX) Hg(X, A) /Vi (A) //,_! (X)^ Ho{X, A) 

where Hg{X) A) is induced by the identity map (X) (X, A), 

//j(X, A) IIg^i(A) is the boundary operation, and (A) (X) 

is induced by the identity map (A) (X). 

Axiom 5. In the natural system of (X, A) the last groups //o(X, A), ir 
the image of //o(X). In any other group of the sequence^ the image of the 
preceding group coincides with the kef net of the succeeding homomorphism. 

At first glance, this axiom may seem strange even to one familiar with 
homology theory. It is equivalent to three propositions usually stated as 
follows: ( 1 ) the boundary of a cyde of X mod A bounds in A if and only 
if the cycle is homologous mod A to a cyde of X; (2) a cycle of A is hornol^ 
ogous to zero in X if and only if it is the boundary of a cycle of X mod A; 
(3) a cyde of X is homologous to a cyde of A if and only if it is homologous 
to zero mod A. 

Definition: An open set U of X is strongly contained in A, written 
U C A, if the closure £7 is contained in an open set V Q A. 

Axiom 6 . If U 0-^t then the identity map: (X — £7, A — £7) A) 
induces isomorphisms HJJC “ £7, A — £ 7 ) Hg(X, A) for each g S 0- 
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This axiom expresses the intuitive idea that A) is pretty much 

independent of the internal structure of A. 

Axiom 7* If P is a point, then HJJP) =« Ofor g ^ i. 

A particular reference point Po is selected, and Ho(Po) is called the 
coefficient group of the homology theory. 

5. Uniqueness .—On the basis of these seven axioms, one can deduce 
the entire homology theory of a complex in the usual sense. Some high¬ 
lights of the procedure are the following. 

If <j is an «-simplex, and o its point-set boundary, then <r) is iso¬ 

morphic to the coefficient ^oup. Further, a) « 0 for q ^ n, and the 
boundary operator is an isomorphism onto for 

n > 1, and into for » = 1. 

Let / be the simplicial map of <r on itself which interchanges two vertices 
and leaves all others fixed. Then, for any z eHnio, <r), we have /mCs) « 
—r. This permits the usual division of permutations into the classes of 
even and odd, and leads naturally to a definition of orientation—a concept 
which is quite troublesome in the usual approach. 

Definition: Let H, H' be two homology theories satisfying Axioms 1 
through 7. A homomorphism 

is defined to be a system of homomorphisms 

hiq, X, A):H,{X, A) Hf{X, A) 

defined for all q, (A, A)^ which commute properly with the boundary 
operator and induced homomorphisms: 

h{q - l,A)d « b'h(q,X,A), h(q, Y,B)U «/*'%, X, A). (I) 

If h gives an isomorphism of the coefficient groups A(0, Po):-ffo(Po) ^ 
^o'(Po)i then h is called a strong homomorphism. If each h(q, X, A) is an 
isomorphism, then k is called an equivalence and H and H' are called 
eguioaleni. 

Since the usual homology theory of complexes is dedudble from the 
axioms, there follows the 

Uniqueness Theorem; Any two homology theories having the same 
coefficient group coincide on complexes. 

Explicitly, if i:i7o(Po) ^ Ho'(Po) is an isomorphism between the 
coefficient groups of H and H\ then isomorphisms 

hiq, X, A):H,iX, A) ^ HfiX, A) 

can be defined for X a complex, A a subcomplex such that A(0, Po) coincides 
with i, and the relations (1) hold in so far as they are defined (/ need not be 
dmplictal). Indeed, there is just one way of constructing h{q, X, A). 
The uniqueness theorem implies that any strong hom nnorphism h \H 
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H* is an equivalence as far as complexes are concerned. In view of Axiom 
4, the uniqueness theorem holds for spaces having the same homotopy type 
as comi)lexes. These include the absolute neighborhood retracts, 

6. Existence .—As is to be expected, homology theories exist which 
satisfy the axioms. Both the Cech homology theory and the singular 
homology theory satisfy the axioms. This is fairly well known, 
although the proofs of some of the axioms are only implicitly contained in 
the literature. It is well known that the two homology theories differ 
for some pairs (X, A). Thus, the axioms do not provide uniqueness for all 
spaces. 

The surprising feature of and IP that appears in this development is 
that they play extreme roles in the family of all homology theories, and 
have parallel definitions. They can be defined as follows: The homology 
groups of the simplicial structure of a complex (using chains, etc.) are 
defined as usual. (As a first step of an existence proof, this is quite natural 
since tlie definition has been deduced from the axioms.) Using maps 
K —> X of complexes into the space X, the singular homology groups 
//%(X, A) can be defined using a suitable limiting process. Similarly using 
maps A" X of the space into complexes, the Cech homology groups 
IP^iXf A) are obtained. It is then established that IP and IP are minimal 
and maximal in the family of all homology theories with a prescribed coef¬ 
ficient group in the sense that, if H is any homology theory, there exist strong 
honiomorphisms IP IP. This is an indication of how it is possible 

to characterize IP or IP by the addition of a suitable Axiom 8. 

7. Generalizations .—A suitable refinement of the axioms will permit 
the introduction of topologized homology groups. 

Cohomology can be axiomatized in the same way as homology. It is 
only necessary to reverse the directions of the operators b and /♦ in the 
above axioms and make such modifications in the statements as these 
reversals entail. The analogous uniqueness theorems can be proved. 

The products of elements of two cohomology groups with values in a 
third (in the usual sense) may also be axiomatized and characterized 
uniquely. 


AWARDS TO THE ACADEMY AND RESEARCH COUNCIL 

The National Academy of Sciences was incorporated by an act of the 
Congress in 1863 during the Civil War to mobilize the best scientific talent 
of the country for service to the Government in war and in peace. The 
National Research Council was organized in 1910 at the request of the 
President by the National Academy of Sciences as a measure of national 
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preparedness and was perpetuated in accord with an Executive Order of the 
President dated May 11, 1918. The Academy and the Research Council 
have been active since their establishment both in war and in peace, and 
particularly during the current war. These activities have been formally 
recognized by the presentation to the Academy at its Autumn Meeting, 
November 15, 1944, of the Ordnance Distinguished Service Award and 
by the presentation to the Research Council on December 11, 1944, of an 
Award of Distinction by the American Pharmaceutical Manufacturers^ 
Association. Reproduction of the documents of award are published here¬ 
with by authority of the President of the Academy and of the Chairman of 
the Research Council. 


IRREGULAR PROJECTIVE INVARIANTS 

By Edward Kasner and John Dk Cicco 

Departments op Mathematics, Columuia University and Illinois Institute of 

Technology 

Communicated March 10, 1045 

1 . We shall begin, in this paper, tlie classification of irregular analytic 
elements with respect to the eight-parameter group of collineations in the 
plane. Halphen showed that a regular analytic element has two relative 
projective invariants of fifth and seventh orders and an absolute differen¬ 
tial invariant of the seventh order. We show that an irregular element 
with a simple cusp possesses two relative invariants of the seventh and 
eighth orders, and therefore an absolute invariant of the eighth order. 

Kasner has given a complete classification of the irregular analytic ele¬ 
ments according to the type of absolute invariant of the lowest order with 
respect to the infinite group of conformal transformations.^ The authors 
have made a similar classification witfi respect to the infinite group of all 
analytic point transformations,^ 

2. The configuration that is to be considered is an analytic arc (regular 
or irregular) together with a specific point of the arc. This compound 
object may be termed an analytic element. If the specific point is taken 
as the origin, the most general analytic element may be defined by setting 
X and y equal to two power series in integral powers of a parameter / without 
constant terms. Let the integer g 1, be the minimum of the two ex¬ 
ponents of the leading terms in the two power series of /; we may assume 
this to appear in the 3c-series. Therefore our analytic element may be 
written in the form 

y « 4- ^ + 


«• ■ t 


( 1 ) 
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where g > ^ ^ 1 and Cg 0. Of course, we may have g ^ + 1 . 

If only integral powers of x appear in (1), then our element is called 
regular. Otherwise, it is said to be irregular. 

For irregular elements, both p and q are arithmetical projective invari¬ 
ants. Therefore we define p as the index and q as the rank. All irregular 
elements obtained by taking arbitrary values of the coefficients but with 
fixed values of the integers p and g, we shall define as the single species {p^ g). 

3. Consider the species ( 2 , 3). Any irregular element of this species 
may be written in the fonn 

y = cax’/* + CsX*''* + + ..., ( 2 ) 

where c* 5 *^ 0 . 

Under the projective group, we have proved that 

a “ ( 2 ca*C 7 — 66 * 8 ®C 4 Ce — + 12 c 8 C 4%6 — r)C 4 ^]*, (3) 

is a relative differential invariant of weight four. 

Thus the analytic element (2) possesses a relative differential invariant 
a of order seven. This is the lowest possible order. 

Under the projective group, we have proved that 

^ _ J:. r OcjVg — 30<:8*C4C7 36^8 + 12cz^Ci^Cz + 

C8®L SlcsViCs® — 244 c*C4*C6 + 48^4® 

is a relative differential invariant of weight one. 

Our new relative invariant /3 is of order eight. 

By (3) and (4), it follows that the irregular analytic dement {2) possesses 
the absolute differential projective invariant 

h = ^Va. (5) 

This absolute invariant is of order eight, degree twenty and total sub¬ 
script weight eighty. 

Obviously, any analytic element has an infinite number of projective 
invariants. 

Under the confonnal group, Kasner proved that the species (2, 3) has no 
invariants, any such element being reducible to the canonical form y « 
Therefore this is also true under the infinite group of all regular 
analytic point transformations. 

In our later work, we shall consider the projective difFcreutial invariants 
of other species of analytic elements (p, g). We may describe our invariants 
as local, since they apply in the neighborhood of the singularity of the 
curve which may be either algebraic or transcendental. If we allow correla¬ 
tions as well as collineations, we show that the species {p, g) is equivalent 
to the species (g — q). This is a new duality theorem.* 
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1 iCasner, "Conformal Classification of Analytic Arcs or Elements, Poincar6*s Looal 
Problem of Conformal Geometry/’ Trans. Am. Math. Soc., 16, 333-349 (1915). The 
theory of a pair of regular arcs, including the horn angle, i.s given in "Conformal 
Geometry/’ Proceedings Cambridge International Congress Mathematicians, 1913, 
and a paper appearing in Scripta Maih^matica, 1945. 

* Kasner and De Cicco. "The General Invariant Theory of Irregular Analytic Arcs or 
Elements," Ibid., 51, 232-254 (1942). Also in Publications of the Illinois Institute of 
Technology (1943.) 

• See for regular curves Halhhen’s dissertation 1878, and his collected works Vol. 2. 
Also Lane, "Projective Differential Geometry," Chicago Press, 1942. 


RULER'S THREE BIQUADRATE PROBLEM 
By Morgan Ward 
California Xnbtitute of Technology 
Communicated March 19, 1945 

1. Euler’s problem of whether the sum of three biquadrates can be a 
biquadrate; that is, whether the diophantiiie equation 

4* (i) 

has atiy (non-trivial) integer solutions, has never been solved.^ The 
problem is a hard one; indeed, a modem investigator has stated: . it 

would be difficult to mention any other [problem] which has yielded so 
little to the efforts of those who have attempted its solution/’ 

The most that is known to date is that there is no solution of (1) with® 
w < 1024. I have recently proved that there is no solution of {\) with 

w < 10 > 000 . ( 2 ) 

This result makes it appear probable that there are no vSolutions of (1) 
whatever, especially since several closely allied soluble diophantine equa¬ 
tions such as X* -f y4 -f X* + + P, + 2y^ + 2s* 

w* are known to have comparatively small solutions,* 

2. The first step of the proof is to reduce the solution of (1) to the 
solution of another diophantine equation containing more variables but 
with the variables subjected to a number of restrictive conditions which 
it is unnecessary to state here: 

+ ^ 2M{€H^ + (3) 

The old variables are easily expressed in terms of the new; for example, 
^ (4) 
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. Equation (1) has a solution if and only if equation (3) has a solution with 

d, e, k, /, « and v positive integers. The exponent a is a positive integer or 
zero, and the exponent e is either zero or one. 

The inequality (2) in conjunction with (4) immediately restricts cr, d, 

e, k and / to a finite number of choices; in fact, 

^ 1, d ^ 1, e ^ 9, k ^ 17 and I ^ 0488. (5) 

3. The second step of the proof is to discuss (3) for each of the cases 
given by (5). The most difficult case turns out to be when = 0, € «= 1 
and e — ^ = 1.. (3) then becomes 

+ t/* « 2l(D + 10242) (6) 

with 

(j) / < 8976. 

The restrictions on the variables in (3) alluded to in Section 2 tell us that 

(ii) Every prime factor of I and D + 1024® is congruent to one modulo 
eight. 

On considering (6) modulo 5 and modulo 13, we find that 

(iii) / 4 (mod 5), 

(iv) / ses 3, 4, 5, 7, 10 or 12 (mod 13). 

The conditions (i)-*(iv) reduce the possible choices of I to twenty-nine 
numbers: 289, 449, . . 8689. 

The other cases lead to even fewer choices of I and the other variables 
in (5). 

4. The third step of the proof is to dispose of the cases which survive 
after all conditions of the type (i)“{iv) just described have been applied. 
For example, in the case riven by (6), we have to show by the composition 
formulae for products of ^ins of squares that 2l(D + 1024®) is not a sum 
of two biquadrates for twenty-nine numerical values of 1. This last step 
is easily carried out, and the proof is complete. 

5. The most laborious feature in the proof is the necessity for factoring 
several numbers greater than ten million, the extent of the present factor 
tables. For example, in the case discussed in Section 3, it is necessary to 
factor the number D + 1024® not only in order that condition (ii) may be 
applied, but also in order to apply the final restrictions by composition of 
sums of squares. This work was performed with the aid of a calculating 
machine by the factor stencil method of D. N. Lehmer and J. D. Elder.*^ 
Whenever the stencils indicated that the number was a prime, the fact 
was confinned by B. H. Lehmer’s® method based on the converse of Fer¬ 
mat’s theorem. 
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In order to insure accuracy, all the attendant numerical work and the 
algebra of determining the cases in step two was checked twice at different 
times. Complete details of the proof will appear elsewhere. 

* In h. E. Oickson’s History of ike Theory of Humhers^ vol. 2, p. 648—there is a state- 
nieiit that might lead one to infer that the impossibility of (1) was proved by A, Were- 
brusow (Ufnt^mediare des MathitiuUiciens, 21, 161 (1914)). A fatal lacuna in Were- 
hnisow’vS proof was pointed out by E. T. Bell (Mathematics Student, 4, 78 (1936)). 

* Mordell. L. J., “The Present State of Some Problems in the Theory of Numbers/’ 
Nature, 121, 138 (1928), 

* Aubry, L,, Sphinx-Oedipe, 7, 46-46 (March, 1912). 

* For example, we have Norrie’s well-known result that 

30* -P 120* -h 272* -h 316* « 353*. 

* Lehmer, I). N., and Elder, J. D., ''Factor vStencils/' Carnegie Institution, Washing¬ 
ton (1939). 

•Lehmer. D. H., Anur. Math. Monthly, 43, 347-354 (1936). 


ERRATUM 

In the article, ‘'Dominance Modification and Physiological Effects of 
GaneSt'* by L. C. Dunn and S, Gluecksohn-Schoenheimer, Proc. Nat, Acad, 
5a., 31, 82 (194t5), the fonnula in the middle of line 1, page 83, should read 
"138 S<f + (x® = 5.26, p = 0.02)” instead of "138 Sd + 
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STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 
SUBSTANCES. IV. VARIATIONS AMONG ACTINOMYCETES, 
WITH SPECIAL REFERENCE TO ACTINOMYCES GRISEUS* 

By Albert Schatz and Selman A. Waksman 

New Jersey AoRictrLTURAL Experiment Station and Rutgers University 
Communicated March 15, 1945 

Introductory and Historical. —Every student of the actinotnycetes has 
been impressed by the striking variations which these organisms undergo 
in culture. Some c)f these variations have long been recognized to be 
quantitative in nature, whereas others are also qualitative. These varia¬ 
tions are found to occur in the pigment production by the culture, in the 
intensity of the pigment, as well as in its specific nature; also whether it 
is dissolved in the medium or retained in the mycelium. Further variations 
are found in the prcjduction of enzyme systems, especially proteases and 
diastases, and in other cultural and physiological characteristics. The 
fonnation of aerial mycelium and the manner of sporulation of the culture 
are among the most significant variable factors. These variation phenom¬ 
ena are further complicated by the fact that frequently sectors or saltants 
are produced which differ from the rest of the colony with respect to the 
formation of aerial mycelium or pigmentation; upon ist>lation, such sectors 
have given cultures that have often been considered as variants. 

These variations have caused considerable confusion in the recognition 
of fixed species or types for the characterization and classification of this 
group of organisms. They have even led certain investigators®** to 
question the constancy of many actinomyces types as recognized by species 
descriptions. In illustrating this phenomenon, Waksman* directed atten¬ 
tion, as far back as 1919, to the variability in the proteolytic mechanism of 
Actinomyces griseust the organism that forms the subject of this paper. 
One of the more recent students of variations among actinomycetes^ came 
to the conclusion that the morphological and physiological properties of 
these organisms^ when cultured under the same environmental conditions, 
are constant. The changes observed were believed to be either transitory 
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modifications, or quantitative rather than qualitative variations, long¬ 
time changes being produced under the influence of altered environmental 
conditions. In addition to these, however, sudden changes of a permanent 
and hereditary nature were obtained without apparently being affected 
by the environment. These new forms or variants, which were, believed 
to be rather rare among actinomycetes, differed from the original cultures 
in various morphological, cultural and physiological properties. 

Among the variations reported for actinomycetes, the lytic activities of 
certain strains deserve attention. Dmitrieff and Souteeff * studied a culture 
apparently belonging to the StrepUmyces group and designated as Acti- 
namyces bavis Bostroem. This culture underwent lysis in liquid broth 
and on solid media. On agar media, lySis was associated only with a cer¬ 
tain type of colony; this phenomenon was always accompanied by the 
formation of daughter colonies. Among these, two types were recognized: 
one did not differ from the mother colony and preserved the capacity for 
lysis; the second did not lyse and differed from the first in morphology. 
The lysing forms possessed stronger proteolytic properties and apparently 
did not produce any aerial mycelium; the non-lysing colonies were less 
proteolytic, formed a chalky aerial mycelium, and changed the reaction 
of litmus milk to alkaline. Lysis took place in broth cultures in 2 to 3 
weeks. It was associated with the living culture and was of the nature of a 
non-enzymatic and non-transmissible lytic factor. 

Other investigators® as well found that the lytic factor of actinomycetes 
is not comparable to bacteriophage or to lysozyme, since it dissolved both 
dead and living cells, and was strictly species specific; it was also thermo¬ 
stable. The fact that lysis may be limited to certain actinomycetes only 
when grown upon special media was brought out by Klatznelson® for a 
thermophilic organism. This organism changed the reaction of. the medium 
to acid, the addition of CaCOj to the medium inhibiting lysis. This lytic 
agent was also non-transmissible. 

Experimental .—In these experiipents, a strain of A. griseus found® to be 
capable of producing the antibiotic substance streptomycin was used. 
In the hope that strains having greater antibiotic potency than the original 
culture might be obtained, an effort was made to isolate distinct colonies. 
Spore suspensions of the organism were plated out on different media, 
with the dilutions sufficiently high to allow the development of only a few 
isolated colonies per plate. Incubation took place at 28®C. for 3 to 6 
weeks. 

The individual colonies developing on the plates showed considerable 
variation. Some were wrinkled, others were smooth; some produced pure 
white aerial mycelium, but the majority were characterized by the typical 
grayish-green color of the mycelium. A few of the colonies were ^most 
completely free of aerial mycelium^ and were somewhat moist and glisten- 
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ing in surface appearance* In some cases sectors were produced which 
differed from the rest of the colony. Upon transfer to fresh agar media, 
certain sectors gave rise to growth having a rough or a smooth surface of 
the typical sporulating aerial mycelium; other sectors, however, were 
entirely free of aerial mycelium, and produced cultures stable in this re¬ 
spect. The color variation of the aerial mycelium did not appear to be 
very significant. Some of the sectors from white colonies gave, on further 
cultivation, the typical gray-green color characteristic of the aerial my¬ 
celium oi A, grisem; in other cases, the color change was reversed. 

The various types of colonies and some of the different sectors were 
transferred to agar media. A number of cultures were thus obtained. 
These were inoculated into flasks containing nutrient glucose broth, and 
incubated at 28®C. Some flasks were shaken continuously in order to 
produce submerged growth, whereas others were kept stationary. The 
antibiotic activity of the filtrates was measured after different periods of 
incubation. 

The results presented in table 1, as well as other data not reported here, 

TABLE 1 

PKODtTCTION OF StREFTOMYCIK BY DiFFBRKNT COLONIBS AND SECTOR ISOLATBS OF 

A. griseus 

--VKXT8/ML. OF VILTRATR. AFTBB DAYS-^ 

CCn.TCRB —SHARBN CULTORBB-^ ^STATIONABY COLTURBft—* 


HO. 

omiuiN OF cvt/rvwta 

3 

5 

6 

8 

8 

12 

14 

1 

Typical sporulating colony 

30 

44 

55 

25 

98 

214 

203 

2 

White sector of above 
colony 

34 

36 

45 

36 

64 

162 

128 

4 

Non-sporulating sector 
of a typical colony 

0 

0 

0 

0 

0 

0 

0 

7 

Large pure gray colony 

31 

30 

83 

33 

45 

136 

136 


indicate that in general the sporulating colonies, whether producing white, 
gray or gray-green mycelium, were active producers of streptomycin. 
The non-sporulating strains obtained from asporogenous sectors, however, 
were inactive. These non-sporulating strains produced no appreciable 
surface growth in stationary liquid cultures. The glucose consumption 
was much less, as compared with the active strains. The non-sporulating 
strains gave a lower pH value of the medium, namely, 6.0 to 6.5, whereas 
the filtrates of the sporulating types were always alkaline, ranging from 
pH 7.5 to 8,5. These and other physiological differences pointed to the 
fact that the non-sporulating forms were markedly different from the 
sporulating cultures. The two could have been considered as distinct 
spedes, had they been isdiated separately from a natural substrate. 

There was still a possibility that the inactive strains may not have lost 
the capacity of producing streptomycin, but that this was neutralized by 
the simultaneous elaboration of an inhibiting substance. The following 
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experiments tried to eliminate such possibility. Two samples of purified 
streptomycin of known activity were dissolved, one in water and the other 
in an equal amount of a glucose-free culture filtrate of an inactive strain. 
These two solutions of streptomycin were tested for activity after a short 
period of incubation and found to be exactly the same, whether water or 
the culture filtrate of an inactive strain was used as a solvent and diluent. 
In a second experiment, stationary cultures of inactive strains were re- 
inoculated after different periods of incubation with spores of active strains. 
The rate of glucose consumption and the pH were found to rise rapidly, 
accompanied by the formation of streptomycin, as shown in table 2. These 


Production or Strkptomycin by Mixtures or Inactive and Active Strains of 

A . griseus 


CtTt.TlJSttt WO.® 

5 

vnits/mi.. or 

9 11 a 

IW PAYH INCI^liATlOM 

4 b 


final 

pH 

3 

0 

0 

0 

0 



. . . 

5.0 

4 

0 

0 

0 

0 


,. 


5.0 

3+6® 

83 

88 

128 

86 

, , 

.. 



4+5® 

65 

85 

128 

81 


, , 



6 

26 

48 

100 

90 

, , 

, , 


8.4 

3, followed by 6 

,, 

.« 

*»• 


29 

90 

128 

8.4 

4, followed by 5 

.. 

.. 

... 

.. 

26 

90 

133 

8.4 

• Cultures 3 and 

4 were 

inactive 

strains 

obtained from 

non-sporulating sectors; 


culture 5 was an active strain. 

^ Days after reinoculation. 

®3H-5or44-6 simultaneous inoculation with cultures 3 and 5 or 4 and 5, respectively. 

data also reveal that the simultaneous inoculation of a medium with an 
active and an inactive strain gave virtually the same antibiotic activity 
as inoculation with an active strain alone. In other words, the inactive 
strains had apparently no inhibitory effect upon streptomycin production 
by the active strains or upon the action of streptomycin itself. 

The possibility that the initial acidity produced by the inactive strains 
might inactivate any streptomycin formed was also eliminated, as indicated 
by the results of another experiment reported in table 3. Addition of the 
buffering substances, CaCOs and K 2 HPO 4 , prevented an acid reaction, but 
did not result in the formation of streptomycin. 

A study was made next of the cycle of growth of the inactive strains in 
shaken and in stationary cultures. The shaken cultures produced large 
balls of growth after 2 to 3 days’ incubation; however, such cultures 
gradually developed into a fine, flocculent type of growth tliat is charac¬ 
teristic of the active strains grown in shaken culture from spore inoculation. 
The shaken cultures of the inactive strains finally underwent, after 6 to 9 
days of incubation, a fairly rapid and complete lysis. It took about twice 
as long for the submerged growth of active strains to undergo lysis. In 
the stationa^ cultures of the inactive strains, no rapid lysis occurred; 
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TABLE 3 

Kpfbct of Bitffbr tJFON TH« PRODUCTION OF Strbptomycin, Shakbk Culturrs, 4 

Bays op Incubation 


STRAIN USBO 

OLUCOSB 
Msrr,® MO. 

strbttomvcin 
UNITS /ml. 

pH 

No. 19 

0 

34 

7.8 

No. 19 “h variant 4 

0 

34 

7.9 

Variant 4 

175 

0 

' 5.2 

Variant 4 + CaCOi‘ 

0 

0 

7,4 

Variant 4 + K,HPO.‘ 

44 

0 

7.1 


“ 1 giTi. in control. 
* 5 gin. per liter. 


these cultures consisted of submerged flocculent masses of growth on the 
bottom of the flask often accompanied by a surface ring around the glass 
wall. This type of growth |>efsisteti even after 30 days’ incubation. 
Upon inoculation of stationary cultures of inactive strains with spores of 
an active strain, the submerged flocculent growth of the former underwent 
lysis as the characteristic pellicle of the latter developed. 

When the vegetative growth taken from the subsurface portions of 
colonies of the active strains growing upon an agar plate was inoculated 
into stationary flasks, the submerged type of growth was obtained. It 
was similar in every respect to growth of an inactive strain; the pH of the 
medium was lowered, the glucose consumption was slow, and the filtrate 
was inactive. Upon the reinoculation of such cultures with spores of au 
active strain, the pH and rate of glucose consumption rose; the filtrate 
became active, and the submerged growth gradually lysed as a pellicle 
developed. An active strain was thus induced to behave like an inactive, 
non-sporulating strain when the vegetative growth was used as the in¬ 
oculum. Somewhat analogous results were obtained in shaken cultures 
when the vegetative growth was used as the inoculum. 

To determine whether the production of streptomycin is associated with 
the sporulating form of the organism, an attempt was made to reisolatc 
sporulating strains, that is, strains producing aerial mycelium, from the 
non-sporulating variants. These reverted strains were obtained from an 
occasional old stationary culture of an inactive strain, which developed 
spontaneously one or more colonies producing sporulating sectors. Trans¬ 
fers made from such sectors yielded cultures which sporulated and pro¬ 
duced streptomycin. 

It has been shown elsewhere’ that of various actinomycetes, the strepto¬ 
mycin-producing strain of A, griseus is most resistant to the effect of this 
substance. This method of appmach was utilized for the purpose of 
establishing any genetic differences between the non-sporulating and the 
sporulating strains of A, grisms. For purposes of comparison, several 
independently isolated cultures of this organism were compared with the 
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various strains obtained from the streptomycin ^producing culture (table 4). 
The two old cultures of A. griseux, namely, Nos. and 3378 not pro¬ 

ducing any streptomycin, were found to be highly sensitive to the antibiotic 
eiTcct of this material. On the other hand, the streptomycin-producing 
culture of A. griseus, as typified by the active strains Nos. 4 and 19, were 
highly resistant to the action of this antibiotic. However, the non-sporu- 
lating, inactive variants Nos. 3, 4 and 6 were sensitive to streptomycin. 
The reverted sporulating form obtained from the non-sporulating variant 
produced streptomycin and was resistant to its action. 

Of particular interest in the above experiment, is variant 6, This variant 
is intermediate with respect to the active sporulating strains and the in¬ 
active non-sporulating strains. In its growth on agar slants it slowly 
forms a limited amount of aerial mycelium. In liquid media, it produces 


TABLE 4 

Kffect ok Streptomycin upon the Growth of Different Strains of A. griseus 
AND UPON Variants Obtained from the Same Strain 


CVLTWKB OR STRAIN 

OK A. 

ORtOlN 

TROOUCTION OR 
STRKPTOMYCIN® 

INUlUmON 
OR GROWTH* 

Culture 3326a 

Original isolation of 1910 

0 

<3.1 

Culture 3378 

Later isolate from soil 

0 

<3.1 

Strain No. 4 

Sporulating active form 

38 

>3, 125 

Strain No. 19 

Sporulating active form 

128 

>3, 125 

Variant 3 

Non-sporulating form 

0 

19.7 

Variant 4 

Non-sporulating fonn 

0 

15.8 

Variant 6 

Non-sporulating form 

4 

27.2 

Reverted strain 
from variant 4 

Sporulating active form 

37 

>3, 125 


® Units of streptomycin in 12-day cultures. 

* Units of streptomycin required to inhibit growth in 1 ml. of medium. 

at first a typical submerged growth characteristic of the non-sporulating 
strains, and subsequently forms some surface growth which tends to sporu- 
late, although less rapidly and less abundantly than the active sporulating 
strains. It falls between the two in its capacity to produce a small amount 
of streptomycin, which results only after the surface growth begins, 
Finally, it is somewhat more resistant than the true non-sporulating 
variants 3 and 4 to the antibiotic action of streptomycin. Variant 6 thus 
combines the capacities of both the sporulating and the non-sporulating 
strains, being intermediate in its cultural add biochemical characteristics. 

A summary of the properties of the active strain and the inactive variant 
of A . griseus is presented in table 5. 

Discussion .—The results of experiments on the variation of a certain 
strain of Actinomyces grisetis are reported. A certain strain of this organ¬ 
ism, having the capacity of producing the antibiotic substance strepto¬ 
mycin, was separated into at least two types; these varied in their mor- 
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phology, namely, formation of an aerial mycelium, and in their physiology, 
such as production of antibiotic substance, formation of acid, rate of glucose 
consumption, autolysis, and production of a gum-like material. Between 
these two extremes intermediary strains were obtained from which either 
of the first two types could be readily isolated. 

It is to be recalled, in this respect, that the major basis for the separation 

TABLE 5 

Cultural and Physiological Characteristics of the Streptomycin-Producing 
Strain op A . griseus and Its Inactive Variant 


ACTIVE STRAIN 

1. Antibiotic activity. Produces strepto- ‘ 1. 

mycin in both shaken and stationary 
cultures. 

2. Growth. Surface growth always 
heavily sporulated; grayish^green 
aerial mycelium. 

3. Reaction, Medium always changes 
to alkaline; pH 7.5-8.5. 

4. Glucose. Glucose completely con¬ 
sumed in 6-8 days in stationary 
cultures and in 3-4 days in shaken 
cultures. 

5. Lysis in shaken cultures. Shaken 
cultures produce very fine flocculant 
growth* tending to lyae slowly after 
about 16 days. 

6. Lysis in stationary cultures. Surface 
pellicles stable; any submerged, 
flocculant growth tends to lyse as the 
surface pellicle develops. 

7. Viscosity, Culture filtrate not show¬ 
ing any viscosity. 

8. Reinocukdion. Inoculation of cul¬ 
tures with lysed inactive culture 
induces no lysis or reduction in 
activity. 

9. Variation. Sporulating strain gives 
rise to non-sporulating variants. 

10. SmsUiviiy to streptomycin. Very re¬ 
sistant to this antibiotic. 


INACTIVE variant 

No streptomycin formed either in 
shaken or stationary cultures. 

No sporulating aerial mycelium; 
scant development of aerial hyphae 
with slight tendency to form spores 
in some old cultures. 

3. Reaction of medium at first acid, 
pH 6.0-G,5; later becoming alkaline. 

4. Glucose utilized more slowly. 


6. Culture.s produce at first balls of 
growth which change into the turbid, 
flocculant type; rapid and complete 
lysis in 7-10 days. 

6. Stationary cultures produce no sur¬ 
face growth but flocculant, sub¬ 
merged mycelial growth which lyses 
slowly, only after a month or longer. 

7. Culture filtrate becomes viscous 
during or after lysis. 

8. Inoculation of cultures with spores 
of active strain produces growth and 
antibiotic activity if some glucose 
remains. 

9. Asporogenous variants may reconvert 
to active, sporogenous forms, 

10. Very sensitive to this antibiotic. 


of two of the four important genera of the Actinomycelaceae, Streptomyces 
and Nocardia, is the production of an aerial mycelium: the first genus 
produces such mycelium, whereas the second produces none or only a 
limited quantity.® The fact that a single strain representing a typical 
Streptomyces t namely A . griseus, can be made to yield a mutant or variant 
which has all the characteristics of a Nocardia suggests the logical question; 
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To what extent do the various species of Nocardia isolated from natural 
substrates represent degenerate species or accidental forms of the Strepto- 
myces group? 

Other significant facts brought out in these studies are the marked 
physiological properties that characterize different types of actinomycetes. 
This is contrary to the general assumption in regard to the paucity of cer¬ 
tain stable physiological reactions for the characterization of these organ¬ 
isms. A freshly isolated strain of A, griseus having the capacity of pro¬ 
ducing streptomycin formed typical aerial mycelium, characteristic of the 
species. It changed the reaction of a glucose-containing medium to 
alkaline, produced characteristic types of surface and submerged growth, 
underwent only limited lysis, and was markedly resistant to the anti¬ 
biotic action of streptomycin. On the other hand, the non-sporulating 
variant produced no aerial mycelium, fonned no streptomycin, was sensi¬ 
tive to the antibiotic action of this substance, was characterized by typical 
growth, which in shaken culture underwent rapid lysis, and produced acid 
in the glucose-containing medium. Both strains possessed otherwise the 
various cultural properties which are characteristic of the .4. griseus species 
as a whole, such as lack of pigmenbition in organic media and also proteo¬ 
lytic and diastatic properties. The non-sporulating strain, when isolated 
as such, however, would hardly be recognizable as typical A. griseus. 

Summary, —A strain of Actinomyces griseus cliaracterized by th^,pro- 
duction of the antibiotic substance streptomycin was found capaMe of 
variation. Some of the variants produced no aerial mycelium and no 
streptomycin and were characterized by other properties which distin¬ 
guished them from the original culture. 

Sporulating and streptomycin-producing strains comparable in many 
respects to the original culture could be isolated under certain conditions 
of cultivation from the non-sporulating variants. 

The original culture of ^4, griseus had all the properties of the newly 
created genus Strepiomyces; however, the variant could be classified 
within the genus Nocardia, 

The' question is, therefore, raised: to what extent may many of the 
species of Nocardia described in the literature represent variants of 
Strepiomyces species that have lost the property of producing aerial my¬ 
celium? 

• Journal Scries Paper, New Jersey Agricultural Experiment Station, Rutgers Uni¬ 
versity, Department of Microbiology. 

‘ DmstrieE, S., and Souteeff, G,, Ann. Inst. Pastt 5^, 470-476 (1036). 

» Katznelson, H., 5 m 7 .Sri, 40, 83-80 (1940). 

» Krasilnikov, N. A., and Koreniako, A. I., Microbiohgia iU.S.SM.), 7,837 (1933). 

* Kriss, A. E., '‘Variability of Actinomycetes,” Academy Sciences, U,S.S.H,p Moscew 
(1937). 
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ON EPINEPHRINE AND RETINAL PHOTOMECHANICAL 

RESPONSES 

By S. R. Dstwiler 

Department of Anatomy, Collrgs op Physicians and Surgeons, 
Columbia Univbrsitv 

Communicated March 30, 1945 

When the eyes of many vertebrates (particularly fishes, amphibians 
and birds) are exposed to light, the retinal pigment migrates, the cones 
contract and the rods elongate. In darkness the inverse changes occur, 
viz., contraction of the pigment, elongation of the cones and retraction of 
the rods. These so-called photomechanical responses (especially in the 
lower forms) have been regarded as important in adapting the retina to 
changes in illumination.^*”^ In man and other mammals where these 
responses apparently fail, adaptation to changing inumination must be 
sought primarily in the physiology of the retinal photopiginents in combi¬ 
nation with pupillary responses. 

Photomechanical responses liave been shown to be influenced by factors 
other than light and darkness.® An important factor, among others, is 
temperature. Both in fishes and in amphibia, low and high temperatures 
in the dark will bring about a rather characteristic light response.®* ® 

Numerous investigators®”^^ have shown that the injection of commercial 
epinephrine hydrochloride into dark-adapted frogs will produce an expan¬ 
sion of the pigment (light condition) in the dark. This response has been 
brought into question by Nover,‘® who claimed that, in reality, the migra¬ 
tion of the pigment in the dark is not due to the hormone itself but to its 
acidity. In this respect he supported the acid stimulation theory of 
Dittler^* and its ampMcation by v. Studnitz.^^ The latter maintains that 
breaks down cone-photosensitive substance with the production of 
phosphoric acid, and that the add initiates the pigment migration and 
positional changes in the photoreceptors. This theory has received ardent 
support by Wigger^ and Nover,^* and the whole matter of retinal photo- 
medbanicai shifts is bmu^^t into direct dependence upon the H-ion con- 
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centration (acidity producing pigment expansion and cone contraction; 
alkalinity producing the inverse changes). 

Nover*^ claims that when commercial adrenalin ("Suprarenin Hydro- 
chlor.”) is neutralized to pH 6.98 with NaOH and injected into frogs, it 
has no more effect than the injection of saline solution of the same pH. 
Consequently the hormone is regarded as ineffectual. 

The results of the experiments herewith presented do not support Nover's 
findings. These experiments were performed upoti frogs which had been 
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kept in d^irkness for approximately 2 hours—a period sufficient to produce 
a contracted state of the pigment and elongation of the cones (Fig. 1, 
case 8). After dark-adaptation the frogs were injected with epinephrine 
hydrochloride (“Adrenalin”; Parke» Davis and Co.) under conditions 
stated in table J. The results upon the pigment and cones are given in 
figure 1. It becomes clear from a study of these results that epinephrine, 
whether markedly acid (pH 3.G“4.8) or brought up to neutral or slightly 
beyond with carbonate (pH 7-7A)^ produces a marked migration of the 
pigment in the dark. Furthermore, injections of the pure base suspended 
in peanut oil produced the most striking pigment expansion. In most of 


Explanation op Figure 1 

Graphic representation of the responses of the frog retinal pigmctit and cones in 
various experiments, the protocols of which are given below. The data are partially 
listed in table 1. The vertical rectangles represent segments of the retina from the base 
of the epithelial cell (above) to the external limiting membrane (below). The pigment is 
represented by dots, which show the extent of migration or contraction, as well as den¬ 
sity. The lengths of the cones are represented by the vertical solid black columns. 
The left narrow column for each eye represents the kngt hs of the longest cones (principal 
member of double cones); the right narrow column represents the lengths of the shortest 
cones (single cones). The broad middle column represents the mean length based upon 
20 measurements for each retina (10 double and 10 single). Cone measurements are 
based on the distance in m from the external limiting membrane to the outer segment 
(distal margin of the oil globule). Each space on the ordinates equals 4 m- 

Frog 3. Light-adapted 3 hours. 

Frog. 8. Dark-adapted 2 hours. 

Frog 40. Dark-adapted 2 hours. Tiijecied with 1 cc. of Ringer’s solution (pH 6.6). 
Re-dark-adapted 40 minutes. Eyes excised. 

Frog 44. Dark-adapted 2 hours. Injected with I cc. of Ringer’s solution (pH 6.6). 
Re-dark-adapted 20 minutes. Eyes excised. 

Frog 48. Dark-adapted 2 hours, 30 rainUtes. Injected with 1 cc. of epinephrine 
hydrochloride (1:100,000). Re-dark-adapted 30 minutes. Eyes excised. 

Frog 46. Dark-adapted 2 hours. Injected with 1 cc. of epinephrine hydrochloride 
(1: lOOpOfK)). Re-dark-adapted 20 minutes. Eyes excised. 

Frog 72. Dark-adapted 2 hours, 40 minutes. Injected with 1 cc. of epinephrine 
hydrochloride (1:50,000), neutralized to pH 7.4. Re-darfc-adapted 30 minutes. Eyes 
excised. 

Frog H4. Dark-adapted 2 hours, 10 minutes. Injected with 1 cc. of epinephrine 
hydrochloride (1:50,000), neutralized to pH 7,3. Re-dork-adapted 40 minutes. Eyes 
excised. 

Frog 100. Dark-adapted 2 hour.s, 16 minutes. Injected with 0.5 cc. of epinephrine 
in peanut oil (1:600) 1 mg. Re-dark-adapted 2 hours, 30 minutes. Eyes excised. 

Frog 93, Dark-adapted 2 hours, 10 minutes. Injected with 0.5 cc. of epinephrine 
in peanut oil (1:500) 1 mg. Re-dark-adapted 2 hours, 30 minutes. Eyes excised. . 

Frog 80, Dark-adapted 2 hours, 10 minutes. Injected with 0.5 cc. of peanut oil. 
Re-dark-adapted 3 hours. Eyes excised. 

Frog 101. Dork-adapted 2 hours, 10 minutes. Injected with 0,6 cc. of peanut oiL 
Re-dark-adapted 2 hours, 30 minutes. Eyes excised. 




Showing Effects of Injection of Epinephrine Hydrochloride into the Ventral Lymph Sac op Dark-adaftbd Frogs^ and Rb-i 
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these latter cases the pigment became heavily massed near the external 
limiting membrane (e.g., case 93, Fig. 1). The cones, however, in many 
of these retinas wer^ as long as those in the retinas of control frogs, i.e,, 
those injected with peanut oil alone where, after 2 Vs to 3 hours in darkness, 
the pigment was found to be maximally contracted and the cones elongated 
(Fig. 1, cf. cases 93 and 100 with cases 86 and 101). These results indicate 
clearly that pigment migration and cone contraction do not always go 
together. 

It has been shown earlier^* that any excitation of the frog in the dark 
will produce a partial light response of the retina in darkness. It has 
been suggested that this response may be due to the increased secretion of 
the adrenal medulla resulting from excitation. In the present experiments 
this tentative theory would seem to be supported inasmuch as injections 
of epinephrine produce marked pigmentary responses in the dark. That 
the adrenal gland exerts a definite influence on retinal pigmentary responses 
has been shown by Hasama.*^ He found that after cauterization of the 
frog adrenal gland, the pigment failed to expand upon exposure to light. 
Furthermore, faradic stimulation of the adrenals in dark-adapted frogs 
was shown to produce the light condition of the pigment. 

Summary .—When commercial epinephrine hydrochloride (“Adrenalin'^ 
Parke, Davis and Co.) is injected into dark-adapted frogs, the retinal pig¬ 
ment undergoes marked expansion in the dark. This ensues whether the 
solution is acid (pH 3,6-4.8) or is neutralized with carbonate to pH 7. 
Injections of the pure epinephrine base suspended in peanut oil produce 
maximal migration in hours. When peanut oil alone is injected, the 

pigment, after equivalent exposures to darkness, is in a highly contracted 
state. The results indicate that the pigment expansion is due to the 
action of the hormone itself, and not the result of acid stimulation. 


^ Arcy, L. B., Jour. Comp, Neur,, 2S, 635-554 (1915). 

* Arcy, L, B.. Ibid., 26, 121-201 (1910). 
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A detailed account of the effect of injections of acids attd tilkalis upon retinal pig¬ 
mentary responses in the frog will be published elsewhere. 


THP: variation of INFECriVlTY 
By Edwin B. Wilson and Jane Worcester 

Harvard School op Pvdlic Health 
Communicated April 10, 1945 


There are two main approaches to the study of the epidemic curve of 
new cases. First is what may be called the dynamical approach in which 
a priori assumptions are made as to the laws regulating the relations 
between the changing case rates and the number of susceptibles; Ronald 
Ross, Soper, McKendrick and others have followed this line of attack. 
Second is what may be called the statistical approach in which some form 
is assumed for the curve of new cases, generally based a posteriori on the 
observation that such a curve does describe fairly well the course of new 
cases; Farr, Brownlee and others have pursued this method. 

We desire to examine the two methods together to see what conclusions 
result. The three curves which have been most used are: (1) the proba¬ 
bility curve 
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T 

V^2x cr 
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where T is total cases during the whole epidemic, t is the time in any unit, 
<r the standard deviation of the distribution of the case rates in time, and 
C is the case rate of new cases at the time t; (2) Pearson's Type IV, much 
used by Brownlee in its general form, which wc shall use only in its sym¬ 
metrical form' (Type VII), namely, 


rr(«) 


(-r- 


( 2 ) 


a r(« - Vs) 

* 

where a = (2« — 3)*"^^ and V is the symbol of the gamma-function; (.3) 
the derivative of the growth curve, namely. 


C ^ sech* (:it, (3) 

where v/{2 \/S c) = 0.9069/<y. Each of these symmetrical curves 

has been referred to its mean. 

The dynamical law which we shall use is the law of mass action as we 
have recently generalized it,^ viz., 
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C{t) ■= (-Jcit - r). (4) 

for a disease of definite incubation time r. The number w, which is the 
number of susceptibles just sufficient so that the case rate is the same at 
t as at / “ r. can be taken as one measure of the reciprocal of the infeetivity. 
The infeetivity thus defined is a strictly epidemiological concept and has 
no intimate connection with bacterial virulence. Given any curve of new 
cases, we have 

m - S{C{t - r)/C{t)f^, (5) 

The value of S is not known but if Su be the number of susceptibles at the 
peak of the epidemic curve 

- 5o - X' C(U Oi) 

and the values of S at the bejtiniiing and the end of the epidemic are 

Sfi = ‘So S/i — T/2 [i] 


and the value of m at the peak is vct} ne:. rh’ 


Wo — 5(1 — r^cak cases (S) 

where peak cases are defined as the number of cases that would occur during 
the period r if the peak case rate were maintained throughout that interval 
of time. 

Brownlee defines infeetivity'* directly from the epidemic curve without 
reference to the number of susceptibles as 


C + AC 

' c .. 


CU + r) 

'C(/j“"' 


-/(/). 


( 0 ) 


From this it appears that, if p ^ 1 in the dynamical law, his definition 
makes 

or fit + t) = (-Y (10) 

m(f. — t ) \m/ 

in the general case. Actually, like many workers, he assumes that r is 
short enough so that differentials may replace increments and 

/(/) -= grid lot cm^ (U) 

If the three curves (l)-(3) be taken as the epidemic curve, the infeetivity 
as defined by Brownlee in (11) gives, respectively, 

f(() = e— QTe~-J^r or 

For I large and negative the results are <», 1, whereas for t large and 
positive they are 0, 1, and at the peak of the epidemic (f =« 0) they 

are* 1, 1, 1. 
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If m be taken as a measure of the reciprocal of the infectivity and equa¬ 
tion (5) be used, the results are somewhat more complicated but not too 
dissimilar. One may begin with (3), whence 

sech*^^ i3r(So — ^/iT tanh fit) 

■ -■ . - . . ■ - 

(1 — tanh tanh 

If *So: T"/2 =* coth the numerator and denominator become proportional 
and the value of m increases throughout the epidemic, i.e„ the infectivity 
1/m falls off, provided p < 2; but the opposite holds provided p > 2\ and 
for p ^ 2 the value of m is constant. If, however, 5o: 7^/2 coth the 
relations become more complicated; in the special case p =* 2 the value 
of m will increase throughout the epidemic if 5o: 7'/2 > coth but will 
decrease if So: T/2 < coth /9r. 

If attention be turned to the normal curve (1), 

m . 

When I = — 00 , m ~ 0; when / « 0, w = when / 

» 00 provided Sjg does not become zero and it generally does not. 
Although m is greater when / «= 0 than when ^ — oo and less when ^ ^ 0 

than when / - <» no matter what the value of the rate of change of m 
when / 0 will be negative if 

p > V2t ~ = 2.507 - 

<r i <r T 

As 5o need not be larger than 772 and as t/<t is generally less than Va 
when the epidemic runs for a considerable number of incubation periods, 
it is clear that p need not be very large to satisfy the relationship; and 
when the relationship is satisfied m starts at 0 when ^ — qo , increases 

to a maximum prior to the peak of the epidemic, decreases to a minimum 
after the peak, and then increases indefinitely. 

The sort of results that arise on combining the generalized law of mass 
action with specific assumptions as to the type of epidemic curve which 
may be assumed *‘as found by trial apart from theory," including that 
particular type which has been shown to arise by theory as a first approxi¬ 
mation (when there are no recruits), may be exhibited better by a specific 
illustrative example than by detailed development of formulas. Let us 
take the 1923-1926 epidemic from Hedrich's Baltimore series. Table 1 
gives the estimated cases by months, the cases that would be calculated 
from curves of types (1), (2). (3) fitted to the data, and the values of the 
infectivity taken as 70604/w computed from these curves (not from the 
data) for the hypotheses p » 1, 2, 4. The value assumed for 5o at the 
mode was 72982 and the equUibritim value wbs figured as 70604. It will 
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Thb Variation of the iNFEcnvmr Under a Variety op Hypotheses 
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le infectivitks under B are those computed from (11) rather than fr«n (9). 
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be observed that for each type of curve the fit to the data is rather poor 
and that» therefore, values of the inf activity calculated directly from the 
original data would undoubtedly behave differently from those based on 
any of the fitted curves. However, this table is offered for the purpose of 
showing how the infectivity would theoretically vary if these types of 
curve were supposed to hold precisely for an epidemic. 

The following comments may be made on Table 1. Brownlee’s infec¬ 
tivity decreases for (1) and (3) throughout the course of the epidemic 
curve, but for (2) it shows at the very ends (August) the reversal which 
has been noted in the theoretical discussion.^ For the normal curve (1) the 
infectivity defined as proportional to the reciprocal of m and standardized 
to be unity when S has its equilibrium value Wo and C(t) « C{t — t), is 
highly variable if = 1 or — 2 (but only moderately variable if — 4) 
within the natural limits of the epidemic; it decreases throughout the 
epidemic if — 1 or “ 2 but shows the fluctuation near the mode if 
/) =* 4 as described in the text. For the curve (2) the infectivity increases 
throughout the epidemic being not very variable for p == 1 but increasingly 
so for p — 2 and p =» 4. For the curve (3) there is a decreasing infectivity 
with considerable variation if p — 1 and with little variation if p = 2, 
whereas if p « 4 there is an increasing infectivity with slight variation; 
clearly for some value of p intermediate between 2 and 4 there would be 
practical (though not quite absolute) constancy in the infectivity. It is 
certain that whether the infectivity be defined as by Brownlee or whether 
it be taken 'from the generalized law of mass action, its quantitative (and 
even its qualitative) behavior is very different according to the type of 
epidemic curve selected. 

* Encyclopedia Britannicaf 14th ed., VoJ. 8, p. 660. In this article on Epidemiology, 
Brownlee and Greenwood state: ''The equation of the curve which describes the ma¬ 
jority of epidemics, as found by trial apart from theory, is y •» a(l 4* /‘/i*)" "—(Hypo¬ 
thetically) the organism may be assumed to possess at the beginning of the disease a 
high degree of infectivity which decreases as the epidemic goes on.” We may observe 
that Brownlee fits Type IV from four moments of the epidemic curve. There is no 
difficulty about this if the epidemic is that of a disease which starts and stops abruptly 
but there are real difficulties in finding reliable results for third and fourth moments in 
many cases where the beginning and end of the epidemic are somewhat indefinite. 
Further, for T 3 rpe VII, da > 3, the relation between n and ft being 

n ^ (6ft 9)/(2ft - 0) or ft « (6« - 9)/(2« - 6) 

so that for » « <» we have ft «« 3 (the normal curve) and n must be greater than */j for 
which ft would become infinite. For the derivative of the growth curve ft » 4.2 and 
Type VII fitted thereto by moments would need n «■ 6. 

» These PROCBKDtNoa, 31, 109-116 (1946). 

• John Brownlee, "On the Curve of the Epidemic,” British Med. Jour.^ 1, 799-800 
(1915). 
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If (1) or (3) be used it is clear that/(/) always decreases; but for (2) 
f{i) •» *Znre <*• + 


L(fl* + /*)*J 


so that/(/) increases from 1 when / * — oo to a maximum of when / «■ — o, decreases 
to a minimum of when t “ -fa, and then increases to 1 when t ^ + oo. The 

value of C as a fraction of its modal value at the time t »» o is 2 " so that the infec- 
tivity according to Brownlee's definition is increasing up to the time wheti the case rate 
is Co/2", then decreases to the time when again the case rate is C)/2”, and finally increases 
thereafter, If n is large the tails of the curve beyond the place where C « Co/2" may 
be disregarded so that practically the statement of Brownlee and Greenwood that the 
infectivity decreases from beginning to end of the epidemic is true, but if n is large the 
statement cannot Ijc quite true of Brownlee's definition and this epidemic curve. 


CROUPS HA VINO A SMALL NUMBER OF SETS OF CONJUGATE 

SUBGROUPS 

By G. a. Miller 

Department of Mathematics, University of Illinois 
Communicated April 6, 1945 

The identity and the group itself are sets of conjugate subgroups of 
every group G. If G is the cyclic group of order />"*, p being an arbitrary 
prime number, then G contains exactly m + \ sets of conjugate subgroups 
and when p is odd this cyclic group can be extended by subgroups of 
order g, where q is an arbitrary prime divisor of p — 1, so as to obtain a 
group of order which contains exactly m + 3 sets of conjugate sub¬ 
groups. In particular, when w = 1 the group of order p contains exactly 
two sets of conjugate subgroups and this is the only group which contains 
exactly two sets of conjugate subgroups. The two groups of order pq 
contain separately exactly four sets of conjugate subgroups. One of these 
is cyclic and the other is non-cycHc and contains p subgroups of order g. 

The cyclic group of order p^ clearly contains exactly three sets of con¬ 
jugate subgroups and this is the only group which contains exactly three 
sets of conjugate subgroups. This results from the facts that if a group 
contains exactly three sets of conjugate subgroups its order cannot be 
divisible by two distinct prime numbers and the central quotient group of 
every non-abelian prime power group is nomcycHc. If a group contains 
exactly four sets of conjugate subgroups its order cannot be divisible by 
more than two distinct prime numbers and when it is devisible by two 
distinct prime numbers the order is the product of these numbers. 

From what precedes it results that if a group does not contain more than 
four sets of conjugate subgroups it is the identity if it contains one and 
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only one such set, it is a group of prime order if it contains two and only 
two such sets, it is the cyclic group whose order is the square of a prime 
number if it contains three and only three such sets, and it is either one of 
the two possible groups whose orders are the product of two distinct prime 
numbers or the cyclic group whose order is the cube of a prime number 
when it contains four and only four such sets. In all of these cases, except 
the first, the number of the possible groups is infinite and all of these groups 
are abelian except the groups of order pq which certain p subgroups of 
order q. 

Before considering all the groups which contain five and only five sets 
of conjugate subgroups it may be desirable to consider the prime power 
groups with respect to the number of sets of conjugate subgroups. The 
non-cyclic group of order p^ clearly contains /> + 3 sets of conjugate sub¬ 
groups and this is the smallest number of sets of conjugate subgroups in 
any non-cyclic prime power group. This is obvious whe»i the group is 
abelian and when it is non-abelian it results from the facts that the central 
quotient group of a non-abelian group is alwayvS non-cyclic and that the 
sets of conjugate subgroups in a group is always larger than the number of 
sets of conjugate subgroups in any of its quotient group with respect to a 
non-identity invariant subgroup. By forming successive central quotient 
groups we arrive at an abelian group. 

From what precedes it results that the only prime power non-cyclic 
group which contains as few as five sets of conjugate subgroups is the four 
group. The prime power cyclic group of order p^ also contains exactfy 
five sets of conjugate subgroups according to the theorem noted above. 
This is also true of the infinite system of groups of order p\ which are 
obtained by extending the cyclic group of order p being any odd prime 
number, by cyclic groups of order q, where q is an arbitrary prime divisor 
of p — 1. The smallest groups in the latter category are the dihedral 
group of order 18 and the dihedral group of order 60. The smallest group 
of this category which is not dihedral is of order 147 and is obtained by 
extending the cyclic group of order 49 by 49 subgroups of order 3. There 
is no other group whose order is divisible by as few as two distinct prime 
numbers in which there are exactly five sets of conjugate subgroups with 
the exception of the tetrahedral group. 

This results almost directly from the fact that all such groups are known 
to be solvable and hence one arrives at the identity by forming successive 
commutator subgroups. It is also true that when the order of G is divisible 
by three distinct prime numbers then G cannot contain exactly five sets of 
conjugate subgroups. In fact, the order of G could then not be divisible 
by the square of one of any of these iwime numbers and hence G would 
again be solvable. In this case it would contain an invariant subgroup 
whose order would be equal to the product of the two largest of these three 
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prime numbers. This invariant subgroup could not be non-cyclic and 
hence all of its operators besides the identity would be non-commutative 
with one of the remaining operators of C. It would therefore result that 
G would contain more than five sets of conjugate subgroups, which is 
contrary to the hypothesis. We have therefore considered all the possible 
groups which separately involve as few as five sets of conjugate subgroups. 

If G has six sets of conjugate subgroups and its order is a power of a prime 
number this number could not exceed 3 when G is non-cyclic because 
/> + 3 would then exceed (i. If it is cyclic it is of order where is an 
arbitrary prime number in accord with the general theorem noted above. 
Since every non-cyclic group of order contains at least /> + 1 subgroups 
of index p and these are invariant under the group it results that every 
non-cyclic group of order p^"* contains at lea>st p + 1 sets of conjugate sub¬ 
groups under the group which are separately of indejc Moreover, every 
group of order />”* contains at least one invariant .subgroup of order p. 
Hence it results that when a group of order 2”* contains exactly six sets of 
conjugate subgroups it can contain only one subgroup of order 2 and is, 
therefore, either cyclic or dicyclic. That is, the quaternion group is the 
only group of order 2"* which contains exactly six sets of conjugate sub¬ 
groups and is non-cyclic. 

If a non-cyclic grcmp of order 3”* contains exactly six sets of conjugate 
subgroups then w — 2 and G’ is the non-cyclic group of order 9 in accord 
with the general theorems noted above. 'Fhat is,, if a prime power group 
contains exactly six sets of conjugate subgroups it may be the group of order 

p being an arbitrary prime number, the quaternion group, or the non-cyclic 
group of order 9, but it can be no other group. It remains to consider the 
possible cases when G contains exactly six sets of conjugate subgroups but 
its order is not a power of a prime number. 

llie number of the distinct prime numbers which divide the order of G 
could clearly not exceed four since the number of the sets of conjugate 
subgroups of G is sui^posed to be six. If this former number would be four 
the order of G would not be divisible by the square of a prime number and 
hence the main properties of G would be known. In particular, G would 
have to contain at least two Qj>erators of prime orders which would be 
commutative. As this is impossible the order of G could not be divisible 
by as many as four distinct prime numbers when it contains exactly six 
sets of conjugate subgroups. 

Suppose that the order of G is divisible by three distinct prime numbers 
but that the square of one of these prime numbers also divides the order 
of G. Although the simple group of order 60 satisfies this condition it is 
easy to prove that if we add the condition that the operators of G are 
contained in six sets of conjugates then G must be solvable and hence it 
must contain an invariant subgroup of prime index. The order of this 
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invariant subgroup could not be divisible by three distinct prime numbers 
since it would then contain a characteristic subgroup whose order would 
be the product of the two largest of these prime numbers and hence G 
would involve subgroups of more than six different orders, which is contrary 
to the hypothesis. The said invariant subgroup of G could also not be 
divisible by the square of a prime number for similar reasons. 

If the order of G is divisible by three distinct prime numbers but not by 
the square of one of these niunbers it contains an invariant subgroup whose 
order is the product of the two largest of these three prime numbers, If 
this invariant subgroup is cyclic it can clearly be extended by an operator 
which transforms it into itself but is not commutative with any operator 
of this invariant subgroup besides the identity. In particular, if the order 
of such a group is even there is always an operator of order 2 in the group 
which has this property. The group thus obtained clearly contains 
exactly six sets of conjugate subgroups and the dihedral group of order 
30 is the group of smallest order which satisfies these conditions. When 
the order of G is pg® and G involves an invariant subgroup of order g* and 
of type 1* which involves no invariant operator besides the identity then 
G clearly involves exactly six sets of conjugate subgroups. The group of 
order 56 which contains eight subgroups of order 7 is a well-known illus¬ 
tration of the groups of this category. 

The present article is closely related to the one published in these Pno- 
CEBDiNGS, 30, 359-362 (1944) under the heading “Groups containing a 
small number of sets of conjugate operators/’ It may be noted that in 
some cases the given number of conjugate subgroups imposes a greater 
restriction on the possible groups than the given number of conjugate 
operators since the number of the possible subgroups may be larger than 
the number of the possible operators in a given group. 


THE VELOCITY OF PROPAGATION OF BRITTLE CRACKS IN 

STEEL 

By M. Grbekpiblp and G. Hudson 

David Tavior Model Basin, USN, Washxnoton, D. C, 
Communicated April 14,1945 

Recently there have been instances in which steel plate used in a variety 
of structures and subjected to certain severe conditions has ruptured in a 
brittle fashion. Characteristics of these brittle failures are (1) a crack is 
propagated with extreme rapidity through the steel plate, (2) the surface 
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of rupture created by this crack is ortliogonal to the plane of the plate, 

(3) this rupture surface shows a characteristic ‘‘herringbone"' pattern and 

(4) there exist small permanent strains, often of less than 2 per cent, in the 
neighborhood of the fractured surface. 

Many engineering structures have failed in this catastrophic manner. 
One example which attracted a great deal of attention was the explosion at 
Schenectady, N. Y,, of a spherical storage tank containing hydrogen.^ 


Load 



of support 

FIGURE 1 

Schematic diagram showing the positions of the break^wires i, 2 and S on the tensile 

specimen. 


Still another example is the breaking up of certain types of welded merchant 
vessels in a seaway. It is thought that a study of the speed of propagation 
of brittle cracks in steel will help in understanding the mechanism of these 
phenomena. 

In this note we announce the results of some measurements which have 
been made of the velocity of propagation at room temperature of brittle 




162 


ENGINEERING: GREENFIELD AND HUDSON Proc. N. A. S. 


cracks in notched tensile specimens of medium steel. Several fine wires 
were cemented a few inches apart on the surface of a specimen, and placed 
normally to the expected path of the crack (Fig. 1). When the specimen 
is pulled to failure a crack is propagated from the notch across the specimen 
and breaks the wires in turn. The first wire which breaks triggers a sweep 
generator which moves a beam of electrons horizontally across the screen 
of a cathode ray oscillograph. As each succeeding wire, breaks, the electron 
beam jumps vertically resulting in a record like that shown in figure 2. 



FIGURK 2 

A typical record obtained from the breaking of 
a tensile specimen like that shown in figure 1. 

The numbers Jf, 2 and 3 designate the positions 
of the electron beam at the instant of breaking of 
wires t» 2 and 3, respectively. 

The titue interval between jumps is measured from the record. This 
datum combined with the measured distance between the corresponding 
break-wires enables one to calculate the velocity of the crack. In this way 
there has been obtained an average velocity of 40 X 10* inches per second 
with a mean absolute deviation of 6 per cent. 

It is expected that a pa]w giving more details of this work will be pub¬ 
lished in the near future. 

1 Brown, A. L., and Smith. J. B., Mech. Eng., 06, 392-^7 (1944). 
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ON THE EVOLUTION OF BIOCHEMICAL SYNTHESES 
By N. H. Horowitz 

School of Biological Sciences. Stanford University, Calif. 

Communicated April 23, 1945 

Although it has been recognized for a long time that the biochemistry 
of the organism is conditioned by its genetic constitution, a more precise 
definition of this dependence has not been possible until recently. A con¬ 
siderable amount of evidence now exists for the view that there is a one-to- 
one corresixmdence between genes and biochemical reactions. This con¬ 
cept, foreshadowed in the work of Garrod^ on human alcaptonuria, ac¬ 
counts in a satisfactory way for the inheritance of pigment formation in 
guinea pigs,^ insects* and flowers/ and the synthesis of essential growth 
factors in Neurospora? It appears from these studies that each synthesis 
is controlled by a set of non-allelic genes, each gene governing a different 
step in the synthesis. As to the nature of this control, it is probable that 
the primary action of the gene is concerned with enzyme production. 
That genes can direct the specificities of proteins has been shown in the case 
of many antigens,* while several mutations demonstrably affecting the 
production of enzymes have been reported,® Evidence on the postulated 
gene-enzyme relationship is in most cases, however, still circumstantial; 
this is partly because of technical difficulties involved in the study of 
synthetic, or free-energy consuming reactions in vitro^ and partly because 
of the insufficiency of biochemical information on those reactions which 
happen to be susceptible of genetic analysis. 

As a corollary of tlie above hypothesis, each biosynthesis depends on 
the direct participation of a number of genes equal to the number of 
different, enzjnnatically catalyzed steps in the reaction chain. In at¬ 
tempting to account for the evolutionary development, of such a reaction 
chain one meets in u clear form the problem of explaining macroe volution- 
ary changes in tenns of microevolutionary steps. The individual reactions 
majemg up the chain are of value to the organism only when considered 
coUeetivdy and in view of the ultimate product. Regarded individually, 
intermediate substances cannot, in general, be assumed to have physio- 
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logical significance, and the ability to produce them docs not of itself 
confer a selective advantage. An example from Neurospora genetics will 
serve to illustrate this fioint. At the present time seven different genes 
are known to be concerned in the synthesis of arginine by the The 

inactivation of any one prevents the synthesis from taking place. On the 
basis of the above hypothesis, at least seven different catalyzed steps must 
occur in the synthesis. Several of the steps have been identified and 
controlling genes assigned to each. Two of the intermediates in the chain 
have been shown to be the amino acids ornithine and citrulline. Unlike 
arginine, neither of these substances is a general constituent of proteins. 
Aside from their function as precursors, they are apparently of no further 
use to the organism. 

While the above example probably represents the general case, there 
are also well-known instances in which precursors serve independent func¬ 
tions. Thus, arginine, glycine and methionine are precursors of creatine 
in the rat,* but the synthesis goes through the non-functional intermediate, 
glycocyamine. On the other hand, acetylcholine may be synthesized from 
choline in one step.® In cases such as these, the problem is that of ac¬ 
counting for the synthesis of the precursors. 

Since natural selection cannot preserve non-functional characters, the 
most obvious implication of the facts would seem to be that a stepwise 
evolution of biosyntheses, by the selection of a single gene mutatiem at 
a time, is impossible. It will be shown below that this is tint a necessary 
conclusion, but that under special conditions the stepwise evolution of 
long-chain syntheses may occur. First, however, an alternative to step¬ 
wise evolution will be considered; that is, the origin of a new reaction chain 
through the chance combination of the necessary genes. 

Although the probability of the origin of a useful character through the 
chance association of many genes may be small, it is never zero. Indeed, 
a consideration of the statistical consequences of the interaction of muta¬ 
tion, Meiiddian inheritance, and natural selection has led Wright^*^ to the 
conclusion that such chance associations may be of major importance in 
evolution. He has analyzed the evolutionary possibilities of various 
types of breeding structures and has shown that under certain conditions 
an extensive trial and error mechanism exists, whereby the species can 
test numerous combinations of non-adaptive genes. The breeding struc¬ 
ture which most favors this type of evolution is that of a large population 
divided into many, small, partially isolated groups. Within each group 
the cumulative effects of the accidents of sampling among the gametes 
are of major significance in detennining gene frequencies, but the penalty 
of fixation of deleterious genes, ordinarily incurred under inbreeding, is 
avoided by exchange of migrants with other groups. The pressures of 
forward and reverse mutations, which between them determine an equilib- 
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rium frequency for noii-adaptive genes in large, random-breeding popula¬ 
tions, become of minor importance. As a consequence, a random drift 
of gene frequencies occurs. If, by diance, one group finds a particularly 
favorable combination of genes, a process of intergroup selection comes into 
play, whereby the favorable combination is spread to the population at 
large. 

This model provides a means for the evolution of a new gene combi¬ 
nation in spite of unfav(irable mutation rates to active alleles and in the 
absence of selection of individual genes. It is thus favorable for the 
evolution of systems of individually non-adaptive, but collectively adaptive, 
genes. The effectiveness of the process would seem to be strongly de¬ 
pendent on the size of the gene combination required, however, decreasing 
approximately exponentially with increasing numbers of genes, otlier fac¬ 
tors remaining constant. There would result a tendency toward the 
evolution (jf short reaction chains involving the recombination of molec¬ 
ular units already available. There is no doubt that a conservative 
tendency of this sort actually exists in nature. The wide variety of bio¬ 
logically iniportatil compounds built up on the pyrrole nucleus, to mention 
but one example, is a case in point. 

The application of Wright’s theory to the particular problem under 
consideration is limited by the fact that it operates only under biparental 
reproduction. It is probable that a large number of basic syntheses evolved 
prior to sexual reproduction. The universal distribution among living 
forms of certain cla.sscs of compounds - viz., the amino acids, nucleotides 
and probably the B vitamins -identifies them as essential ingredients of 
living matter. The synthesis of these substances must have evolved very 
early in geologic time, as a necessary condition for further progress, 
although loss of certain syntheses may have occurred in the later differen¬ 
tiation of some forms. It is therefore desirable to search for another 
solution of the problem applicable to comjxmnds of this type, preferably 
one in which a minimum burden is placed on chance and a maximum 
one on directed evolutionary farces. It is tiiought that the following 
suggestion, while definitely a speculation, offers a possible solution along 
these lines. 

In essence, the proposed hypothesis states that the evolution of the 
basic vsyntlieses proceeded in a stepwise manner, involving one mutation 
at a time, but tliat the order of attainment of individual steps has been in 
the reverse direction from that in which the synthesis proceeds~i.e., the 
last step in tlie chain was the first to be acquired in the course of evolution, 
the penultimate step next, and so on. This process requires for its opera¬ 
tion a special kind of chemical environment; namely, one in which end- 
products and potential intermediates axe available. Postponing for the 
moment the question of how such an environment originated, consider the 
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operation of the proposed mechanism. The species is at the outset as¬ 
sumed to be heterotrophic for an essential organic molecule. A, It ob¬ 
tains tlie substance from an environment which contains, in addition to 
A, the substances B and C, capable of reacting in the presence of a catalyst 
(enzyme) to give a molecule of -4. As a result of biological activity, the 
amount of available A is depleted to a point where it limits the further 
growth of the spedes. At this point, a marked selective advantage will 
be enjoyed by mutants which are able to carry out the reaction 3 + C == 
A, As the external supplies of A are further reduced, the mutant strain 
will gain a still greater selective advantage, until it eventually displaces 
the parent strain from the population. In tlie 4.-free environment a 
back mutation to the original stock will be lethal, so we have at the same 
time a theory of lethal genes. The majority of biochemical mutations in 
Neurospora are lethals of this type. 

In time, S may become limiting for the species, necessitating its synthesis 
from other substances, D and E; the population will then shift to one 
characterized by the genotype (P + jS « B + C = 4), Given a 
sufficiently complex environment and a proportionately variable germ 
plasm, long reaction chains can be built up in this way. In the event 
that B and C become limiting more or less simultaneously, another possi¬ 
bility is opened. Under these circumstances symbiotic associations of the 
type (F + G 5 -^ C, i) + £ - B){F + G - C, D + £ 5 ^ J5) wiU have 
adaptive value. 

This model is thus seen to have potentialities for the rapid evolution of 
long chain syntheses in response to changes in the environment. As has 
been pointed out by Oparin^ tlie hypothesis of a complex chemical environ¬ 
ment is a necessary corollary of tlie concept of the origin of life through 
chemical means. The essential point of the argument is that it is in¬ 
conceivable that a self-repn>ducing unit of the order of complexity of a 
nudeoprotein could have originated by the chance combination of in¬ 
organic molecules. Ratlicr, a period of evolution of organic substances 
of ever-increasing degree of complexity must have intervened before such 
an event became a practical, as distinguished from a mathematical, proba¬ 
bility. Or, put in another way, any random process which can have pro¬ 
duced a nudeoprotein must at the same time have led to the production 
of a profusion of simpler structures. Oparin has considered in some detail 
the possible modes of origin of organic compounds from inorganic material 
and dtes a number of known reactions of this type, together with evi¬ 
dences of their large-scale occurrence on the earth in past geologic ages. 
He condudes that in the absence of living organisms to destroy them 
highly complex organic systems can have developed. The first sdf- 
duplicating nudeoprotein originated as a step in this process of chemical 
evolution. The origin of living matter by physicochemical means thus 
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presupposes the existence of a highly complex chemical environment. 

To summarize, the hypothesis presented here suggests that the first 
living entity was a completely heterotropic unit, reproducing itself at the 
expense of prefabricated organic molecules in its environment, A deple¬ 
tion of tlie environment resulted until a point was reached where the supply 
of specific substrates limited further multiplicatipn. By a process of muta* 
tion a means was eventually discovered for utilizing other available sub¬ 
stances. With this event the evolution of biosyntheses began. The 
conditions necessary for the operation of the mechanism ceased to exist 
witli the ultiniate destruction of the organic environment. Further evolu¬ 
tion was probably based on the chance combination of genes, resulting to 
a large extent in the development of short reaction chains utilizing sub¬ 
stances whose synthesis had been previously acquired. 

^ Garrod, A. E., Inborn Errors of Metabolism^ Oxford University Press (1923). 
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STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 
SUBSTANCES. V. STRAIN RESISTANCE OF BACTERIA TO 
ANTIBIOTIC SUBSTANCES, ESPECIALLY TO STREPTOMYCIN^ 

By Selman a. Waksman, H. Christine Reilly and Albert Schatz 

Nkw Jersey Agricultural Experiment Station, Rutgers University, 

New Brunswick, New Jersey 

Communicated April 17, 1946 

Different strains of the same species of bacteria are found to vary greatly 
in their sensitivity to a given antibiotic substance. This phenomenon 
has an important bearing upon the utilization of the substance for chemo¬ 
therapeutic purposes, where a knowledge of the sensitivity of the particular 
strain of a given organism responsible for a certain disease becomes of 
paramount importance. 
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It has been definitely established that when a culture of an organism 
is grown in the presence of a certain antibiotic substance, it becomes re¬ 
sistant to increasing concentrations of the substance; strains may thus 
be obtained that have become adapted to the action of the antibiotic 
agent and tliat require far greater concentrations for growth inhibition 
as compared with the parent or mother culture from which they were 
isolated. This has been shown to hold true for the action of lysozyme on 
. Micrococcus lysodeihticus^ and for various antibiotic and chemical agents 
against different bacteria. This phenomenon has been studied extensively 
in recent years as applied to the effect of penicillin on a number of bacteria, 
including Staphylococcus aureus,^ pneumococci,staphylococci, strepto¬ 
cocci,® gonococci® and various others. Different strains of 5. aureus have 
been shown^^ to vary in their susceptibility to penicillin in a range of less 
than 0.1 unit to greater than 1.0 unit. 

Davies, Hinshelwood and Price* explained the phenomenon of adapta¬ 
tion of an organism to an antibacterial agent by one or more of the following 
mechanisms: (1) Adaptation occurs by natural selection from an initially 
heterogeneous population; this concept has lost, however, much support, 
since variations have been found to occur in strains derived initially from 
a single cell. (2) Adaptation occurs by actual modification of tlie indi¬ 
vidual cells; this may be due to tlie establishment in the cells of a mecha¬ 
nism alternative to that normally in use, or a quantitative modification 
of the existing mechanism occurs, (3) Adaptation is a change in some 
center of organization of the cell. In summarizing the various theories 
explaining the phenomenon of bacterial adaptation, Hinshelwood’ con¬ 
cluded that when variations or adaptive changes occur, there is an actual 
modification of the character of the individual cells, although selection 
may be superimposed on this when modified and unmodified cells exist 
together, Demerec* concluded that resistance of S^ aureus to penicillin 
originates pirough a mutation mechanism, and that penicillin acts as a 
selective agent to eliminate the non-resistant members of the bacterial 
population. 

The adaptation of a certain bacterial strain Uy a given antibiotic sub¬ 
stance does not necessarily signify that the strain is also resistant to 
another substance- A certain organism may become more resistant to 
penicillin by growth in gradually increasing concentrations of this anti¬ 
biotic in an artificial culture medium, or more resistant strains of this 
organism may be isolated from patients treated with penicillin. Such 
strains do not necessarily show the same range of resistance to another 
antibiotic substance, like streptomycin. It was found,for example, in 
a study of the variation of spore-forming bacteria, that different strains 
resistant to streptothricin are not at all resistant to clavocin or to fuxni- 
gacin. Different strains of staphylococci were found'' to show differoit 
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degrees of resistance to penicillin, tyrothricin and streptothricin, the 
action of one antibiotic not being necessarily paralleled by the action of 
another. When resistant strains are grown in media free from the anti¬ 
biotic, a reversion may occur either gradually or suddenly and spontane¬ 
ously; however, some of the resistant variants may be very stable.*^ The 
sensitivity of different strains of the same organism to a single antibiotic 
may also depend upon the morphological and physiological characteristics 
of the strains, as shown for the sensitivity of sporulating and non-sporu- 
lating strains of Actinomyces griseus to streptomycin.^* 

[[^In the following investigations a study has been made of the sensitivity 
and adaptation of different strains of various gram-negative and gram¬ 
positive bacteria to streptomycin.** This antibiotic agent was selected 
because of its specific capacity to inhibit the growth of bacteria belonging 
to both gram-negative and gram-positive groups,*' ** ** and because of its 
chemotherapeutic potejititdities.* 

TABLE 1 

Effect op Strhptomycin upon Different Strains of E. coli and E. cotnmunior 


•E. coli ' --- >■ . . . jE. communior- 


CUI.TUKB NO. 

D. U.® 

CUtTUBJl NO. 

D. U. 

ATCC 26 

30 

ATCC 130 

30 

ATCC 6522 

30 

ATCC 4103 

30 

ATCC 6880 

10 

ATCC 4351 

30 

ATCC 6881 

30 

ATCC 4362 

30 

ATCC 8677 

100 

ATCC 7011 

30 

ATCC 8739 

30 

Average 

30 

W 2 

30 



W 4 

30 



W 5 

30 



Average 

35 




** D, U. dilution units per 1 ing. as determined by plate method. 

Experimental —Most of the cultures of bacteria used in these studies 
werej^obtained from the American Type Culture Collection (ATCC), 
though some were taken from our own collection (W), and some were 
received from special sources, as will be indicated. The streptomycin 
used in most of the experiments was a dry, fairly stable preparation pro¬ 
duced in our own laboratory; it had an activity of 58 units per milligram. 

In the first group of experiments, a number of pure cultures of bacteria 
comprising three gram-negative and two gram-positive species were tested 
for their sensitivity to streptomycin. The results presented in table 1 
show that out of nine strains of Escherichia coli and five strains of E, 
eonmunior, only one was very sensitive (100 units) to the antibiotic agent 
and one was very resistant (10 units); the remaining twelve strains were 
about equally sensitive, giving about 30 units as measured by the agar 
Streak method. 
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Greater variation was obtained in the sensitivity to streptomycin of 
different strains of Proteus vulgaris and S. aureus tested by the same 
method, although the average values for these organisms as well were 
about the same as for J£. colt (table 2). Out of seven cultures of Pr, vulgaris 

TABI.K 2 

Effect of Streptomycin upon S. aureus and Pr, vulgaris 


‘Pr, pulgaris . .^ , - - — ■— aureus- 


CULTOBK no. 

0. u. 

culturb no. 

D. U. 

ATCC 6898^* 

30 

ATCC 152 

25 

ATCC 7829 

76 

ATCC 6518 

26 

ATCC 8259 

50 

ATCC 6538 

45 

ATCC 8427“ 

10 

ATCC 8094 

30 

ATCC 948i 

30 

ATCC 8431 

20 

W 1* 

30 

W 1 

30 

w r 

20 

W 2 

25 

Average 

36 

W 4 

76 



Merck Institute 

30 



Average 

34 


* W I is same strain as 6898; W 2 is same as 8427. 


used in these tests, one was very resistant (10 units) and one was rather 
sensitive (75 units), the remaining five cultures showing sensitivity to the 
particular streptomycin preparation ranging from 20 to 50 units, with an 
average of 35 units. The range in sensitivity of the nine S. aureus strains 
was from 20 to 75 units, with an average of 34 units. 

The sensitivity of six strains of Bacillus suhtilis to streptomycin is brought 
out in table 3. In the case of this organism, as well, there was considerable 

TABLE 3 

Effect of Streptomycin upon Different Strains of B. subtilis 

PtrPVSXON (cup) URTEOI). StONIt OF 

/-DIWinOM (PLATB) MRT»Ot>'-. ----—IWKIBITION. MM.-* 


CUl^TURB 

P. V. 

DJI^UTION 1; 5 

mLUTjON 1: 25 

ATCC 102 

30 

19.5 

13.0 

N. R. Smith 237 

100 

19.0 

14.6 

N. R. Smith 972 

30 

16.8 

12.0 

ATCC 6633“ 

250 

26.3 

20.5 

ATCC 8473 

100 

23.0 

17.6 

W9“ 

260 

26.0 

20,0 

Average 

109 




‘ ATCC 6633 is the same strain as W 9. 


variation among the different strains. The tests with this organism were 
carried out by two methods, namely, the agar streak or plate dilution and 
the agar diffusion or cup methods. The d^free of sensitivity of B. subtUis 
to streptomycin was found to be characteristic of the strain rather than of 
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the organism. Two strains, 102 and 972, were markedly resistant to 
streptomycin, as measured by both methods, the degree of resistance 
being of about the same order of magnitude as for the average strain of 
B. coU, Most of the strains of J5. subtilis were, however, much more 
sensitive. The most sensitive strain was available in two different cul¬ 
tures, namely, ATCC 0633 and W 9; both showed the same degree of 
sensitivity by bo.th methods of testing. Strain 237 produced by the cup 
method, in addition to the clear, easily readable zones, also secondary and 
even tertiary zones, which tended to confuse the readings, since only the 
clear zones were measured Finally, strain 8473 did not produce the 
same type of growth as did the other strains of S. subtilis; it formed rough 
surface colonies which gave the plates a peculiar appearance, although 
they did not interfere with the reading of the zone of inhibition. With 
the exception, therefore, of the last two cultures, the strains of B. subtilis 
varied in their sensitivity to streptomycin as much as 10: L 

TABLE 4 

Bactbrjcidal Effect of Streptomycin upon Pr. vulgaris 

INCUBATION WITH 
STRttPTOMyClN, 

HRS. .-{ITRBrrOMYCIN PBR 1 Ml<. CULTURB-—-' . 

0 2 10 50 


MILLIONS OP CBLLS PER i ML. 


0 

1,290 

1,290 

1,290 

1,290 

6 

2,150 

1,010 

665 

100 

24 

1,470 

110 

30 

2.3 

48 

745 

1.2 

0« 

O'* 

124 

360 

0 

0 

0 


® 1-4 colonies on a plate from 1:100,000 dilution. 

In order to establish the manner in which strains of a given culture are 
capable of developing resistance against streptomycin, Pr, vulgaris was 
selected for more detailed studies. At first, the effect of the concentration 
of streptomycin upon its bactericidal action was determined by using a 
single strain (No. 2) of Pr. vulgaris. The results of a typical experiment 
are given in table 4. When 2.0 to 10 units of streptomycin were added to 
a culture of Pr, vulgaris all the cells were killed in 48 to 124 hours; when 
one unit was used, there was only a temporary inhibition of growth, which 
was later overcome. Cultures of Pr. vulgaris, treated with the larger 
amounts of streptomycin, were streaked, after 6 days' incubation, on 
nutrient agar plates, and the colonies produced from a few surviving cells 
were isolated and transferred to fresh media. A new strain was thus 
obtained possessing all the cultural and staining properties of the mother 
culture; however, it proved to be more resistant to streptomycin. This 
new strain was designated as R. Two original strains and the resistant 



162 


BA CTERIOLOG Y: WAKSMA N, ET AL. 


Pitoc. N. A. a 


form were inoculated into several lots of fresh broth containing varying 
concentrations of streptomycin. The numbers of viable bacteria wwe 
determined after several periods of incubation at 37*^0. The results re¬ 
ported in table 5 show emphatically that strain R, isolated from culture 
No, 2, became highly resistant to the action of streptomycin. 

The sensitivity of the original culture of Pr, vulgaris and that of the re¬ 
sistant strain R was now measured against streptothricin, an antibiotic 
substance closely related to streptomycin. The results, which need not 
be reported here in detail, tended to demonstrate that strain R, made 
resistant to streptomycin, also became, though perhaps not to so great a 
degree, resistant to streptothricin, thus pointing to a certain similarity in 
the two substances- When, however, a totally different type of antibiotic 
agent was used, namely, clavacin, no difference could be found in the 
sensitivity of the streptomycin-resistant strain R as compared to that of 

TABLE 5 

Bactericidal Action of Streptomycin in>oN Pr. vulgaris and a Freshly Isolated 
Resistant Strain of this Organism 

Number of Cells in Millions per 1 MI. 

aTRBPTOMYClN 

UNITB PBR I ML. CtlLTyAB W 1 CVLTURB W 2 tTEAlK R 

/— -AT START .— . 

39.6 46.6 . 26.0 

^ — -“ARTKR 28 MRS.* IWCtTSATIOW ..—— ■» 

616.0 560.0 

0.66 190.0 

9.0 

0“'^ 3.13 

“ 1 colony on a plate from 1: l(XX) dilution. 

* colonies on a plate from 1:10 dilution. 


0 

1 

6 

26 


375.0 

0.01 

0 “ 

0 


the mother culture No, 2. Thus, a strain of a bacterium that becomes 
resistant to a given antibiotic substance may also be resistant to a related 
compound, but not to a different type of antibiotic substance. 

The results of a more detailed study of this phenomenon, using the 
mother culture and the resistant strain R of Pr- vulgaris, as well as two 
corresponding strains of 5. aureus, are presented in table 6. With the 
first organism, the previous observations are confirmed. With S. aureus, 
however, the strain made more resistant to streptomycin was not rendered 
resistant to streptothricin. A possible explanation for this discrepancy 
may be found in the fact that the resistance of 5- aureus to streptomycin 
was not increased sufficiently. The ratio of the activity of streptomycin 
against the parent strain of Pr* vulgaris to that against Uie resistant strain 
is about 12:1, whereas the ratio of the activities of str^tothricin against 
these two strains is 6:1, With S. aureus, however, streptomycin was 
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only five times less active against the resistant strain than against the 
parent strain. Thus, if one assumes that these two agents act similarly 
against Pr. vulgaris and 5. aureus, the resistance to streptomycin of the 
new strain of S. aureus is not sufficiently higher than that of the parent 
strain for differences in their resistances to streptothricin to become ap¬ 
parent. 

The action of scvexal antibiotic substances upon four cultures of 5. 
aureus and their corresjwnding strains made resistant to streptomycin 
was now determined. These cultures were obtained from The Merck 
Institute of Therapeutic Research. The ratio of sensitivity to strepto¬ 
mycin of the resistant strains to that of the motlier cultures varied fxx)ni 
750 to >2000. Wlien tested against streptothricin, the corresponding 
ratios were 1 to 4, thus indicating oJily a very low degree of increase in 
resistance. When tested against clavaciu and St, an antibiotic substance 

TAB1.K 6 

Bacteriostatic Activity op Antibiotic Substances upon Strbptomycin-Resistant 

Strains of Two Bacteria 

^--— -ACTIVITY, DlT,UTlON PK* MU. —-—, 


antibiotic aoknt 

STRAIN 1 

- Vr . vulgaru — 

HTRAtN 21 

kbbibtant 

STRAIN X 

i»arbnt 

STRAIN 

aureus - 

xnaiSTANX 

STRAIN 

Streptomycin 

250 

100 

8 

250 

50 

Streptothricin 

2,50 

150 

25 

250 

250 

Clavacin 

150 

150 

150 

200 

250 


® The activity of the antibiotic agents was for strcptomyoiii, 5S units; streptothricin, 
500 units; and for the crystalline clavaciu, 200 unit.s; the actual results obtained for 
streptomycin were multiplied by 8.3, namely, the activity ratio of the streptothricin 
and streptomycin preparations, in order to make them comparable. 

* Strain 2 is the parent culture from which the resistant strain R has been isolated, 

produced by an aerobic spore-forming bacterium, no difference whatsoever 
in the sensitivity of the original cultures and streptomycin-sensitive 
strains could be detected. 

Summary, —Different strains of the same b^teriaJ species may vary 
greatly in their sensitivity to streptomycin. The ratio of sensitivity 
to a given preparation varied for E, coU from 100 to 10 units with an 
average of 35; for Pr mdgaris, 75 to 10 units (average 35); for S, aureus, 
20 to 76 units (average 34); and for jB. suUilis, 30 to 250 units (average 109). 

A streptomycin-resistant strain of Pr. vulgaris showed also a certain 
d^ee of Resistance to streptothricin but none at all to clavadn. fgn 

A strain of 5. aureus that was made only slightly xesistant to strepto¬ 
mycin showed no resistance to streptothricin. Several highly resistant 
strains of 5. aureus showed no increase in resistance to clavacin and to an 
antibiotic substance isolated from a spore-forming soil bacterium, and 
only a trace of increased resistance to streptothricin. 
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STABILIZING INFLUENCE OF LIBERAL INTAKE OF 
VITAMIN A* 

By H. C. Sherman and H. L. Campbell 
Department of Chemistry, Colxtmbia University, New York 
Communicated May 12, 1946 

Recently we have reported evidence that liberality of nutritional intake 
of vitamin A tends to postpone ag^ng and to increase the length of life.^ 

It is now found further that offspring of the (rat) families having the 
higher vitamin A intakes grow not* only somewhat more rapidly but also 
with distinctly lesser individual variability, thus indicating both a favorable 
and a stabilizing influence, of liberal vitamin A, upon the growth process. 

Table I shows the mean weights at specified ages and the mean gain 
in weight from the 2Stli to the 56th days of age (end of infancy to early’ 
adolescence in the rat) for strictly parallel series of experimental animals 
on Diets 16, 360 and 361, which are otherwise alike but contain, respec¬ 
tively, 3, 6 and 12 International Units of vitamin A per gram of air-dry 
food; or 0.8, 1.6 and 3.2 I. U. per food calorie. 

It will be seen that early growth is more rapid on the diets with 6 or 12 
than on that with 3 I. U. per gram; while the growth was essentially alike 
on the two higher levels, This was equally true for each sex. Weights 
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Meansingrams (93) 54.2*0.89 (84) 69.6*0.81 (78) 70.4*0.70 (92) 44.0*0.90 (91) 59.2*0.53 (76)59.2*0.55 

CoeBBcient of TariaUon 28.3 15.9 13.1 29.3 12.8 12.2 
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of pregnant females were not included in the averages for their respective 
age groups. Adult weights will be seen to be essentially alike for the 
6- and 12-unit levels, and relatively little higher than for the corresponding 
animals on the intake level of 3 units per gram. The coefficients of varia¬ 
tion of the bt>dy weights, as distinguished from gains, were small in all 
cases. 

Much more striking are the facts brought out in the lower section of 
table 1 which show t^t in the period of rapid growth, between the 28th 
and 50th days of the life of these rats, the coefficient of variation of the 
individual data of the respective groups or series are, in both sexes, much 
larger for those on the 3 I. U. than for those on the 0- and 12-1. U. levels 
of vitamin A per gram of food. Yet rat families in our colony arc thriving 
in the 58th generation on the diet containing even the lowest of these three 
levels. 

We conclude that while 3 I. U. of vitamin A per gram of air-dry food 
(or 0.8 I. U. per food calorie) fully meets the requirements of adequacy, 
as the word is commonly understood, there is a somewhat higher and a 
much less variable rate of growth when the level of vitamin A intake is 
twice or four times higher. 

This stabilizing effect appears to be a further advantageous influence of 
the same liberal levels of dietary vitamin A that have previously been 
shown^ beneficial to adult vitality and length of life, 

* Aided by grants from The Nutrition Foundation, Inc. 

* Sherman, H. C., Campbell, H. L., Udiljafc, M., and Yarmolinsky, H., these Pro- 
CKKiMNGs, 31, 107-109 (1946). 


ILLUSTRATIONS AND SIMPLE ABSTRACT PROOF OF SYLOW^S 

THEOREM 

By G. a. Milter 

Department op Mathematics, University of Illinois 
Comzntmicated April 30, 1946 

Sylow’s theorem in the theory of finite groups consists of the following 
three parts: If the order of a group G is divisible by p being a prime 
number, but not by a higher power of p, then G contains at least one sub¬ 
group of order p*^, and if it contains more than one such subgroup all of 
these subgroups are conjugate under G and their number is of the form 
1 + kp. The first of these three parts can be proved independently of the 
other two parts. In fact, these two parts follow almost directiy from the 
first of these three parts. Hence this part will receive most of our attention 
in what follows. 
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A Norwegian mathematician, L. Sylow (1832-1918), was the first to 
publish this general theorem. It appeared in the French language in a 
German mathematical journal called MathemaHsche Annaien, 5, 584“594 
(1872). This was about two years after the first treatise on group theory 
was published by a well-known French mathematician, C. Jordan (1838- 
1922). The title of this very influential work is Train des substitutions 
et des Equations algbbriques (1870), Various parts of this standard work of 
XVIII + 667 large pages could have been much simplified by the use of 
Sylow’s theorem if it had then been known. Important steps toward 
its proof had been taken earlier. In particular, the noted French mathe¬ 
matician, A. L. Cauchy (1789-1857), published a proof of the fact that if 
the order of a group is divisible by a prime number then the group contains 
a subgroup whose order is equal to this number and hence the theorem 
has often been called the Cauchy-Sylow theorem. This special case had 
been stated without proof by E. Galois (1811-1832). 

When G is an abelian group it can be proved very easily that Sylow’s 
theorem applies to it by using the following obvious theorem relating to 
the order of the product of two commutative group operators. This order 
is the product of all the powers of the prime numbers which appear to a 
higher power in the order of one of these two operators then in tlie order 
of the other and the product of divisors of powers of prime numbers appear¬ 
ing to the same highest powers in the orders of the two given operators. 
The same theorem may be expressed by saying that if />" is the highest 
power of p which divides the order of one of the two given operators but 
is not a divisor of the order of the other tlien it is a divisor of the order of 
tlieir product but if />* is the highest power of p which divides the orders 
of both of these operators and neitlier of them is divisible by a higher power 
of p then the order of their product is divisible by no higher power of p 
than p**. The product of all such powers of prime numbers is the order of 
the product of tl-e two given group operators. 

From this, theorem it follows directly that if none of the operators of the 
abelian group G has an order which is divisible by p then the order of G 
cannot be divisible by p and if the order of such an operator of G is divisible 
by p this operator is the product of an operator whose order is a power of 
p and an operator, which may be the identity, whose order is prime to p. 
Hence sill the operators of G may be supposed to be so represented that 
some of them have orders which are powers of p while the rest of them 
have orders which are prime to p. The former will therefore generate a 
subgroup whose order is a power of p while tlie latter generate a subgroup 
whose order is prime to p and G is the direct product of these two sub¬ 
groups. The order of the former subgroup is the highest power of p which 
divides the order of G and this is therefore the Sylow subgroup of order 
contained in G. 
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It remains to consider the case when G is non-abelian, and it may first 
be noted that it may be assumed that G is one of the non-abelian groups of 
smallest order to which Sylow's theorem does not apply in case it does not 
apply to G. If G contains more than one invariant operator all of its 
invariant operators generate an invariant subgroup of G. Since both the 
order of this subgroup and the order of the corresponding quotient group 
are smaller than that of G it follows that Sylow’s theorem applies to both 
of them and hence it also applies to G, which is contrary to the stated hy¬ 
pothesis. It therefore follows that it may be assumed that the identity 
is the only invariant operator of G. 

All the operators of G can be arranged in sets of conjugates such that 
no two sets have any operator in common and that the identity alone con¬ 
stitutes one of these sets. Each of the operators of one of tlie sets is 
transformed into itself by all the operators of a subgroup of G and the 
number of the operators in the set is equal to the order of G divided by the 
order of a subgroup of G. Hence there results the following equation: 

g = 1 + gi + ga + . .. + 

In this equation g represents the order of G and gu gh • • •» g« represent 
the numbers of the operators in tlie given sets of conjugates. It should be 
noted that each of the numbers gi, g 2 » • •» gu usually exceeds unity and is 
equal to g divided by the order of a subgroup of G. 

Since p divides g it cannot divide each of the numbers gu gu • ■ • i gu* 
Hence there is at least one of these numbers which is prime to p and each 
of the corresponding subgroups must have a common order which is 
divisible by />"*. These subgroups are found in G and hence G contains 
a subgroup of order p^. To prove that all the subgroups of order in 
G form a single set of conjugates it may be noted that a given one of these 
subgroups could not transform into itself another one of them since g is 
not divisible by a higher power of p than p”*. Therefore it results that if 
there were more than one set of such subgroups it would follow tliat if 
those of a set were transformed by one of their conjugates the number of 
the subgroups in the set would be of the form I + kp and if those of the 
same set were transformed by one of those in another set of conjugates this 
number would have to be of the form kp. Since this is a contradiction it 
has been proved that all these subgroups of order are conjugate under 
G and that their number is of the form 1 + kp. 

The equation 


««1 + gi + «»+...+ g« 

is fundamental. When « ™ 1, G is obviously the group of order 2. When 
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» «= 2 G is either the group of order 3 or the symmetric group of order 6. 
When G is any abelian group n is clearly equal to g — 1 and hence it is 
only necessary to consider the cases when G is non-abelian. In all of these 
cases n is less than g — 1 and at least equal to the number of the distinct 
prime numbers which divide g. If it is equal to this number g cannot be 
divisible by the square of a prime number and hence it contains then an 
invariant subgroup whose order is tlie largest prime number which di¬ 
vides g. Hence the symmetric group of order 6 is the only group in which 
n is no larger than the number of the distinct prime numbers which divide 
g when G is a non-abelian group. 

For every prime divisor p oi g there is at least one of the numbers gi, 
which is prime to p and the sum of all such numbers when this 
sum is increased by unity is divisible by p. This includes the well-known 
theorem that every group of order p'” contains at least — 1 invariant 
operators besides the identity, since the number of the operators in fvery 
set of conjugates of such a group is divisible by p whenever the set contains 
more than one operator. Hence the formula g — 1 + gi + g 2 + • • + gn 
which is useful in proving Sylow’s theorem is also useful in the study of 
the prime power groups. A necessary and sufficient condition that G is 
an abelian group is that each of the numbers gi, gj, ..., g« is unity and 
hence n has then its maximal value. 

When G is non-abelian the maximal value of n will clearly result when 
the number of the invariant operators of C is as large as possible and each 
of the non-invariant operators of G has only two conjugates under G 
provided that both of tliese conditions can be satisfied at the same time. 
This can be done in the present case. In fact, the largest number of the 
invariant operators of a non-abelian group can clearly not exceed the order 
of the group divided by 4 and when it is equal to this number the com¬ 
mutator subgroup of the group is of order 2 and hence each of the non- 
invariant operators of G has exactly two conjugates under G. In other 
words, when G is a non-abelian group the maximal value of n is 5g/8 “ 1 and 
the central of G is of order g/4 while its cotnmutator subgroup is of order 2. 
The octic group is clearly the smallest group which satisfies these condi¬ 
tions, 

A necessary and sufficient condition that the non-abelian group G con¬ 
tains a maximal number of sets of conjugate operators is that it contains 
three abelian subgroups of index 2. If it contains two such subgroups it 
also contains three such subgroups and its central is of index 4 under G 
while its commutator subgroup is of order 2. The theorem that a non- 
abelian group has three, one, or no abelian subgroups of index 2 is a special 
case of the theorem that a non-abelian group of order has ^ + li one, or 
no abelian subgroup of index pt where ^ is a prime number. If a non- 
abelian group of order contains more than one abelian subgroup of 
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index p the number of its sets of conjugate operators is 

and hence the maximal value of n in this case is p^'“^{p^ + /> — 1) — 1. 
This evidently reduces to 5g/8 — 1 when /? = 2 as was noted above. 


ON THE NUMBER OF SOLUTIONS OF CERTAIN NON-HOMO^ 
GENEOUS TRINOMIAL EQUATIONS IN A FINITE FIELD 

By H. S. Vandiver 


Department of Pure Matubmatics, University of Texas 


The relation 


Communicated May 7. 1945 


auT + + 1 - 0 , ( 1 ) 


where a and h are given elements of a finite field F, with u and v to be de¬ 
termined in F, with ahuv ^ 0, has been studied by Mitchell,^ For the 
special case where F consists of residue classes with respect to a prime 
modulus, this equation has been studied by a number of writers,^ All the 
methods used by these writers appear to depend on a certain symmetry 
arising from the fact that the exponents of u and v are the same. 

However, in another paper* the writer obtained, based mainly on ex¬ 
tensions of a method due to V. A. Lebesgue,* an expression for the number 
of roots of equation (1) modulo p which was independent of this symmetiy. 
Hence, we shall apply this latter method to the consideration of 

au* + “f 0 (la) 

and 


aw* + + 1 *• 0. (16) 

We shall find expressions for the number of solutions (w*, tt^) of equation 
(la) and the number of solutions (w*, v^) of equation (16) in a finite field F, 
providing that ahumio ^ 0. If we obtain this number, then we may 
immediately find the number of solutions (w, v, w). Also we may confine 
ourselves to the case where e,/ and g are divisors of p'* “• 1, where the order 
of F is p", when p is prime, as the other cases depend on this. 

Using Theorem II of my previous paper,* we determine N in the relation 


N « X!)(l - (axi + bx3 + Xb)^*"^), (2) 


when the summation extends over Xt, Xi, x$, where xi ranges independently 
over all the distinct values such that Xi^ — 1, similarly x^ over all roots of 
X 2 ^ = 1, and x$ over all roots of x/ 1, where 
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To reduce equation (2) we write 

(axi + bxi + ^^J.axi + ~ (2a) 

Now 

ki /’)>■ (26) 

and we may write, by further expansion, 

(axy + bx, + i: 1)*‘ f*‘') 

**- 0 r ,-0 \ri/ 

in the field. The summation of this with respect to Xn leaves only terms 

involving since — 1 ~ ^ 0(mod j) must hold for such terms, 

and we setjk = ki. vSimilarly, summation with respect to Xi gives hr =» n, 
and with respect to X 2 gives — hr ^ 0(mod f). This yields 

i: (axr + hxy + x^)*'-^ = hij t: E 

XUXiyXl f 

where r ranges over the values d in the set such that jk — hd ^ 0(mod i). 
Using this relation witli equation (2), we have 
Theorem I. If N is the number of distinct solutions {u\ w^) of the equa¬ 

tion 

+ bv^ + ^ 0 

in a finite field F of order p^t "Ufkich contains a, b and c; abuvw ^ 0, then 

^ = -hijt (-1)*^ (3) 

in F. Here «, / and g each divide 1; 



and r ranges over the values d in the set 



such thaijk ^ hd^ O {mod i). 
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In the same way we may consider the equation 

aw* + + I — 0, abuv ^ 0, (4) 

and obtain by the same method, for the number of its solutions (w*, v^) in 

F(^«) 

-A* i: t (-1)*'. (5) 

where 

We may then state the following: 

Theorem II. If N is the number of distinct sets of solutions (w*, v^) in a 
finite field Fip*") of 

au* + + 1 = 0 

where abuv 9 ^ 0, then N has the form (5), in the field. 

The number of solutions of equation (4) is at most 1, for » = 1, 
so that we have the 

Theorem III. The number of sets of distinct integral solutions {u\ v^) of 
avf + W + 1 ^ 0(mod />), (6) 

where a atid b are integers, p is prime {abuv, p) ^ 1 , 



is the least residue 0 of 

-hi f t (-1)*‘ (7) 

modulo p, where 

‘ 

In the proof of Theorem I we could also have written the right-hand 
member of equation (2a) in the form 

(a*x -i- *,)*■ 

ki^o \ ttl / 

'E ihx» + 


as well as 
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This shows that if we call the expression (7), A{h^ itj)^ then this equals 
in the fieldi each one of the expressions obtained by interchanging the 
letters i, j in the proof of Theorem I, namely: A (it h, j), A(i, j, h), 
A (J, it h)t A (A, jt i) and A 0, A, i) ; and these are all equal to N in the field. 
This fact does not appear easy to prove by any direct method. 

As an application, the number, AT, of sets of distinct integral solutions 
{x^t y®) f>f 

ax^ + Ay® + 1 0(mod p) 


p 1 

where a and b are integers, p is prime {axby, />) = !, and A “ —-—, is seen 

4 

by Theorem If! to be equal to the least integral residue nmdulo ^ 0 of 


/> - 1 /) - 1 
4 ’ 2""'* 




Modulo pt this reduces, after using relation (26), to 
-'A (*“ + + 1 + (-!)*«* + »“ + (-l)*o** + 1). 


As is known p can be expressed uniquely In the form 

P = i\r\y + {|s|)* 


( 8 ) 

(8a) 


with r and s of different parity. Let us select s to be positive and even 
and choose the sign of r so that r has the form 4n — 1 if p has the form 
8» + 1, but so that r has the form 4n + 1 if p is of the form 8w + 5. It 
is also known® that in this case 

(_l)* + >2r^^2A^(n,odp). (8b) 

Let g be a primitive root of p defined by the congruence 

rg* + 5 ss {){mod p). (8c) 

Such a g will always exist; and a can be expressed as 

/ = 0, 1, 2, 3, 

Therefore, using relations (86) and (8c), we find 

N^- V8(6“ + (-!)*■*■’ 2rg'*J** + £"*6** + 6), (9) 

if 

(-l)V*«l(mod^.); (10) 
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and 


iVS= - 4- (-1)*+* 2 rg‘* 6 ** + 2 ** 6 ** + 1), 


( 11 ) 


(~1)V* ^ l(modp). 


( 12 ) 


Let either I — 0, and h be even; ort=2, and h be odd. Then relations 
(9) and (10) apply, and congruence (9) reduces to 






where is the Legendre symbol. Now let cither / = 0, and h be odd; 

or / = 2, and h be even. Then congruences (11) and (12) apply, and relation 
(11) reduces to 






+ (!)+■)• <“> 


while if ^ 1 or / — 3, then relation (11) applies and can be written, 

using relation (8^:) 

These formulae determine N as a least positive or zero residue modulo p. 
However, it is poSvSible when p> 13 to exhibit N as an integer without any 
reduction with respect to the modulus p, as shall now be shown. 

Designate by ^ = 1, 2, 3, respectively, the number —SN in relations 
(13), (14) and (15). Then 




7 + 2|rL jasl g 3 + 2 rj, asl ^1 + 2^' 


and from relation (Sa) 


H < Vp, s < Vp 


so 


l«d| S 7 + 2 Vp- 

When p > 13, then it is easy to show that 

7 + 2 y/p < pt 

and 

\-oia\ + 7p <(ip. 


(15a) 


(16) 


Now since N ss — ygaj(mod p), or SN ^ —04 + zp, it follows that 0 s 
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— ad + zp{mod 8). Since p and 8. are relatively prime, this linear con¬ 
gruence in s has just one non-negative integral solution 0 < 8. 

SN HH — ad + ^/>(mod p). (17) 

Since | ™ + ^/>| < and N is the least non-negative integral solution 

of equation (17), therefore N equals the lesser non-negative one of the 
following two numbers; 

— ““ ^P)\ — (H “f e)p). 

The same reasoning will apply to the case /> = 13 if O(mod 13). 
Theorrm IV. The number, N, of sets of distinct integral solutions 
{x\ y^) of 

ax^ + by- + I 0(niod p) (18) 

where a and b are integers, p is a prime > 13 of the form 4h 1, and {axhy, p) 
~ 1 , is equal to the lesser non-negative one of the following two numbers: 

— ^p)> 

- V8(«. - (8 + e)p), 

where 9 is the least non-negative integral solution z of the congruence 

0 zs —aa + zp (mod 8), 

and where a^, d — 1,2, 3, is taken to he equal, respectively, to ^SNu — 8 N 2 , 

— (?A ^3 in congruences (13), {14), {15), 

CoROLi-ARY, The congruence {18) of Theorem IV for p > 13 always has 
solutions. 

This follows from the inequality (15a) and the fact that is odd and 
hence 5^0. 

I Ann. Math., II. 18 , 120 131 (1917). 

* Cf, the references given by Mitchell in his article above cited, as well as Dickson, 
Ant. Jour. Math., 57 , 391, 463 (1935); Trans. Amer. Math. Soc., 37 , 363 (1935). 

* These ProcrbdinGvS, 30, 362-367 (1944). 

* Jour, de Math., I, 2, 260-266 (1837). The writer was in error in ascribing this 
method, as applied to trinomial congrucnct^s involving rational integers, to Hurwitz. 
Lebesgue in the reference just cited went much further than Hurwitz, obtaining a result 
which is closely related to Theorem III of the article referred to in the third footnote 
above, page 367. 

* Bachmann, Vie Lehre von der Kreisteilung, 133, 135, 136 (1872). 
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A CONTRIBUTION TO THE CYTOLOGY OF THE AUSTRALIAN^ 
SOUTH PACIFIC SPECIES OF NICOTIAN A* 

By Helen-Mar Wheeler 
Department' of Botany, University op California 
Communicated June 4, 1945 

Although most of the fifty-eight species of the genus Nicotuina (Good- 
speed^) are restricted to North and South America and adjacent islands, 
fifteen are peculiar to Australia and the South Seas. Of these, thirteen 
are limited to Australia, one, N. Dehneyi, to Australia, New Caledonia 
and Lord Howe Island, and one, N, fragrans, occurs on the Isle of Pines 
near New Caledonia and eastward in a few scattered localities to the 
Marquesa Islands in the inid-South Pacific. As was recognized by Good- 
speed,* the fifteen Australian-Sfjuth Pacific species form a “genetic group” 
which he* has now designated as the section suaveolentes of the subgenus 
PETUNioiDES. Its nearest relatives today are South American species of 
the ALATAB, acuminatae and noctiflorak sections of that subgenus. 
The readiness with which morphological elements that give individuality 
to each of those three sections can be recognized in members of the suavko- 
LENTES suggests that all four sections may have been derived from a com¬ 
mon source. 

Detailed descriptions of species in the suaveolentes were given by the 
author* in 1935. The general pattern is that of an herb with conspicuous 
basal rosette or cushion of leaves and short, slender, forking stems termi¬ 
nating in long, spreading, loosely branching inflorescences. N, suaveolens, 
a variable species of medium flower size (25^-45 mm. long) and obovate 
cauHne leaf approximates the morphological mean. From it, N, fragrans, 
N. Debneyi and N. Bentkamiam are the most extreme departures although 
only the last-named species is separated by any considerable hiatus un¬ 
bridged by other species. N, fragrans has certain of the characters of N. 
suaveotens and also some of a long-flowered species, N. mtgalosiphon. N. 
Debneyi is approached by the small-flowered species. N. exiguuy and in leaf 
and indument by N. occidentalism In addition, N. tnarilima may be placed 
close to Nm velutina, N* suaveolms and N, Gossei; N, Gossei to N, excelsior; 



178 


BOTANY: H M\ WHEELER 


Proc. N. a. S. 


N. Goodspeedii lo N, exi^ua and N, rotundifoliu; N. rotundifolia to N. 
occidenialis. In other words, the section suaveolkntrs is an herbaceous 
^oup, the individual sjx'cies of which appear to be complexly interrelated 
and in general separated by distinctions of only small magnitude. As a 
contribution to the cytology of this geographically isolated section and its 
interpretation, this study presents data on chromosome number and 
morphology in thirteen species and evidence bearing ujx)n chromosome 
homology in twelve. 

Chromosome N^imber- AcconYm^ lo Goodspeed^ twenty-eight of the 
American species of Nicotiana are characterized by a somatic chromosome 
number of 12 pairs, nine species have 24 pairs, three have 9 pairs, two have 
10 pairs. Among the Australian-South Pacific species there are no 9-, 10- 
or I2*paircd ones but, as previously reported by Goodspeecl and Clausen/' 
East (from Goodspeed)/ Goodspeed (from Wheeler),--^ KostofF, Dogad- 
kina and Tichonova,^ \V^ieeler/'‘ Kostoff,**^'^^ Kostoff (from Clausen)/ there 
were four species which jkksscss 10, three IS, two 20 and one each 22, 24 
or ;^2t pairs. The author has now determined that two species, N. Bentha- 
miana and N. excelsior, stated by KovStolT^’^’ to be LS-paired are 19 paired 
in her material, and in addition reports 21 pairs for TV. occidenialis and 24 
pairs for N, fragrans, species for which chromosome number had not i)re" 
viously been determined. Thus, as shown in table 1, the series begins 
with 10 pairs, closes with 24 and lacks only 17- and 23-paired species of 
being continuous. It is composed of four species with 10 pairs (one con¬ 
taining 32-paire(l racesf), one with 18, two with 19, two with 20, one with 
21, one with 22 and two with 24. The species which is selected as the 
morphological mean, TV. suaveolens, has 10 pairs. N. fragrans and TV. 
Debneyi, outstanding variants in the group, have 24 pairs. The species 
of greatest nu^rphological isolation, TV. Benthamiana, has 19 pairs. Iden¬ 
tity or similarity in chromosome number may or may not parallel simi¬ 
larity in external morphology. In the case of three of the Hvpaired species, 
of an IS-paired and one of the 19-paire*d (TV. excelsior), and of a 21- and 22- 
paired, it does. By contrast, the lack of correlation is striking in the two 
20-paired and the two 24-pairecl spec'ies. 

Chromosome Morphology.- only comprehensive work on karyo¬ 
types in the American species of Nicotiana is that of Goodspeed.'' * Those 
species have an average chromosome length of from 2.2 /u in the genom of 
shortest chromosomes io at least 5.5 m in the genom of longest chromo¬ 
somes. Three categories of chromosomes are recognized: median (“jc") 
chromosomes in which the eentroTnere position is median, submedian 
(‘\?m”) chrornosonies where it is nearer the middle than the end, and 
subterminal (“ 5 /”) chromosomes where it is as near to the end as to the 
middle or nearer. Some species show only m or sm chromosomes, most 
have more m and sm than st chromosomes, and four (two each of sections 
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NOCTIFLORAK and ALATAE in the submenus pktunioides) have exclusively 
si chromosomes. Satellites occur on at least one pair in each species, on 
two pairs in >sotne, and rarely, in certain 24-paired species, on three pairs. 
In N. Langsdorffii there is an exceptionally large satellite. Constrictions 
not associated with centromere or satellite occur in some species. 

For the Australian-South Pacific species partial analyses of the somatic 
complements of five species were rejxnted by the auth<ir’* and referred to 
by Ckiods])eed.^ This earlier work was based ui)on imrafhn sections of 
root tips. The complete and detailed analyses of chromosome morphology 
in table 1 of thirteen species ()f the section suaveoeentks are products of 
recent studies in aceto-carmine smears of first microspore mitoses. For 
comparison with the rest of the genus the chromosomes are classified as to 
centromere position according to the terminology adopted by Goodspeed. 

The length of the longest chromosome in ils fully expanded condition 
in the suaveolrntks is approximately 5 ^ while the shortest is less than 2 }x. 
From species to species average chromosome length teruls to decrease as 
number of chromosomes increases. Within a particular complement the 
longest chromosome usually is approximately twice the length of the 
shortest although in N. Bentluimicum, N. Debntyi and N.fragrans the dis¬ 
tinction is much less; the transition from longest to shortest is gradual. 

As shown in table 1 there is no Australian-South Pacific species which 
jiossesscs cither all m or sm chromosomes or all st chromosomes. The 
lowest per cent of st (25%) occurs in the Ih-paired species, N. suaveolens, 
N. maritima and N. vehithui^ the highest (79^^o) in the 24-paired sjiecies, 
A. Debiteyi. In the main, as number of chromosomes in the complement 
increases there is progressive increase in number of si at the expense of 
m and sm chromosomes, but the relation is not a perfect one. N. fragrans, 
a 24-paired species, shows only (i7*per cent of si and N. Bentkamiana, a 
19-paired, 74 per cent. Throughout, a proximal satellite occurs either on 
one pair of si chromosotues or ml a pair which is almost on the border line 
between an sm and an st centromere position. In N, fragrans two pairs 
with proximal satellites apparently occur. Another satellite, in some 
species on the shorter arm of an sm chromosome and in others on an m 
chromosome, has been demonstrated in eleven species. It may also occur 
in N. occidentalis but the evidence is not conclusive. In N, Benthamiana 
a large segment separated by a distinct thread and ]>eculiar to an sm 
chromosome is consiiicuous. It is a question whether it has replaced 
the satellite mentiotied and, if vSO, whether it is characteristic of all races of 
the species. In ap})earance it approximates the large satellite found in 
N. Langsdorfii of the aeatae section (cf. Goodspeed’). Possibly more 
than two satellites will be found in N. Debneyi; there are six nucleoli in 
this species. On one to four m or sm chromosomes of all species except 
N, Benthamiana an additional slight constriction has been noted. When 
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most clearly shown, the chromosome arm containing it appears segttxented, 
although in other cases a flexure may be the only indication. 

In general it may be said of the karyotypes of the Australian-South 
Pacific species of Nicoiiana. that: (1) They show no morphological feature 
not also present elsewhere in the genus and particularly in those pktunioides 


TABKK 1 


SPKCIKB 

Chromosome Morpholoov 

TOTAL PATRH m PAIRS 

srn PAIRS 

Si PAIRS 

N. suaveolens Lebin. 

16 

8 (Is) 

4 (Is) 

4 

N. maritima Wheel. 

16 

8 (Is) 

4 (Is) 

4 

N. veluHna Wheel. 

16 

8 (Is) 

4 

4 (Is) 

N. exiffm Wheel. 

16 

0 (U) 

5 

5 (Is) 

N, Gossei Dotniii 

18 

6 

4 (Is) 

0 (Is) 

N. excelsior Black 

19 

5 

4 (Is) 

10 (Is) 

N. Benihamiana Domin 

19 

1 

4 (Is?) , 

14 (Is) 

N. me^alosiphon Heurck 
and Muell. Arg. 

20 

2 

4 (Is) 

14 (Is) 

N. Goodspeedii Wheel. 

20 

0 (Is) 

4 (Is) 

10 

iV. occidentalis Wheel. 

21 

4 

3 

14 (Is) 

N. rotundifolia Lindl. 

22 

4 (Is) 

3 

15 (Is) 

N. Dehneyi Domin 

24 

4 (Is) 

1 

W (Is) 

N.fragrans Hook. 

24 

2 (Is) 

6 

16 (2s?) 

m, centromere median; 

sm, submedian; 

si, subtenninal. 

Is, a satellite on one pair 

sections of closest resemblance (cf. 

Gcxidspeed*). 

(2) While 

no single 


karyotype pattern obtains consistently throughout the section save that 
all complements have w, sm and $t chromosomes, nevertheless there is 
unity, for there is no- conipleinent that cannot be related morphologically 
in some degree to that of every other species and, usually, related closely 
to that of one or more species. In this respect, chromosome morphology 
sometimes gives better indication of degree of relationship than chromo¬ 
some number alone. A case in point is the closer relationship of N. Gossei 
(18 pairs) to N, excelsior (19) than of either sjxecies to N, Benihamiana (19). 
(3) If one wishes to consider the section that in the light of Lewitsky’s** 
hypothesis that complements of equal-sized, equal-armed chromosomes 
usually are the more primitive (cf. also Sarana,*^ Goodspeed*^), phyletically 
the SUAVEOLENTES appear to be one of the more specialized groups in the 
genus and to have proceeded a long distance from the condition described 
by Goodsi>eed for the paniculai'ak section of the subgenus rustica. How¬ 
ever, no individual species of the suaveolbntrs has a complement con¬ 
sisting entirely of unequal-armed chromosomes. Hence, according to 
Lewitsky’s hypothesis, no suavkolentes species has reached the degree 
of arm length specialization possible for its chromosome number which 
N, longifiora of the alatae section as described by Holiingshead^* has 
attained. 
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Chromosome Homology .—Chromosome association to form bivalents 
or higher valencies at the first meiotic metaphase is considered here to be 
evidence of homology, i.e., evidence of a high degree of genic and structural 
similarity of entire chromosomes or of sufficiently large segments thereof 
to favor chiasmata formation. Non-homologous association may occur 
but its incidence is assumed to be negligible. In what follows, therefore, 
homology is discussed in terms of pairing. 

Chiefly ICostoff*^** and Goodspeed^ *'’ have studied the cytology of 
thirty-eight Fj hybrids betwecMi Australian-South Pacific and American 
species. Evitlence of a high degree of genic or structural distinction 
between the sjK'cies involved in any given hybrid is indicated by the fact 
that in every case, except five involving a 32-paired race, pairing at MI is 
largely lacking. This also shows that in the complements of the vSUAVBo- 
l.KNTES species concerned, N. stKiveolens , N. niaritimay N. exigwi , A^ Cwssei , 
N. me^dlosiphon and TV. Debneyi, there is either little or no autosyndetic 
pairing. 

vSix interspecific Fj hybrids between si)ecies of the suavk<.)LKntrs were 
early examined cytologically by the author** but the first coni]>Iele MI 
analyses of such intrasectional hybrids were published by KostolT. 
Exclusive of those in which a ^i2-paired race was a parent, he reported on 
the extent and quality of pairing in thirteen combinations. More recently 
the author has examined ten of the same and also investigated an addi¬ 
tional sixteen hybrids. As far as it is possible to compare the data there 
is similarity between Kostoff’s results and those listed in tables 2 and 3. 

In the following tables when the parents differ in chromosome number 
the species of the lower number is placed first, irrespective of the direction 
in which the cross was made. Only pollen mother cells were studied and 
the amount and tiature of chromosome association is reported on the basis 
of the first ten MI configurations which were completely analyzable in 
side view. Ten complete analyses were considered adequate for the 
purpose since studies of several times that number of pollen mother cells 
in a series of representative hybrids did not significantly alter the original 
conclusions. For example, where more than one “most frequent asscK'ia- 
tion“ is recorded for ten counts, a sharply defined mode was not obtained 
with additional counts. 

The above tables indicate that trivalents were seen in all but three of the 
twenty-six hybrids investigated. In more than half of them the most 
frequently observed association involved a trivalent and in two hybrids 
every pollen mother cell analyzed contained at least one valency higher 
than two. The cKcurrence of quadrivalents is less than that of trivalents, 
but one or more occurred within ten counts in thirteen hybrids. In a 
subsequent publication the incidence of all the types of chromosome 
assc>ciation will be discussed in detail. Here only a summary of the some- 
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what complex siluatioji concerned has been attempted. Column 2 gives 
the range of bivalents observed^ column 3 the range in number of pairs 
calculated on the basis that one trivalent is equivalent to one pair and one 
quadrivalent to two pairs (cf. Goodspeed**^), and column 4 the most fre¬ 
quent number of pairs in terms ^3f a similar calculation. In column 4 the 
derivation of the number of pairs is shown by the number of trivalents in 
parentheses. For example, in N, maritima X N. velutina the “most 

TABLK 2 


Chromosomk Assr^ciations at mi m Fi Hvbrius Which Involve IO-Pairkd Spkciks 


i’akkntal ftPBcms 

KANOK UF 
OBSRKVKD 
»rVAJ,KMT» 

KANOK of AtmoCIA- 
TIONS RXPRRHMBD 

A» mVAL,BNT»" 

FKKQUUNl 
ASfiOCIATJONH ICX Ffl 

AS mVAl.KNTH'’ 

Id X Id 

^N. waritimu — N. suaveolens 

10 

If> 

16 

^N. maritima — N, velutina 

7-14 

12-15 (]-.5iii*) 

14 (2in) 

^N. velutina — N. exigua 

9-14 

12-15 (0-2n,liv) 

*14 (lin) 

^N. velutina —iV. suaveolens 

11-15 

l.S-15 (0-2,„‘) 

14 

16 X 18 

maritima — N. Gossei 

12-10 

H 10 (O-linliv) 

15 (1,„) 

N. velutina — N. Gossei 

12-15 

13 16 (O-linliv) 

15 

•^.V. suaveolens — N. Gossei 

i;m5 

13-15 (0- liv) 

16 (1,„> 

N. exigua — N. Gossei 

10-14 

13-16 (1 -4,,,*) 

14 (2,,,) 

15 X 19 

N. suaveolens — N. Benthamiana 

7-14 

8-14 (0-li„) 

8; 10; U; 12(0-hn) 

16 X 20 

TV. suaveolens —TV. Goodspeedii 

14 17 

16-17 (0 2ni*) 

15(hii): 17 

N\ exigua- - TV. Goodspeedii 

n-m 

14-10 (O-lmliv) 

14 (2ni); 15 (hn) 

^N. suaveolens —TV. megalosipfton 

9-15 

10-16 fO-lm) 

13 (0-lni); 15 (lin) 

exigua —TV, tnegalosiphon 

10-14 

10-14 (0-1 m) 

13; 14 

TV. velutina — N. tnegalosiphon 

7- 13 

8-14 (0-lin) 

12 iUu) 

lf3 X 22 

N. veluiina—N. rolundifoli/i 

13-10 

13-15 

15; 15 

15 X 24 

^TV. maritima—N. Delmeyi 

II 10 

14-10 (0-:)m) 

10 (3in) 


Kostoff also reports this cross. 
^ Univalents omitted. 


'* Quadrivaknts occur in this hybrid but do not increase the range. 

frequent association” is stated to be “I4n (2ni) ’' ^his indicates that 
pollen mother cells containing 12 ud- 2in + 2i were most often found. 
In column 3, although the range in number of pairs also is a product of 
translation of nmltivalents into pairs, the figures in parentheses express 
only the range of occurrence of trivalents and quadrivalents or combina¬ 
tion of the two. 

Exclusive of hybrids in which N, Bentiutmiana^ N. megdLosiphon and 
N, occidentalis are parents, it can be seen in tables 2 and 3 that the number 
of pairs is or approaches Id if both parental species are KWpaired^ or ap- 
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proximates that of the parental species possessiiij^ the smaller chromosome 
number if the two parents differ from each other in chromosome number 
(i.e., “Drosera scheme” association). Thus nine of the twelve s|>ecies of 
the SUAVBOLKNTKS investigated exhibit a high degree of homology and 
thereby demonstrate concretely common origin even in instances of con¬ 
siderable divergence of chromosome number and chromosome morphology. 

The hybrids which involve N, Benlhamiami show the greatest range of 
pairs (6 to 15), the lowest mode when a mode occurs (11 pairs), and the 

TABLK 3 

Chromosomk Associations at MI in Ki Hybrids Wirtcn Involve IS- to 24- Paired 

Species Only 

KANOK OF RANOU tfP ASSOCIA ^ Mf>HT PRWOUttNT AS^iO- 


I’ARKNTAI. 

IH X 19 

OBHBRVRO 

RIVALIvNTS 

TrONfS CXPRKaSKD 

AS MIVALKNTS'^ 

CTATIttNS RXPKUSSUD' 
AS BIVALKNTB“ 

N. Gossei — N. excelsior 

16-18 

17-18 (0-lin) 

17 (111,); 

N. Gossei —A'. Benthamiana 

18 X 20 

9-M 

9-15 (0-lni) 

11 (hii) 

Gossei -- N, megalosiphon 

18 X 21 

u-m 

1.3 17 (0 lull,v) 

16(t,n) 

N. Gossei — N, occidentalis 

19 X 20 

n -M 

13-1.5 (l»-2in‘) 

14 

JV. Benthamiana — N. megalosiphon 
19 X 24 

0-14 

« 1.5 (0-1,„) 

0; 10; 14 (0 Im). 

N. Benthamiana — N. Debneyi 

20 X 20 

9-tO 

9-17 (0-l,iiliv) 

11 

iV. Goodspeedii — N. megalosiphon 
20 X 22 

12 10 

12 10 

13; 16 

N. Goodspeedii — N, rotundifolia 

20 X 24 

17-20 

17-20 (0- 2, 

19 (1 2m) 

N. Goodspeedii -N. Debneyi 

16-10 

1(1-20 (0 -2ni'’) 

19 dm) 

N. megalosiph(m — N. Debneyi 

9-16 

9-10 (0-1,„) 

11; 14 


Kostoff also reports this cross. 

® Univalents omitted. 

^ Quadrivalents occur in this hybrid but do not increase the range. 

least tendency to form a mode. Those of N. megalosiph^n and the one 
N. occidentalis hybrid may exhibit some or all of these characteristics, but 
to lesser degree. However, in hybrids with any of these three species as 
one of the parents, the range of calculated pairs reaches or approaches 10. 
Thus extent of pairing here also, indicates both considerable homology 
between these species and other Australian species and, ix>ssibly, some 
significance in the number 10. 

The consistent formation of one or a few trivalents and an occasional 
quadrivalent in many Australian hybrids may be explained on the basis of 
translocation or duplication, as Kostoff^’' has suggested. Aside from :12 
paired races of N. stuweolenst a sjx'cial problem, K(»sloff'* submits certain 
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evidence of one large duplication in N, megalosiphon. The author’s counts 
of Fi N. Goodspeedii X N. suaveolens suggest a similar {K>ssibility in N, 
Goodspeedii. However both instances require further investigation before 
it can be said that this is true of either N, megalosiphon or N. Goodspeedii 
as a species. The most probable explanation of multivalency in many 
Australian hybrids is that translocation is involved. 

Conchision.~T)xit somewhat sj)ecialixed character of the Australian- 
South Pacific species, the general similarity in external morphology from 
si>ecies to species, and the apparent intricacy of interrelationships among 
them, are reflected in their cytology. Closer relationship between certain 
sj>ecies and a more distant one in the case of others is indicated sometimes 
by chromosome number or tnorphology, sometimes only by chromosome 
behavior in hybrids. The following brief phyletic hypothesis is offered 
here as one possible interpretation of the facts presented: I'he lb-paired 
species are amphidiploid hybrids of S-paired sj>ecies. Although no 8-paired 
Nicotiarui species are known today, postulation of their existence in past 
time is not unreasonable; species of 9 and 10 pairs, respectively, con¬ 
stitute the ALATAE, a related section of Nicotiana and in Petunia, a genus 
which borders closely upon the same section, there are 7- and 9-paired 
species. The 24-paired Australian-vSouth Pacific species are derived from 
hybridization of lO-paired species with 8*paired (not necessarily the same 
8 -paired species in each case), followed again by amphidiploidy. Either a 
still higher level of hybridization, namely, 24-paired species with 16-paired, 
followed by selfing or backcrossing, but more readily by the latter, is re¬ 
sponsible for initiation of a series of numbers between these two extremes, 
or possibly in the counse of hybridization of 16-paired with 8-paired siJecies 
sesquidiploidy (cf. Webber^^) has thus functioned. 

It ivS intended that papt»rs published elsewhere will treat in greater detail 
of the external morphology, geographical distribution, chromosome mor¬ 
phology, and hybrid behavior in the suavkolentes. Hypotheses bearing 
ujx)n the phylesis of these species Will be more critically examined at that 
time. 

Summary. —The fifteen Australian-vSouth Pacific spt^cies of Nicotiana, 
or the SUAVKOLENTBS section of the subgenus petunioides, are a geo¬ 
graphically isolated group of complexly interrelated herbaceous species, 
the specific differences of which generally are of small magnitude. Thirteen 
have been studied cytologically. Four 16-paired species, one 18-, two 
19-, two 20-, one 2I-, one 22- and two 24-paired occur. Usually a number 
of chromosomes with subtenninal centromere increases at the expense of 
those with median or submedian, as chromosome number increases, 
rwenty-six hybrids involving twelve sj)ecies show that considerable to 
high })uiring l>etween s|KcieH obtains throughout in first meiotic nieta- 
pliasc. lilts iiidicutes a commou origin. A phyletic cytological hypothesis 
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involving a base tiuiiil,)er of 8 and re ideated hybridization in part 
accompanied by chromosome doubling is offered as a possible interpretation 
of chromosome number, morphology and behavior in the suaveolentes, 

* To Dr. T. H. Gootlspeed, Professor of Botany and Director of the Botanical Garden, 
University of California, the author expresses her sincere gratitude l)oth for counsel 
and for extending every research facility, including seeds of most of the Nicotuina cub 
lures investigated. In addition she acknowledges with plea$ure seeds sent her by 1?. E. 
Checl, J. M. Black. Ih*ofessor J. B. Cleland and Hazel F*earce. 

t KostofT***'^^ has given a 32'paired race which he has grown the designation "JV. 
Eastiiy The author does iu)t consider this and another 32-paired race sufTiciently 
distinct from N. suaveolens morphologically to warrant separation. 
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ON A CLASS OFHERMITIAN TRANSFORMA TIONS CONTAINING 
SELF-ADJOINT DIFFERENTIA L OPERA TORS 

By Hans Ludwig Hamburger 

Univkrsity College, Southampton, P^noland 
Comuutnicated April 10, 1945 

1* We consider the space A), that is, the space of all real and cofnplex 
functions f{x) defined in a certain (finite or infinite) closed interval A of 
the :t-axis and such that \f(x)\^ is Lebesque-integrable in A. The scalar 
^iToduct is then given by the relation 
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if. g) = 7l/(*)«(*) 

We denote by 5 any interior point of A, and introduce a family of pro¬ 
jectors P, in 82 (A) by writing 

Now let i7 be a closed Hermitian transformation with domain ® con¬ 
tained in 82 (A), and denote by I),(3), C 3)) tlie set of all/(jc), such that 
both/(x) and PJ{x) are elements of 2). Clearly 2>, as well as ® is a linear 
manifold in 82 (A). If, moreover, is everywhere dense in 3), then there 
exists a contraction of H witli domain 35,. We further write as usual 
for the adjoint of jGT, H\ ~ — XI, and = JP* ~ XL 

2, In this Note we are concerned with the class of Hermitian trans¬ 
formations H in 8a(A) satisfying the following conditions: . 

(a) // is a closed Hermitian transformation^ of deficiency index (w, m) 
with domain 3). 

(/3) If {<Pn \ } are two sets of m linearly independent eigen solutions 

of corresponding to the eigen values i and — f, respectively, so that 
0, = 0, (m 1» 2, , .., m), then the two sets of m elements {(Pj-“P,)<p^} 

and { (P, — P,)^^} are both linearly independent for every pair of numbers 
s t of A. 

( 7 ) For every s interior to A, 3), is everywhere dense in 35; the contraction 
*11 of H is of deficiency-index (2m, 2m). 

(b) P, and H are commutative, so that for every f of 3), 

*HPJ - P/Hf. 

Such^a transformation will be called an order transformation of class P. 

3, Main Theorem. Let H be an order transformation of class P 
in 82 (A). If II satisfies the two additional conditions: 

(e) The differential quotients up to the order of the m eigen solutions 
^#*(^) <i^fi^^ i^ iff) dl point X of A, and the are con¬ 

tinuous in A. 

(r) 3 ),' 3 )( is everywhere dense in 3 )/or every pair of numbers s, i contained 

in the interior of A. 

Then can be represented by a self-adjoint differentia!’ operator^ of 
order. 

Remark .—It is nearly obvious that tlie converse of the Theorem is true, 
i.e., that if II* is an order self-adjoint differential operator defined, 
in A, then its adjoint H satisfies the conditions (a) to (f). 

The proof of this theorem will be given in a later paper. It is based 
entirely on the methods developed in {!) and { 2 ], Chapter L 

4 , There exist order transformations of class P other than the self- 
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adjoint differential operators, which, naturally, cannot satisfy both of the 
conditions (c) and (f). The later paper will give a method of obtaining all 
transformations of class P, and of representing them by means of certain 
integral equations. 

We consider in particular the subclass of all those order trans¬ 
formations H of class P whose m eigen solutions as defined in {ff)^ 

have differential quotients up to the order 2 m at every point x of A. (Hence 
the transformations of©„^ satisfy (a) to («) but not (f).) Let (r(;r) be any 
real, w-times differentiable function, a ^ 0 included, let L„(/) and 
denote linear differential operators of order m and n, respectively (n < 
m — 1 ), and and Lagrange’s adjoint operators. Then we can 
state the following: 

Theorem. The subclass coincides with the class of all H, such that 
for all m-times differentiable functions g(a:) the relation 11^ f “ g can be 
represented in theform^ 

L^{(cos <r ~ X sin <r)f) - Z>„((sin cr + X cos <r)f) «= L^{g sin tr) + D„(g cos a) 

( 1 ) 

subject to the following three conditions for D„ and a : 

(i) The linear operator of order m + n is self-adjoint. 

(ii) The differential equation 

L^{{cos <T -- i sin <r)y) — />„((sin a + i cos <r)y) — 0 

has a fundamental system of m solutions (pffx) which are all elements of ? 2 ( A). 

(iii) The differential equation 

L^{z sin a) + D^{z cos ir) ~ 0 

has singularities at both end-points of A, such that there exists no particular 
integral z of it for which | s | ® is Lebesqueintegrable in any sub-interval of A 
containing at least one of the end-points of A. 

It can readily be shown tliat transformations of the subclass exist 
for all m, with <r(x) 0 as well as with (r(x) 0 in A. If m ^ 2, we can 

choose n ^ 0. 

5, If we wish to obtain all real transformations of the subclass de¬ 
fined in 4 we only have to take those transformations defined by (1) where 
the operators and are both real. Then owing to condition (i) of 
the above Theorem, m — « is even. Hence for w « 2 the transformations 
defined by 

L 2 ((cos (T — X sin <r)/) — (sin <r -f- X cos a)f “ Li(g sin <r) + g cos <r, 

Lt being a self-adjoint differential operator, are the only real transforma¬ 
tions of the subclass If ss 0, we obtain the case of the Main-Theorem, 
Uif) - X/ - 
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6 . In order to include the singular case dealt with first in a series of 

papers by H. WeyP where the number of linearly independent solutions of 
^m(y) ~ non-real), belonging to ? 2 (A) is less than the order of 

we introduce the following generalization of the transformations of 
class P: 

Definition.—Let A'" be any interval a' ^ x ^ b' whose end-points a' ami 
b* are interior points of A, and write Then //, with 

domain J) in ? 2 (A), is an order transformation of the generalized class 
Pf if with domain 3)* !t^^(A 0 is an order transfomiation^ of 

class P in S 22 ( A') for every A'. This definition implies, firstly, that P^'IIP^^ 
satisfies condition (f) for every A' and every pair of points s, t contained 
in A', and, secondly, that tliere exists a set of m linearly independent 
functions defined in every interior point x of A such that for every 

PaVm ^ ? 2 ( A'), (P//fiP/) V. - 0 (m = 1 , 2, . . ., >w). (2) 

Hence the Main Theorem of 3 in the generalized case takes the following 
form: 

Theorem. If H is an order transformation of the generalized class P 
in ? 2 (A), and if the functions (p^{x) defined in (2) satisfy condition («), then 
IP can be represented by a self-adjoint differential operator of order. 

7. Finally, we define a class P of Hermitian transformations II given 
in any abstract Hilbert space Let P( 5 ) be a resolution of the identity 
defined in for every point s of a (finite or infinite) interval A, such that 

1 = 

Let the HcrTnitian operator K defined in $ by the relatioti 

K = f^sdPis) 

be such that (i) K has no eigen value, (ii) K has simple spectrum, and 
(iii) no point of A belongs to the resplvent set of K. Then a closed Her¬ 
mitian transformation H in $ is an order transformation of class P, 
if there exists any resolution of the identity P{s) in ® with the properties 
(i), (ii) and (iii), with respect to which H satisfies conditions (a) to (^). 

In order to obtain a theorem for the class P in ^ which corresponds to 
the Main Theorem for the class P in 82 (A), we consider the one-one 
mapping of ^ on to 82 (A) carried out® by means of a suitable element 
go of § such that any element f{x) of 82 (A) and the corresponding / of § 
are a)nnected by the relation 

/ = Jlfis)d{P{s)g^). (3) 

Then the Main Theorem takes the following form: 

Theorem. Let H be an m“* order transformatum of ctass P in ^ which 
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also satisfies condition (J*), and let\ip^^\ and be each a set of m linearly 
independent eigen solutions of corresponding to the eigen values i and^i, 
respectively. If we can find a mapping of § on to VgCA) of the fonn (3) 
which maps the sets of elements {} and {} on to sets of functions 
and satisfying cofuiitioii (e), then this mapping takes H into a self-ad¬ 

joint differential operator of order defined in A), 

In the same way tlie generalized class P of order in SaCA) can be 
extended to a generalized class P of order in We omit the details. 

[IJ Hamburger, H. L., Qtiart. Jour . Math. (Oxford Series), 13, 117 128 (1942). 

[2] Hamburger, H. L., Ann. Math., 45, 59-99 (1944). 

[31 Stone. M. H., Ltnear transformations in Hitheri space, New York, 1932. » 

[4] Weyl, H.. Math. Annalen, 68, 22(1 269 (1910). 

[5] Weyl, H.. Gottinger Nachrichten, pp. 442 467, 1910. 

^ Sec the definition of deficiency-index in [31 p. 81, Definition 2.21; p. 338, Definition 
9.1. 

* Here we use the word self-adjoint with the meaning which is implicit in Lagrange’s 
general theory of ordinary liticar diffej-ential equations. This differs essentially from 
its use in von Neumann’s Theory (see [3], p. 60, Definition 2 11; p. 347, the last four 
lines), where a self-adjoint operator denotes a closed Hermitian operator of dtTiciency- 
index (0. 0). 

* The equation (1) determines the relation litf *» g only in a subdomain T of 

the domain of H*. ^ is everywhere dense in Tj*. If fix denotes the contraction of 

H\* delined in then it can be shown that Hx is not closed, aufl that H* is the closure 
ofHx- 

* See [4] and sec also (3], pp. 458-498. 

* If //. as ft transformation in I'sCA). is itself of deficiency-index (m, f»). then wc are 
reduced to the case dealt with in 2 and 3. In order to obtain something new, we have 
to assume that //in i^ 2 (A) is of deficiency-index (w'. m'), where 0 ^ m' < m. 

* See [31. p. 226. Theorem 6.2; pp. 27.5-277, Theorems 7.9 and 7.10. 


NEW TYPES OF RELA7TONS IN FINITE FIELD THEORY 
(SECOND PAPER) 

By H. S. Vandiver 

Departmkntt of Pure Mathbmatics, Univbrsity of Texas 
Communicated June 4, 1945 

In the first paper published in these Proceedings under the above 
title, ^ the writer obtained some new types of relations in finite field theory. 
Here we shall proceed further along these general lines. 

Mitchell^ considered the relation 

OJC"* = + 1 (1) 

in a finite field of order p prime, including the given coefficients a and 
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ht with — 1 a= fnc, and there exists an nx such that se — 1 (mod m) 
and ft =» SHi, He found that if a and b were each wth powers in F{p^**)p 
then the number of solutions (x^, y^) of (1) in this case is 

i- (/>’« + (m - l)(m - 2)( - l)‘-y -3m+ 1). (2) 

Also if a is an wth power and b is not, or conversely, then the number of 
solutions (x”, y^) of (1) is 

-(#>*"- (»k-2)(-1)—/>"-« + 1). (3) 

tn^ 

If neither a nor b nor a/b is an wth power in the field, he found the number 
of solutions to be 


1 ^+ 2(-i)*-y + 1). (4) 

ffi* 

We now modify the method employed by the writer in another paper* 
to obtain other relations involving the number of solutions of (1), and we 
find as in the proof of Theorem I of that paper that in the field F(p^^) we 
have, if TV is the number of solutions of (1), and if 



in the field. Comparing this with (2), (3), and (4), we have, noting that 
/> = 0 in F{p^^), the 

Theorem T. In a finite field of order />***, with ^ 1 ^ me, and such 
that there exists an «i such that p^ ^ 1 (mod m) then, if h is defined as 

in {4a) y the expression 

i: i: 

* ir -0 

e^uils (5w—i), (m — i) or —i in FC^***) accordingas ( 1 ) aandbareeach wth 
powers; ( 2 ) a is an wth power and b is not or conversely; (3) thither a nor b 
are wth powers, and also a!^/b*^ 9 ^ 1. 

In another paper,^ the writer obtained the results that if p belongs to the 
exponent n, modulo /, and « 1 + d, where p and I are odd primes and 
n is even, and if by definition 
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where n > m, then 

except when 2 a ^ c (mod 1 ), in which case the right-hand member is unity. 
We shall here extend this relation by generalizing the argument employed 
for the original proof. 

If f as and p is a prime ideal di visor of ip) in then, if ^ 0 

(mod /), 

(^) - (9 (^0 

where these symbols represent power characters in ^(f). Since 

(5) gives (b) and (7), for s an integer 0. 

(1 + r*)“ s^r*^^*(mocU)). (6) 

(1 + ^ (1 + f*)' (mod p). 0 ^r<c. (7) 


Since (7) holds for each value of ^ 0 (mod /), we may expand and, after 

reducing each f* by the relation (f*)^ ss 1, collect tenns of the left- and 
right-hand members separately, calling the sum of the coefficients of 
(f*)' on til^ left Ai, and the sum of the coefficients of (f*)‘ on the right jS,. 
Transposition will give the following array, where each dth line is the 
special case for k = d, and each coefficient (Af — B,) is abbreviated to 


K,.- f = 0, 1, - 1. 


Ko + Ki 

+ A‘j 

+ .. 

. + A/-1 

sO 

Ko + 

+ A',(f)* 

+ .. 


sO 

Ko + Klin 

+ 

+ .. 


sss 0 


( 8 ) 


K, + JTiCf'-i) + + ... + == 0 j 

modulo p. Consider the determinant formed by the coefficients K 4 . It 
is an alternant which may be expressed, aside from powers of as the 
product of binomials of the t 3 rpe when 0 < g < /. Any ideal (f* — 1) 
is a prime ideal divisor of (/). hence is prime to (p). Therefore, iC, *= 
Ai — Bt mO (mod p); t = 0, 1, 1. Substitution of the actual 

values of At and Bi, obtained by the binomial expansion, gives a formula 
which may be expressed in the form (9), provided we define 
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(8a) 

(9) 


where a and u are integers, such that u hh a — ~ (mod /), 0 S « S /. and 
0 g a < /. 

Also when, as before, k ^ i) (tnod /), then 


Since 

(10) gives 
Hence 


(’ v > (?)(■■" v -*'> 

/a/2 _ v-a/2\ 

{--r .)-■■ 

(1 - .r*)“ (mod »). 


( 10 ) 


(1 



(11) 

r < c. 

(12) 

(mod p). 

(13) 


Whence, as before, except that here r > 0, 


cs 

where a atid u arc integers such that u ^ a — — (mod 1)^ 0 S u < /, and 

0 g a < /. Where, however, r — 0, then since (11) holds for each value of 
k ^ 0 (mod /), we may expand the left-hand member and set up the follow¬ 
ing array, where each dth line is the special case for ^ ~ c/, and where each 
Ai is the sum of the coefficients of (f^)*, each being reduced by the 
relation (f*)^ ^ 1: 

Ao+Ai + A 2 +A^ Ai--\ ^ 0 , 

Ao + Axir^) +A^{n^ +AMT + ... 


( 14 ) 




modulo p. Adding these congruences gives 
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Mo ^ —1 (mod p), if ^ 0 (mod /). 

To determine, in general, the value of any Ai, multiply each (/th row of the 
original array by The addition of the congniences of the re¬ 

sulting array gives 


M, — I (mod p)t if ^ 0 (mod /); (15) 

lAi ^ I I (mod />), if ™ — i 0 (iruHl /). (10) 

The relations (9), (13), (15). and (10) give 

Theorem II. If p belongs to the exponent n, modulo /, and p*^ = 1 -V cl, 
where p and I are odd primes and n is even, and if s is any integer > 0 ami a 
ami u are integers, such that 

« ^ a — ^- (mod 1), 0 ^ < ly and 0 ^ a < /, 

then 

for r an integer ^ 0; 

if r is an integer > 0; 

if cs/2 -- a ^ 0 (mod 1) 
and 

if cs/2 — a ^0 (mod /), 

As an application of Theorem II, we shall tiow prove the following: 
Theorem III- If Fisa finite field containing h and of order « i -f cl 
(where p and I are odd primes) and if p belongs to the exponent 2n (modulo 1) 
and bxy ^ 0, and where N denotes the number of solutions (x^, y^) in F of 
the equation 
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+ 1 = 0, (17) 

then 

N ^ 1 (mod p), if {c, 1) ^ (IS) 

N ^0 (mod p), if (c, /) = / and b*" ^ I (mod p)\ (19) 

N ^ / (mod p), if (c, /) = / and 1 (mod p). (20) 

By I'heorem II of another paper,® for the equation (17) 

N= -hi E ± 

* - 1 p - 0 \"p/ 

where h ^ 1, i ^ and y = [ki/h], 

N ^ - ici: E If'") (-1)“. (21) 

Now p'^** — 1 is even and I is odd, so c is even. By application of Theorem 
II of this paper, 

where u is an integer, such that 

0 g u < / and u ss —(mod /). 

Suppose (c, /) = 1. Then « 0 (mod /), except when ^ in which 

case u = 0, and we find, using (4i) and (8a), N (mod p). 

Suppose (c, /) == /. Then « = 0 for every value of and (22) reduces to 

iV s- 2 (mod/?), 

h^\ 

from which we obtain (19) and (20), This proves Theorem III. 

In (17), x"" cannot take on more than / distinct values, and also we cannot 
have two solutions, yi) and (x‘, y^), with yi 9^ yt. Likewise, y^ 
cannot take on more than c distinct values, and for any two solutions, 
y) and (xt, y^), xi^ =*= x^^. Hence, the total number of solutions can 
never exceed either c or I, and (20) becomes N ^ I, In (19), .AT *= 0, if 
either c < p or I < p, and in (18), iV =» 1, if either c<p+l or l<p + h 

^ Vandiver, H. S., These PaocBanmos, 31, 50-64 (1946). 

* Mitchell, Ann, M(Uh., XB, 120 (1917). 

* These Procebdinos, 30, 362-367 (1944). 

< Ann. Math., (2), 28, 330--332 (1927). 

* These PROCsamKos, 31, 170-176 (1946). 
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ON AWBBRAIC LIE ALGEBRAS 
By Claude Chevallby and Hsio-Fu Tuan 
Department uf Mathematics, Princeton University 
Couunuiiicated June 15, 1945 

A subgroup A of the full linear group GL(n, C) in n variables (C being 
the field of complex numbers) is called (dgehraic if the condition for a matrix 
(T of GL{n, C) to belong to A can lie expressed by a system of algebraic 
equations in the coefficients of <t. Clearly A is then a complex Lie gnmp, 
and it is of interest to determine the Lie algebras which can be considered 
as Lie algebras of algebraic Lie groups. The question has been solved in 
a certain sense by Maurer;* here we propose to resume the study from a 
different point of view. 

One of us^ has defined the notion of a replica Y of a matrix X of degree n 
as any matrix Y which admits as its invariants all the tensor-invariants of 

(where, in defining tensor-invariants, A" is meant to be the symbol of an 
infinitesimal, not a finite, transformation; thus the vector invariants are 
the vectors y such that ATy = 0, and not Xt — Now, let K be a 
field of characteristic 0 and let flKn, A") be the Lie algebra of matrices of 
degree n with coefficients in A'. A subalgebra of K) will be called 
algebraic if every replica of a matrix X € ^ still belongs to g. 

If K is the field C of complex numbers, it is easily seen that the Lie 
algebra spanned by all the replicas of a matrix X is the Lie algebra of the 
smallest algebraic subgroup of GL{n, C) to contain the onc-parameter 
group generated by A". It follows immediately that the Lie algebra of an 
algebraic group of matrices is algebraic. The converse is true and can be 
seen from the following considerations. Let g be an algebraic Lie algebra; 
then we may consider the elements of g as oi:)erating on a certain vector 
space 2K, and therefore also on the tensor spaces Xr,s which can be con¬ 
structed on 9K dr, A is the space of r times contravariant and 5 times co- 
variant tensors)- Now we consider all pairs of vector subspaces O) 
of all Tr, s such that O C .> (3) c: O for all X e g (where AT,,, is the 

operation on s which corresponds to A'). It can then be proved that 
if a matrix X' is such that X'r. ,v (i^) C O, then A' belongs to g. It is clear 
that a condition of the form ,v C O can be expressed by algebraic 
equations on the coefficients of the matrices of the one-parameter group 
generated by A'. It then follows that any algebraic Lie algebra over the 
field of complex numbers is the Lie algebra of an algebraic group of matrices. 
Moreover, our method of proof gives an indication as to how to write down 
a system of finite equations which define the group. 

Let g be any subalgebra of gl(», AT). Among all the algebraic Lie algebras 
to contain g, there clearly exists a smallest one, say g*. It can be proved 
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that g* has the same derived algebra as g itself and that every ideal in g is 
also an ideal in g'*'. 

Let g be any algebraic Lie algebra. Denote by 1) the radical of g (i.e., 
the largest solvable ideal in g) and by n the largest ideal of g composed only 
of nilpotent tnatrices. By Levi^ theorem, g is the direct sum of ^ and of a 
semi-simple subalgebra f. It can be proved that {) is the direct sum of n 
and of Abelian algebra a whose matrices are semi-simple and commute 
with those of f. 

Let g be any subalgebra of gl(«, K ); then it can be shown that the derived 
algebra g' is algebraic. Moreover, g' can be “defined by its invariants, ” 
in the sense that any matrix which admits as its invariants all the common 
invariants of all matrices in g' lies itself in g'. Our result applies in 
particular to any semi-simple Lie algebra g of gl(w, K), which is identical 
with its derived algebra g'. Moreover, our method of proof shows more 
generally that any subalgebra g of gl(«, K) whose radical is composed only 
of nilpotent matrices is algebraic and is defined by its invariants. 

If A is any algebra (associative or not) over the field K, the derivations 
of A form a Lie algebra which is easily seen to be algebraic. 

Finally, let it be mentioned that the notion of algebraic Lie algebras 
can be used with advantage in the exposition of the theory of semi-simple 
Lie algebras, notably in establishing Cartan’s criterion of semi-simplicity 
and Lie’s theorem on solvable Lie algebras. Barring the recourse to the 
algebraic closure of the basic field in tlie proof of Theorem 3 of the paper 
quoted aboveone obtains in this way a rational pnK>f of Cartan’s criterion 
and of Lie’s theorem. 

‘ Maurer, L., “Zur Theorie der continuerlichen, bomogcneii uiid Utjearen Gruppen/' 
Sitzungsber. d. Bayerisrhen Akad. Math. Phy$. Clasae, 24 , 297“-341 (1894). 

* Chevalley, C., “A New Kind of Relationship between Matrices/’ Amer. J, Afatk,, 
65 , 521-531 ( 1943 ). 


TWO INTEGRAL EQUATIONS 
By H. Bateman 

Norman Brukjk I^aboratory of Physics, Campornia Institutb of Trchnoi.ooy 
Camminiicated May 19, 1945 

Let k{s, /) - /) ~^cg{s, a -*- /) where g(s, /) is a real continuous 

kernel for 0 < < a and c is an arbitrary constant. The equations to 

be considered are 


/W » Hs>t)F(t)dl 

f(s) » F(s) --xfo’k{s,t)F(t)dl 


( 1 ) 

( 2 ) 
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and Iht; required function F{t) is to be continuous when/( 5 ) is continuous. 
When this condition is suppost*d to be satisfied equation (1) may be written 
in the equivalent form 

/(•'■) “ g(s. Oim -cF(a- /)>// 
and when a continuous function h{t) exists for which 

f(^) - modi 

a solution of the integral equation may l>e obtained by solving the func¬ 
tional equation 

h(0 - Fii) - cF(a - 0 0< i< a. 

‘Since h(a — /) = F{a -- t) — c F{i) the solution should be 
(] ~ c0F(0 = h{0 + c.h{a — /). 

If r- = I this last equation fails to determine F(0 and this is just the 
case when the homogeneous integral equations 

0 - k{s, t)E{0dU 0^ H{s)k(s, f)ds 

have innumerable solutions. Thus, when c = 1 any solution of the func¬ 
tional equation £(/) — E(a — /) which gives finite integrals is a solution 
of the first equation and if L(0 — Jo^ fFis)k(s, the second equation 
is satisfied whenever L(0 — JMt — 0* 

For equation (2) the homogeneous integral equation 

0 == E{s) - z Ks. OE^iOdt 

may be written in the form 

-EW = s Jl^ t)[E{0 ““ cE(a — t)\dt 0 < 5 < a 

Changing 5 into ^ ^ we have 

cE{a “ $) ~ cz g{a — Sy OlE^iO c E{a — OW 

Hence the function 11(0 ^ -E(/) — c E(a — is a solution of the quasi- 
adjoint^ homogeneous integral equation 

Il{s) = z [g(5, 0 - cg{a — Sy OWiOdl 

When the equation for E(f) is written in the form 

Eis) - g{Sy OEiOdt + g(Sy a - OEiOdi - 0 

it is seen that 

E($) ^ -cz j;^ G(Sy a - OEiOdt 

where G{Sy /) is the solving kernel associated with g{sy /). Now this is a 
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homogeueous integr^^l equation for E{t) and so —cjb is a root of the trans¬ 
cendental equation A(—cZt z) = 0, where A is the determinantal function 
associated with the kernel G{s, a — 0 and is an entire function of —cz. 
The kernel k(s, t) = g(5, t) — c g(5, a — t) is only of a special type when 
6*2 rr: } fof thc two cquatioHs 

k(s, t) - g(s, f) - cg{s, a - t), Hs, a ~ t) — g{s, a ~ t) — cg(s, t) 
give the relation 

k{s, t) + ck(s, a - /) = (I — C^)g(s, t) 

from which the function g(s, t) can be determined when is different from 
unity. \ , 

In the particular case in which 

g{s, t) = ^(1 — t) S < t rt = 1 

= ^(1 “ 5) t < S 

the integral equation (2) may be written in the form 

f(s) = FU) gis, t)lFit) -cFO - t)]dL 

Differentiating twice with respect to s and using the known fact that 
g(5, t) is the Green's function of the differential expression d^y/ds* we 
obtain the two equations 

f(s) = F'is) + xlF(s) - cF(l- s)] 

fa - j) - Fai - s) + xlFO -s) - cF(s)]. 

Addition and subtraction gives the equations 

fis) + fa - s) - Eas) + m’£(s) - :«(1 - c) 

fis) - fa - «V) « + n^B(s) = xa + C ) 

E(s) - F(s) + Fa - s),E{0) = £(1) = £(0) + F(l.) =/(0) +/(I) 

Bis) = Fis) - Fa - ^),S(0) = -S(l) = F(0) - F(l) =/(0) -/(I). 

When f{s) = 0 we have simply 

E^is) + m«£(j) - 0, £(0) - £(l) » 0 
3"^) + »*B(s) = 0, 5(0) « 5(1) = 0. 

Hence 

£(*) *= sin ims) where sin {m) = 0, x(l — c) =* />*»•' 

3(s) <a B sin (ns) where sin («) »» 0, »(1 + c) = gV* 
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wh^e p and q are positive integers. The two equations 
x{i — c) — x(l 4“ c) gV® 

cannot generally be satisfied simultaneously although this can happen for 
special values of c. Usually when x(l — c) = = 0 and when 

x{i + c) =* ^ = 0. 

In the general case in which f{s) is not zero the solution of the integral 
equation (2) is 

F{s) = f(s) [Uis. t) + Vis, \-t)+ V(s. 0 - Vis, 1 - t)]mdt 

~ 2^ + M sin I»(j — l)\]f(t)dt 

] /’■-* . 

+ - / [n sin {n{s — 1 + /)} — wi sin {w(jr — I 4” 0l]/(0^ 
where 


lJ{St t) = m cosec {m) sin (m^) sin w(l ~ t) 
V(s, /) «= » cosec (n) sin (ns) sin »(1 — /). 

Since 


F(s) ^f{s) + xj;^K(s,modt 

where K{$f t) is the solving kernel corresponding to k(s, t), an expression 
for K{s, /) may be written down. 

The present example provides an interesting illustration of a method of 
solving a homogeneous integral equation of the first kind which was dis¬ 
cussed about 36 years ago.^ 

When equation (2) with /(s) = 0 is written in the fomi 

M(c)E(s) - [g(s, t) - cg(s, a - ()\E(f)dt 

it seems likely that the values of c for which Af(c) = 0 will be those for 
which the homogeneous integral equation 

0 = To® 0 - cgis, a - t)]Eit)dt 

can be satisfied. Now in the present example the possible forms of Af(c) 
are 

(1 ~ c)/pV and (1 4- c)/qhr*. 

When c « 1 the ftmetion sin (mr) with an odd integral value of m/% 
satisfies the functional equation E{t) =* £(1 — /) and when c *» — 1 the 
function sin (ns) with an even value of n satisfies the functional equation 
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E{t) = — — t). The known solutions of the homogeneous integral 

equation of the first kind are thus actually furnished by this method if it is 
agreed that a relevant solution of the functional equation E{t) ~ =*= JS( 1 — /) 
can be expressed as a linear combination of the functions of type sin (mi). 

' When g{s, /) « s) the equaiioti for His) is adjoint to the equation for E{s). 

H. Bateman^ I^ans. Camb. Phil. Soq., 21, 195 (1909); Mtssenger Math., 30, 019, 
1H2-191 (1909^1910). Integral equations coutaining a parameter have been discussed 
also by G. Barba, Relat. Soc. Gideniae Calinensis Nat. Soc. Catania, 66, .*1-10 (1934); 
N. Gioranescu, Bull. Sci. Math., s. 2, 58, 270-272 (1934); Rend. Semin. Mat. Padova, 
5, 81-98 (1934); C, Miranda, Palermo Rend., 60, 28^)-3(H (1937); R. Iglist^h, Math. 
Ann., 117, T29-i:i9 (1939). 


VITAL STATISTICS OF THE NATIONAL ACADEMY OF 

SCIENCES 

By Edwin B. Wilson 
Harvard School op Public Health 
Communicated June 14, 1945 

Under the title ‘‘Vital Statistics of the National Academy of Sciences/’ 
Raymond Pearl, about twenty years ago when acting as Chairman of a 
Committee appointed to consider matters concerned with the rules for 
election to the Academy, published a series of articles which still deserve 
attention.^ He gave figures for the mean and median ages and the standard 
deviation of the age distribution for different periods in the history of the 
Academy. I reproduce his results with the addition of those for the 81 
persons elected in the three years 1943-1945, and with columns showing 
tlie percentage under 40 years of age when elected and the number elected 
in the period. 

MUAN MBDIAN nTANTDABT) PBR CRNT NtTMBUR 


FKRIOD 

AOB 

AOB 

DftVIATION 

UNUBK 40 


Charter, imi 

51.7 

51.3 

11.1 

10.7 

48 

1804-1883 

44.6 

41 3 

10.2 

45.6 

95 

1884-1904 

40.5 

46.1 

8.5 

20.0 

05 

1905-1924 

50.5 

49.5 

8.1 

8.4 

213 

1943-1945 

62.1 

51.8 

7.6 

3.7 

81 


It will be observed that the tendencies toward a higher mean age, a 
median nearer the mean, a smaller standard deviation about the mean, 
and a sharply decreasing percentage of really young persons elected, which 
Pearl so much deplored, have persisted and been intensified. 

The average number of peTvSons elected each year in the first twenty 
years after the charter was 4, in the next twenty years it was 3, in the 
twenty years 1905-1924 it was 11, and for the most recent three years it 
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was 27. At each time tlxat there has been discussion of fixing the number 
who might well be elected each year, it has been held by some that the 
reason for the increasing average age at election was the increasing number 
of scrientists of distinction who had not been elected to the Academy be¬ 
cause of the small number who could be elected. There is no indication 
in the figures that the increased number elected has been sufficient to use 
up the accumulation of ‘*older men who have not been elected'’-—if thjit is 
truly tile reason for the increase in the mean age. 

The first edition of American Men of Science in 1000 listed about KKX) 
whereas the seventh edition in J944 listed ♦i4,0{)0. The number of members 
(jf the Academy in 1900 was 90 and in 1944 was Whether the standard 
for inclusion in American Men of Science has declined or whether the frac¬ 
tion of really eminent scientists relative to the listings has declined would be 
difficult if not impossible to determine; but at any rate for each member 
of the Academy in 1900 there were about 42 persons in American Men of 
Science whereas for each Academician in 1944 there were about 97. The 
number of new starred names added to the volume in recent revisions has 
been at the average rate of 50 per annum. 

Pearl computed a life-table for the membership of the Academy on the 
basis of the limited number (0273) of person-years of experience available" 
from 18(i3 tlirough 1924. A considerably larger experience is now available 
but for present purposes it wiU be. satisfactory to use a standard life table.^ 
The average expectation of life after election to the Academy as figured 
from this tabic and*the age distribution of the 81 persons elected in 1943- 
1945 is 20.8 years whereas the expectation figured from the younger age 
distribution of J8()"4“1883 is 27,4, more than 30% higher. The ultimate 
size of tlie Academy if an average of 27 persons arc elected each year, as 
during tlie past three years, on the basis of an average expectation of life 
of 20.8 years will be about 5()0. 

It has long been known that annuitants have longer expectations of life 
than the insured. How closely to the 1937 Standard Annuity Table* tlie 
expectation of life of members of the Academy may prove to be when a 
sufficient experience has accumulated to give real stability to the results 
one cannot forecast, but it is interesting to note that from age 30 to age 
70 the Annuity Table shows expectations of life about 2,4 years greater 
than those in the Standard Table Z based on insured lives, and would 
therefore give average expectations of life of 23.2 on the basis of the current 
age distribution at election, and of 29.8 on the basis of the age distribution 
of seventy years ago. Such increased expectations would mean propor¬ 
tionally increased numbers of members in the Academy if it elected a fixed 
number of persons annually until it reached a stationary population. 

> These PaocBBumos, il, 752-758 (1925) and 12, 258-261 (1926) 

* After some discussion with Mr. Harold A. Grout, actuary of the John Hancock 
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Mutual Life Insurance Company, I have decided to use Table Z of the Mortality Tables 
and Life Insurance Statistics, which is an empirical table derived from the experience 
of insured lives, and which actually runs very close to the table Pearl computed for the 
Academy experience as of twenty years ago. 

* The 1937 Standard Annuity Table, as well as the empirical Table Z, based on insured 
lives, was furnished to me by Mr. Grout, who informs me that the experience of the 
John Hancock Company with its male annuitants who purchased annuities from 1931 
to 1943, inclusive, and who selected a non-refund type of annuity actually followed the 
table very closely. 

AN AWARD ro THE ACADEMY 

On April 19, 1945, the Anierican Design Award for 1945, the diploma 
of which is herewith reproduced, was presented to the Academy and ac- 
cep ted by the President, Dr. F. B. Jewett, on behalf of the Academy, the 

Lord & Taylor , 














Research Council and all American science. The award carried a sum of 
$25,000 available to the Academy without restriction. The donors ex¬ 
pressed informally the hope, however, that the Academy would find ytsys 
to employ the money for purposes which in its judgment seemed likely to 
enhance national security. 
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Although the award comes to the Academy as the officially recognized 
leader in the organization of science in the service of the Government, 
special mention was made of six members of the Academy who have been 
directing important scientific activities in connection with war research, 
namely Messrs. Vannevar Bush, J. B. Conaiit, K. T. Compton, R. G. 
Harrison, J. C. Hunsaker and Dr. A. N. Richards. 


Tim VARIATION OF INFECTIVITY, IT 
By Edwin B, Wilson and Jane Worcester 
HARVARn School of Public Health 
Communicated June 13, 1946 

We have discussed the variation of infectivity when certain curves are 
assumed as appropriate to describe the course of an epidemic.* One may 
also discuss the variation directly upon the data. Taking the infectivity 
as proportional to the reciprocal of the equilibrium value of w and using 
the law of mass action, we have 


• infectivity « 

fff 


r 

5. 


C{t) T''^ 

Clt - r). ■ 


( 1 ) 


The ratio of the case rates one incubation period apart, when that is one* 
half the period used in the tabulation (r «« V 2 ), can be determined with 
adequate approximation^ according to Soper as 


C±± V 4 ) _ [Ki 
C{t -“V 4 ) " 


( 2 ) 


where the K*b represent the numbers of cases during the month after and 
before / « 0. 

Proceeding with (J) and (2) applied to Hedrich's data for measles in 
Baltimore for 32 years we have found for each month the value of 1/w. 
Owing to the irregularities in the course of epidemics the values for 1 /m 
for the Januaries (or any other specified month) are highly variable. The 
means of the group of 32 are, however, reasonably stable with standard 
errors of estimate of about 5%. In table 1 the values of the means of 
k/m have been entered after choosing k so that the average in any row is 
1.00—^the values thus indicating a relative seasonal index of infectivity. 
A comparison of lines 1 and 8 in the table shows that the Baltimore index 
has a much larger variation than the one Soper derived for Glasgow from a 
smaller series of years (as adjusted by interpolation to 12 months instead 
of 13 four-week periods per year). To see whether the index for Baltimore 
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would vary greatly for different samples taken from the 32 years, we have 
tabulated in lines 3, 4, f>, 6, respectively, the index as computed from the 
15 epidemic years (September through the following August) with the 
largest numbers of cases, the 10 epidemic years with the smallest number of 
cases,^ the first 1(> years, and the last 16 years. The largest years and 
smallest years seem surely to have different seasonal distributions of the 
index, but there seems to be no notable difference between the seasonal 
variation of the index in the first and second halves of the 32-year period. 

The degree of variation in the index will clearly depend on the value 
chosen for p. The indices so far mentioned Were computed for /? = I. 
If /) be assumed to have the value 2, we have the results tabulated in line 
7 of table 1 which show a snudler variation than those in line 1. In line 9 
are given for six months^ values of an index computed for the six clear-cut 
epidemics for which values of p have been determined from the relation of 
total cases to peak cases, the variation of I/m in each being computed with 
the appropriate value of p; the constancy of the results is to be expected. 

There are striking differences in the seasonal distribution of the inci¬ 
dence of measles in different places and for different sets of years. This 
seasonal variation is shown, in table 2, by the percentage of cases falling 


TABl.E 1 

VAt.irWH oi' Tint MoNTIII.V MIcANS of nirt iNFKCrrVlTY >STANL)Alt01ZKU TO Havb a Mkan of I OO for 
DiFFKKKNT PbRIODS for RaI.TIMORK and for /> » 1 UnI.RSR OtHRRWISB SPBCtFIBD 


MONTH 

SKPT. 

(.icr . 

NOV, 

DKC. 

JAN. 

FUU. 

MAR. 

AFR. 

MAY 

JUNK 

JUDY 

AlJtJ. 

Infect. * 

0. }\) 

1 10 

J . 40 

1.25 

1.20 

1.17 

1 . 12 

1 06 

0.95 

0.73 

o,m» 

0.53 

(m)* 

n 

56 

41 

49 

48 

52 

54 

58 

04 

83 

JOl 

115 

Infect.'* 

o.7r» 

1 .07 

I 01 

1.37 

1 .29 

1 ,19 

1.14 

0.08 

0.87 

0.65 

0.58 

0.51 

Infect .* 

(1 

1 .14 

1 33 

1 13 

1 24 

1 U 

1 10 

1 13 

1.02 

0.81 

0 61 

0 54 

fnfcct.'- 

(» 8f) 

1.22 

1 ,43 

1 22 

1.23 

1.14 

1 13 

1,01 

0,93 

0.72 

0.63 

0.52 

lufect ** 

0 78 

0.90 

1 .50 

1.27 

1 30 

1.2(1 

1.10 

1 , 10 

0.94 

0,74 

0.57 

0,53 

Infect > 

O.Otl 

1.05 

1,21 

1 . n 

I 12 

1 .08 

1 00 

1 04 

1 .00 

0.88 

0.80 

0.74 

Infect.’* 

0 91 

1 . 19 

1 .11 

1 13 

1.05 

0.99 

1.08 

1 06 

1.00 

0,89 

0.80 

0.81 

Inftrct.*-* 





1 .02 

0 99 

1 .00 

1 ,(»0 

1 .03 

0.97 



* Hiiltiinore, 

lOtiO 1931, “ Harmonic 

mean 

in thousand.s. 






' Kifteen larncsl epidemic yearn, < Sixteen 

epidemic years. 





^ Baltimore, 

1900 1915 

ft Baltiuiurc, 

1910 

1931. 







’ Baltimore, 

1900 1931. p 

2. « Glasgow (Soper), 

1905 1910. 





“ 'rhe six clcar-ciit Balutnore epidemics with p taken for each as determined. 
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PKRCaNrAOh UXBTHfBUTfnN OF MKAm.lO'i 

BY MonTHK 




MlfNTH 

SkFT. 

(»CT, 

NOV. 

DEC. 

JAN. 

FKU. 

MAR. 

APR. 

MAY 

JONB 

JODY 

Ai/n. 

Balt.* 

0 4 

0.7 

2.3 

5,1 

10.3 

14.9 

10.2 

23.0 

16.5 

7.4 

2.4 

0.7 

Balt.« 

0 3 

0 , r, 

2,5 

5.7 

10.; 

U.8 

10.4 

20 0 

10.4 

6,6 

1,9 

0.5 

BaU.” 

1.1 

1.3 

2.0 

3,3 

5.3 

9.5 

15.5 

18.9 

20.3 

14.0 

6.0 

2.2 

Halt.* 

0.5 

1 .0 

3.3 

7.7 

11.(1 

14.7 

18.7 

17,8 

13.9 

M 

2.8 

0.8 

Balt ft 

0,9 

0 4 

Ml 

2.9 

9 3 

15.0 

19.6 

21.8 

18.7 

7.7 

2.2 

0.6 

Glaa* 

2.7> 

4.8 

8.2 

12 3 

11.4 

12.4 

in 9 

9.0 

10. 1 

7,4 

4.8 

2,7 

^ Baltimore, 

1900-1931 

* Fifteen largest epidemic yeara. 







'‘Sixteen simullent epidemic years. * Hriliimure, 
Mittltimorc, UUO “ OlaBjfow, lUUl 1910 . 
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within the month. It will be seen from lines 2 and 3 that the seasonal 
distribution of cases differs in the largest and vsmallest years as was the case 
with the index of infectivity; however, here there is also considerable 
difference in the seasonal distribution of measles during the first and second 
halves of the 32-year period whereas there seemed to be nothing really 
significant in the differences of the seasonal variation of the index of in¬ 
fectivity. it may be noted that the seasonal variation of measles in 
(Glasgow is quite different from that of any of the Baltimore series in that 
there is a long flat f)eak in December to February, instead of a sharp peak 
in March to April or April to May, and a relatively high incidence through¬ 
out the summer. 

There is some indication in the data that the seasi)nal variation of the 
index of infectivity may be in some way related to the manner of variation 
of the seasonal distributi(3n of the disease—as that the seasonal variation 
of infectivity is greater when the seavsonal variation in the incidence is 
greater—but we would not wish to make such generalizations short of a 
more extended comparison of results in a variety places or short of tiiore 
intensive study of the details of the calculation. For example, we have 
spoken, following Soper, of the seasonal variation of the infectivity k/m. 
This variation may be largely due to the rise and fall of the epidemic which 
cannot be expected to follow perfectly any assigned law vsuch as (1) and the 
seasonal variation of infectivity might therefore be largely due to the 
seasonal distribution of the disease. Indeed we saw that for /? = 2 it was 
possible to get an exact solution of the equation, namely, 

5 — m I cosh a — sinh a tanh «f/r], 

with m strictly constant; but if now we apply Soper’s formula assuming 
f> ~ 1, we have 

infectivity « cosh <x -- sinh a tanh at/r 

and hence, as thus calculated, the infectivity would diminish throughout 
the epidemic from an initial value of cosh a + sinh ot to a final value t)f 
cosh a — sinh a, although actually l/m was constant by hyjxjthesis/’ 

We have assumed p as fixed and m or 1/w to be determined from month 
to month by (1) and (2); we may examine the question of determining 
both m and p from the monthly data. Indeed, we have from (1) and (2) 

log m + ,1- log (Kl/Kli) ^ log 5. (3) 

This imposes a linear condition ujwn log m and 1 jp determinable from the 
cases in two successive months and the susceptibles a quarter of a month 
after the beginning of the second month. For the epidemic in Baltimore 
in the year 1912-1913, figure 1 gives the lines which result from the suc¬ 
cessive pairs^of months. Owing to statistical fluctuations inevitable in 
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such phenomena as epidemics, the positions of the lines must be expected 
to show considerable instability. The intersections of successive pairs of 
lines determine the values of log m and 1 /p that would be assigned in the 
different months of the year if we were to consider them both as variable, 
namely: 



DRC. 

JAN. 

PUB. 

MAS. 

AFR. 

MAY 

JUN» 

m 

71,000 

71,000 

(54,000 

61,000 

61,000 

59,000 

.*>6,000 


cc 

oc 

0.4 

3.8 

4.7 

12 

40 


It is seen that m decreases (the infectivity increases) throughout the epi¬ 
demic atid that p decreases from very large values to a minimum of 3.8 
near the peak of the epidemic and then increases to very large values, 
(Several of the epidemics of measles in Baltimore give similar results.®) 
There is certainly little evidence that p tends to be constant, although if 
one considered not only the intersections of successive pairs erf lines but 
those of all the lines, there is some tendency of the intersections to cluster 
around the middle of the diagram near a point corresponding to the values 
p »= 4.3, w =» (51,000 appropriate to the relation between total cases and 
peak Ctises; there is no point of intersection which indicates a value of p 
so small as 1, or even 2. 

The conclusion to be drawn from this behavior of p and m during the 
course of the epidemic, when both are regarded as variable, seems clearly 



PIOWRE 

The lines log 5 « log ^ log K^/ K" determined from the oases in successive 
pairs of months in Battimore 1212^1913. 




VoL. 31* 1945 


PATHOLOGY: WILSON AND WORCESTER 


207 

to be that it is impracticable to consider the law of mass-action as ac- 
curatdy representing the dynamics of an epidemic with constant values 
of p and although for some purposes it may be a highly valuable ap¬ 
proximation. As thexe is no observationally well-established value of p 
and as the a priori theory leading to the use of p ^ 1 is neither particularly 
convincing nor well suited to reproducing such a major statistical relation¬ 
ship as that between total cases and peak cases, as the computed variation 
of the infectivity (measured in terms of 1/m) is so sensitive to the values/ 
fixed or variable, that may be used for p, and, finally, as the changes in the 
infectivity which may be due to the rise and fall of the epidemic cannot at 
present be separated from those,due to the season as such, we infer that 
much further study will be required before one can have any confidence in 
the reality of the variation of infectivity that may be computed in some 
particular way from the data. 

^ These Procbedxngs, 31 , 142’"147 (1945). 

• If the cftsc rate C is increasing (or decreasing) in geometrical prcgressicii as C 
and if for symmetry we take C at f -f r/2 and at f — r/2 and the cases K between 
t and / -f 2 t and between t — 2r and / we have C(t -f t/ 2) C(^ r/2) «* 

and 

» I - 1 ). " «“(! - «-»'): 

0 0 

the relation (2) is then exact. If the case rate be expanded in series, 

C(/ -fa r/2) -* C(t) * I C'(t) + -f ... , 

4 C" 

K -- 2rC{t) ^ 2r»C'(0 -f _ r* — (/) + ..., 

re(Lr_r/?)T. ^ _ 2 + 2^. + ..,. AV"!'. ^ _ 2 + 

Lc« + r/2)J at) ^ Lc(/) J ^ A';-2r ao 



and therefore the formula is good to terms in r*. inclusive, but inexact in the terms of 
order higher than r* which involve higher jwwers of C'/C than the second and the de¬ 
rivatives of C or order higher than the first. As the interval r can hardly be considered 
small for epidomics of measles, otie may examine the accuracy of (2) for a variety of 
curves which may be fitted to the case rate and it appears that the formula involves a 
relatively small percentage error which can hardly be considered serious in view of the 
inevitable fluctuations in the course of observed epidemics, 

* The point of division falls between two epidemics which had numbers of cases almost 
equal to the numbers of recruits during the year. 

^ The fluctuations outside the central range of epidemics are so great tbat for averages 
of only six no particular stability could be expected. 

♦ The index of infectivity varies front 1 -|- tanh a to 1 — tanh a and with the values 
<if o that may well arise in fitting the solution to an observed epkientic the variation may 
be of the order of magnitude shown in Table I* 
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If wc write (1) as log m ** log 5 + p" ’ (log C'., -- log C) and differentiate with respect 
to the time to find the inlerHcction of successive Hues, 

Sdt ^ L dt dt 

where A is the rate of recruiting susceptibles to the population. Thus we should expect 
p to be infinite when C^A. The inflection points of log C would probably be well 
down in the trough of the seasonal curve. Thus we should expect p to be positive and 
near minimum at the peak of the epidemic, to increase to co when 'C A either on the 
way up or on the way down, to be negative whim C was between A and the presumably 
smaller values at which d* log C/d/* becomes zero and to be positive between the two points 
in the trough where d* log C/d/* »* 0; but with actual data from an epidemic the in¬ 
stability due to fluctuations when C < A would probably interfere with tracing the 
variation of the value of p. Figure 1, computed from finite differences, appears to check 
well enough with this general discussion based on differentiation. 

* The values of k/nt depend not only on those used for p; they depend on^the general 
level cf S and on the true numlx-r of cases (not the rejM^ried number) in -so far as the 
variatimi in the value of S during the epidemic is concerned, but tiot in so far as the ratio 
/cl/A"..? I is concerned provided we may consider the proi)ortioti of cases reported to bt 
constant during the epidemic. There are several hypotheses on which k/m may be 
computed: (1) The level of S is fixed and p is fixed but may have different values. This 
has been discussed above, using the level of sS and the true number ofeases as determined 
by Hedrich. (2) The value of p is fixed and unchanging but the level of 5 is unknown. 
It seems fairly clear that minor changes In the general level of S should not markedly 
change the variation of the index of infectivity kfm; but in some diseases on which one 
plight wish to test the theory the general level of S might be unknown within fairly 
wide limits, and, as a matter of fact, some persons might differ fairly seriously with 
Hedrich’s figures or with our conclusion that fiVa years of recruits was a good estimate 
of the general level of 5 for measles in American cities. (3) As the statistical relation 
between total cases and peak cases and the theoretical expre.ssion for the period between 
epidemics depend effectively upon the ratio m/p rather than upon m and p severally, 
one might desire to discuss the change.s in the "‘seasonal variation of infectivity" which 
would result from varying p and the general level m of susceptibles subject to the condi¬ 
tion that m/p were constant. We believe that under this hypothesis the infectivity 
decreases throughout the major part of the epidemic but that the range of the index of 
infectivity diminishes as p increases. 


rrf* log C S _ 
A - c: 


STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 
SUBSTANCES. VI. STRAIN VARIATION AND PRODUCTION 
OF STREPTOTHRICIN BY ACTINOMYCES LA VENDULAE’^ 

Bv Selman a. Waksman and Albert Sciiatz 
N'Ew Jersey Agricultural Experiment Station, Rutgers University 
Communicated June 13, lt)46 

Attention has already been directetU’ to the fact that actiiunnycetes 
as a whole, ainl certain groups or species in jiartietilar, vary greatly in their 
cultural, physiological and morphological properties. Tlie variable char* 
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acteristics include the nature and relative abundance of the aerial mycelium, 
the formation of various soluble and insoluble pigments, and the capacity 
of producing one or more antibiotic substances. These variations are ob¬ 
tained both for strains of presumably the same organism isolated from dif¬ 
ferent substrates, and for variants of a single culture when grown on a 
variety of media and under different conditions. Moreover, the same 
culture frequently exhibits variations when grown on a certain medium for 
a considerable length of time. Some characteristic cultural or morphological 
properties ttiay thus be gained or lost. 

Schaal® reported that isolates of Actinomyces scabies, the causative agent 
of potato scab, produce variants that are culturally and morphologically 
different from the parent strains and from one another; they also differ 
in their pathogenicity upon fX)tatoes. Sc>me of these variants arise spon¬ 
taneously, as previously demonstrated by Jensen^ and others.’ On the 
other haiul, some investigators^'have not accepted the concept of a 
fundamental change in the characteristics of the organism which would 
render it a distinct species; they believe that the variations are only 
temporary in nature and that the characteristics of the organisms remain 
constant provided cultural and environmental conditions are constant. 

The phenomenon of variation among the actinomycetes has been a 
major cause of confusion in the nomenclature and classification of these 
organisms. A species once described on the basis of its cultural or mor¬ 
phological properties may not necessarily be recognized from the original 
description after several years of culture.** This may be particularly 
true of organisms isolated from different substrates and in different labora¬ 
tories, especially if those organisms vary in some one cultural characteristic. 
The same species isolated by different workers has often been looked upon 
as representing a totally different oganism, especially when no sufficient 
recognition was given to the potential variability of the organisms. This 
fact often accounts for the different designations attached to the same 
species. An organism described by in 1908, as Actinomyces coeli- 

color was later designated as A. violaceus-ruber,^^* ‘‘ A. tricolor and A. 
vioinceus: however, Conn,^ in a study of the chemical nature pf the pig¬ 
ment produced by different cultures of this organism, was led to suggest 
that one may be dealing, after all, with distinctly different species. The 
pigment as well may be a variable character. 

Among the various actinomycetes belonging to the genus Streptomyces^^ 
formerly designated as Actinomyces, Waksmaii and Curtis^^ described, in 
1910, an organism under the name of A. lavendulae. When freshly iso¬ 
lated, the culture of this organism was characterized by the production 
of a lavender-colored aerial mycelium on synthetic media and of a soluble 
bniwn pigilient on protein media. This culture was not tested, when first 
isolated, for its capacity to form antibiotic substances, but when tcsteil 
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recently, namely, after nearly 30 years in culture, it was found to show only 
weak antibiotic activity. This need not, of course, indicate that originally 
the culture may not have been an active producer of some antibiotic sub¬ 
stance, since this property, as well, may have been either lost or largely 
reduced under conditions of artificial culture for this long period of time. 

Since the first description of -4. lavendulaCt other strains of this organism 
of forms closely related to it have been isolated from the soil by the senior 
author and by various students and collaborators working in his labora¬ 
tory.^** Several strains were also received from other laboratories in 
this countiy. Many of these strains differed from the description of the 
original culture in some of the cultural characteristics, such as intensity or 
shade of pigmentation of the aerial mycelium and nature of soluble pig¬ 
ment when grown on organic media. However, these differences were 
considered to be only minor or quantitative in nature, and not of sufficient 
significance to justify the designation of any of the new strains as different 
species. This point of view seemed justified since the original culture it¬ 
self underwent, during the long period of cultivation, marked changes in 
pigmentation, and abundance and nature of aerial mycelium. 

Among the various isolations of A, lavendulae cultures in our labora¬ 
tory, there was one that possessed! distinct antibiotic properties. The 
isolation of this culture happened to coincide with an intense interest in 
the laboratory^* in the subject of antibiotic substances. On further study 
this culture proved to have the capacity of producing an active antibiotic 
agent which was designated as streptothricin. However, it was found to be 
rather variable in nature, as shown by the fact that a number of variants, 
differing in their capacity to produce streptothricin, could be readily iso¬ 
lated^* from it. These variants were found, more recently, to differ also 
in certain other cultural and physiological characteristics, notably the 
production and nature of the soluble pigment, and the presence of aerial 
myceltiun* 

Experiinmtal.'-- Th(i degrees of cultural, physiological and morphological 
variation among different strains of A, lavendulae and of closely related 
forms can be iHustrated even in a comparison of only several cultures. 
Among the physiological properties of the strains, emphasis was laid upon 
the production of the antibiotic substance streptothricin. These cultures 
are listed here under the various laboratory numbers. 

No. 3330. The original strain of A, iaveudutoe which was isolated in 
1915, and has since been maintained in the culture collection of the I^e- 
partment of Microbiology of the New Jersey Agricultural Experiment 
Station. 

No. ;H40"8. a strain of the active streptothricin-producing culture of 
A, lavendtdae, isolated in 1941. Among many strains, this and the follow^ 
ing one were selected for this study. 



TABLE 1 

Cultural and Morphological Characteristics of Diffmiknt Strains of .4. lavenduiae 
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No, 3440-14. Another strain of the 
streptothricin-producing culture of 
A. lavenduiae. 

No. 3445. A culture isolated from 
the soil. 

No. 3465. A culture isolated in our 
laboratory in 1943 from a washed 
agar plate with Mycobacterium tuber¬ 
culosis as the source of nitrogen. It is 
active, as determined by the streak 
method, against gram-negative bac- 
teria and certain mycobacteria, but not 
against the gram-positive bacteria. 
Culture filtrates obtained by grow¬ 
ing the organism on different media 
have been found capable of inhibiting 
only certain mycobacteria. 

A brief summary of the cultural 
and morphological characteristics of 
these strains is presented in table 1. 
For comparative purposes, some 
characteristics of A, lavenduiae as 
reported in the original descriptions,^® 
are also included. Strains 8 and 14, 
derived from the same parent culture 
(No. 3440), were identical in most of 
their cultural characteristics. They 
differed, however, in three important 
properties not reported in the table. 
Number 8 pxoduced a brown diffusible 
pigment on glucose-peptone agar after 
2 weeks, whereas No. 14 did not; the 
latter produced much more strepto- 
thricin than the former; No. 14 grew 
normally on different media, in a 
manner comparable to the original cul¬ 
ture, whereas No. 8 produced after 24 
hours, on glucose-peptone slants, a 
distinct blue diffusible pigment which 
gradually became brown on the second 
or third day of incubation. 

The results of comparative studies 
on the production of an antibiotic 
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substance by tlie various cultures of A . lavendtdae^ grown under stationary 
and submerged conditions, are given in table 2. Strains No. 3330 and 
No. 3465 were completely inactive under these conditions, whereas the 
other three strains showed varying degrees of activity. The nature of the 
antibiotic action was of distinct interest. All strains were either com¬ 
pletely or nearly inactive against Bacillus mycoides; they were all active 
against both Escherichia colt and Proteus vulgaris, as well as against B. 
subtilis; the activity against the last was always greater than against 
E, coU. These specific antibacterial properties tend to indicate tiiat the 
antibiotic substances produced by the various strains is of the strepto- 
thricin type.*** 

Certain interesting differences in the nature of the antibiotic activity 
of strains No. 3440-8 and No. 3440-14 on the one hand, and of strain No. 
3445 cm the other, are also to be noted. Whereas the antibiotic sub¬ 
stance produced by the first two strains was alike in all respects, save a 
difference in quantitative production, the substance formed by No. 3445 
showed also certain differences that may be qualitative in nature. 
First, this substance produced in stationary culture had limited action 
against J3. mycoides; second, the ratio of the antibiotic activity against 
B, subtilis as compared to E. coli was usually wider for strain No. 3445. 
Further information, however, tends to indicate that possibly this differ¬ 
ence in nature of tlie antibiotic substance produced by the two cultures 
may only be quantitative rather than qualitative, as brought out in table 3. 

Strain No. 3440-S was found to undergo considerable variation on further 
cultivation. Some of the variants obtained from this strain produced on 
glucose-peptone a blue diffusible pigment; others formed a brown pigment 
The variants producing blue pigment had a pale blue vegetative mycelium 
with scattered, small pin-point areas of deep blue. IJpoti complete simrula- 
tion, the vegetative growth was covered with thick lavender-colored aerial 
mycelium; occasional sunken areas were of a somewhat slightly bluish 
tinge, these areas corresponding to,the pin-point regions of the deeper blue. 
The under surface of the vegetative growth was cream colored except for 
the small blue spots. The other variants produced a colorless to cream- 
colored vegetative growth free of any blue pigment whatsoever; one to 
two days later, a brown diffusible pigment appeared, the growth becoming 
covered with abundant lavender-colored mycelium. On subsequent 
transfer on fungus agar slants, the two types of variants proved to be 
rather stable. 

Two distinct variants were thus obtained from strain 3440-8: (a) blue 
vegetative growth, a diffusible pigment which was initially blue* and 
lavender aerial mycelium of a slight blue tinge; cream-colored vegeta¬ 
tive growth, soluble brown pigment in peptone media, and lavender aerial 
mycelium. Two variants were also isolated from sectors of colonies of 
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TABLE 2 

pRODtrCTION OF AN ANTIBIOTIC SUBSTANCE BY DIFFERENT STRAINS OF A. lavettdula 


CULTURB 


OZl.UTtON OMITS/Ult, OF FmTRATB 


ctrr TBST. 

MO. 

E. caii 

3. mycoides Pr. vw/forO B. 

stibiilis 

UMXTII** 


Shaken cultures, 2 days' incubation 



3330 

0 

0 

0 

0 

0 

3440-8 

0 

0 

0 

30 

3 

3440-14 

76 

0 

60 

100 

22 

3446 

25 

0 

10 

160 

15 

3466 

0 

0 

0 

0 

0 


Stationary cultures, 7 days 

' incubation 



3330 

0 

0 

0 

0 

0 

3440-8 

0 

0 

10 

75 

7 

3440-14 

25 

0 

30 

200 

34 

3445 

25 

10 

30 

300 

24 

3465 

0 

0 

0 

0 

0 


** Filtrates tested by cup method with B. subtilis as test organism. 


TABLE 8 

Production of an Antibiotic Substance by A. Uivendulae 344044 and Actinomyces 

3445 

Starch-Tryptone Medium, Shaken Culture Agar Streak Method, Activity Units 


incubation, cultubb 

DAYS NO. 

E. coH 

B. mycoides B. subtilis 

5. durtus 

CUP MBTMOD, 
UM. KONB 

2 3440-14 

50 

<10 

>300 

50 

33.6 

2 3445 

160 

20 

>300 

150 

31.0 

3 3440-14 

100 

6 

5(K) 

100 

25.6 

3 3445 

100 

20 

760 

150 

26.5 

4 3440-14 

100 

<10 

300 

75 


4 3445 

1(K) 

6 

300 

100 




TABLE 4 




Production of Streptothricin by Two Strain of A . lavendulae and Two Variants* 



Shaken Cultures 






umTS/llL. OF FXLTBATB, 

AFTER DAYR 


CUVTUBB NO. 


3 

4 


6 

3440-8 


38 

26 


26 

3440-8 (o)“ 


<2 

<2 


Trace 

3440-8 (hr 


64 

50 


42 

8440-14 


40 

23 


22 

3440-14 (a) 


23 

23 



3440-14 (6) 


0 

0 


0 


“ (a) and (6) are variants obtained from strains Nos. 3440-8 and 3440-14. 


culture 3440-14 grown on agar media; (a) white aerial mycelium, sometimes 
showing a faint shade of pink; and (6) devoid of aerial mycelium, except 
for a scant growth of sporulating aerial hyphae on some very old slants. 

These four variants were compared with the original cultures No. 3440-8 
and No. 3440-14, for their ability to produce streptothricin in shaken 
cultures. The results ore presented in table 4. Strain 3440-8 was occa- 
stonally found to be less active than No. 3440-14. This may be due to 
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the fact that strain 3440-8 tends to separate into the two variants (a) and 
the first of which is almost completely inactive, whereas the second 
is more active than the parent strain. In the case of No. 3440-14, how¬ 
ever, the white sporulating variant (a) was active, although somewhat 
less so than the lavender parent strain; the (b) strain, free of aerial my¬ 
celium, was completely inactive. 

In the case of strain 3440-14, therefore, the production of the antibiotic 
agent was associated with the ability of tlie culture to form aerial mycelium. 
This is similar to the results obtained in strain variation studies of A. 
griseus}^ In the case of both organisms the variiints which failed to pro¬ 
duce aerial mycelium likewise produced inactive culture filtrates. This 
statement must apply, of coursei only to the inactive asporogenous strains 
and their respective active parent cultures, since other independent isola¬ 
tions of both A, griseus and A, lavendtUae have been found completely 
inactive in spite of the fact that they produced aerial mycelium. 

Summary .—Different cultures of A. lavendulae differ greatly in their 
capacity to produce the antibiotic substance streptothricin. 

Active cultures of A, lavendulae were found to give variants that differed 
morphologically, culturally and physiologically from the parent strain. 
Variants free of aerial mycelium did not produce any streptothricin. 

* Journal Series Paper, New Jersey Agricultural Experitnerit Station, Rutgers Uni¬ 
versity, Department of Microbiology. 

t Thi.s culture was isolated by Dr. W. Kocholaty, of the University of Pennsylvania, 
while working in our laboratory. 

» Conn, J., Jour. Bact., 46, 133-149 (1943). 

* Duch6, J., Les Actinomyces du groupe alhus, P. I^echcvalier, Paris, 1934. 

* Jensen, H. L., Proc. Linn. Soc. N. S. Wales, 56, 79-98 (1931). 

* Kriss, A. E., '‘Variability of Actinomycetes," Acad. Sci., U.S.S.Ji. Moscow, 101 pp. 
(1937). 
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X-RA Y INDUCED MUTANT STRAINS OF ESCHERICHIA COLI* 

By E, L, Tatum 

Scwooi. OF BlOI.OOtCAL SCIENCES, STANFORD UNIVERSITY 

Comnmnicatecl June 20, 1945 

In a previous paper the production by means of x-ray treatment of u 
number of growth-factors requiring mutant strains of Escherichia coli and of 
Acetobacter melanogenmn was described.* These results were interpreted 
as indicating an analogy with the induction by irradiation of true gene 
mutations in Neuraspora with similar biochemical changes.’^' Compa¬ 
rable changes liave been induced in other strains of E, colil'* ® The present 
work was undertaken with the aims of producing more '‘biochemical” 
mutant strains of E. coli for biochemical study, of providing convincing 
evidence of derivation of these strains and of comparing the mutation 
rates of irradiated and control cultures. A considerable number of new 
mutant strains have been obtained after further irradiation of two bio¬ 
chemical mutant strains previously described.* These new strains require 
growth-factors in addition to those required by the parent strains. The 
double requirements of the new strains thus provide reasonable certainty 
of their derivation from their parent strains. The irradiation significantly 
raised the mutation rate from one in 20(K) isolations to 1(5 in the same 
number of isolations. Furthermore, the biochemical Sfiecificities of those 
mutant strains which have been analyzed are consistent with the view that 
each differs from the original stock in only one biochemical reaction. The 
evidence therefore supports the view that treatment with x-rays produces 
heritabfe defects in S 3 mthetic reactions in bacteria, biologically and bio¬ 
chemically analogous to those resulting from single gene mutations in 
Neurospora, This is presumptive evidence for the existence of genes in 
bacteria, perhaps contained in the nuclear structures which have been ob¬ 
served in a number of bacterial 

ExperimeniaL —Two previously obtained mutant strains of E. coli have 
been used in these investigations. Strain 58 is characterized by requiring 
biotin, and strain 679, threonine.^ These mutant strains were used, rather 
than the wild type strmn from which both were derived, so that their char- 
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acteristic growth-factor requirements would serve as biochemical *‘mark¬ 
ers.” Both of these strains had been maintained for over a year on com¬ 
plete agar medium (containing yeast extract, peptone and glucose) with no 
changes in their minimum requirements. Twenty-four-hour-old cultures 
grown in complete liquid medium with shaking were irradiated with ap¬ 
proximately 180,000 r units during a period of 45 minutes, as previously de¬ 
scribed.^ After a further incubation period of four hours, samples of the 
irradiated suspensions were plated out in complete medium, incubated for 
several days and then isolated colonies transferred to complete agar 
medium. These isolated strains were then tested for growth in the liquid 
minimal medium^ which for testing new strains derived frotn strain 5(S was 
supplemented with 0.1 Mg. biotin per 100 ml., and for testing those derived 
from strain 679 was supplemented with 10 mg. f/Z-tlireonine per 100 ml. 
Cultures which consistently failed to grow in the minimal media were then 
tested for their specific additional growth requirements. The data in table 1 
stumnarize the results obtained. A mutation rate of around 1 per cent 
was obtained with both irradiated strains, as contrasted with a rate of 
O.Oo with the unirradiated culture, apparently a* significant increase on 
irradiation to approximately the same value previously obtained with 
Acetobaci&r meUxnogenunit but somewhat higher than that obtained with the 
original strain of it. coli (K‘12).^ 


TABL12 I 


Effect of X-rav Treatment on Production of Mutant Strains of JE. coli 


HtUAXN 

OF 

DRIOINl 

X-RAV 

TRRATMRNT 

VI ABC W 
CRUA. %* 

IWUMBKR OF 
COCCNIRB 
IBOCATRD 

DS6IOKATIOK 

OR STRAINS 

NUHBSR 
OF MUTANT 
STRAINS, 

58 

180,000 r 

0.001 

941 

58-1 to 58-941 

9 

079 

180,000 r 

0.01 

800 

679-1 to 679-800 

7 

58 

None 

100.ot 

1902 

58 1001 to 68-2902 

1 


• Calculated from direct microscopic and plate counts, 
t This culture was 72 hours old at the time of plating. 


Of the 17 mutants obtained all but three have been found to require the 
addition of only one known growth factor for normal growth. Table 2 
gives the substance required by each of these strains, together with the con¬ 
centration which is required for V» maximal growth from tiurbidity mea¬ 
surements. The growth response of each of these strains is a function of 
the concentration of the growth factor supplied. Most of the mutant 
strains showed amino acid deficiencies, but three strains required thiamin, 
and three failed to grow on hydrolyzed casein or on a mixture of vitamins, 
but grew well on yeast extract. The only apparent duplications of require¬ 
ments were those of the proline requiring strains 679-183 and 679-440, and 
of the thiamin requiring strains ^593 and 58-610. In all other cases, 
either different substances were required or the strain of origin was different, 
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80 that of the 17 mutant strains isolated, 14 were definitely of independent 
origin. 

After the required substance was determined, each strain derived from 
strain 58 was re-tested for its requirement for biotin, and each one derived 
from strain 679 re-tested for its need for threonine. In every case the 
original requirement persisted in addition to the second induced require¬ 
ment. The possession of these double requirements is definite evidence of 
the origin of the new strains. The biochemical specificities of some of these 
mutant strains have also been tested. Table 2 also lists the biochemically 
related substances tested for activity on each mutant strain. 


TABLE 2 


tITRMN 

DBSCRIPTrON OF MUTANT STRAINS OP £. Colt 

CONCBNTKATION 
oivxM^i Vi maximal 

atTBATAMCK omOWTH tN 72 ROUBta^ RBLATRO SlTB«rrAMCE» TRSTEU 

NT;HnER 

XBQUIRBO 

X*BR 10 ML. 

ACTXVfi 

INACTIVK 

58-161 

Methionine 

0.01 mg. 

Homocystine 

NaiS, cystine 

68S278 

Phenylalanine 

0.016 mg. 


Tyrosine 

68-309 

Cystine 

0.16 mg. 


NajS, methionine **= 

68-336 

Isoleucine 

0.04 mg. 

Hydroxy- and 

serine, homocystine 
^ serine 

58-680 

Thiamin 

0.004 Mg. 

keto-acid 

analogues 

Thiazole -f pyrimi- 

68-593 

Thiamin 

0,003 

Thiazolc 

dine 

Pyrimidine 

68-610 

Thiamin 

O.OttJ Mg. 

Thiazole 

Pyrimidine 

58-741 

Histidine 

OJm mg. 



679-183 

Proline 

0.02 mg. 


Ornithine, arginine. 

079-440 

Proline 

0.03 mg. 


glutamic acid, hy- 
droxyproline 
Ornithine, arginine, 

679-662 

'Glutamic add 

0.06 mg. 


glutamic acid, hy- 
droxyproline 
Ornithine, arginine. 

679-680 . 

or proline t , 
Leucine 

0.05 mg. 
0,03 mg. 

Hydroxy-acid 

hydroxyproline 

68-26611 

Proline 

0.03 mg. 

analogue 

Ornithine, arginine. 

58-178 ) 
679-447 > 

Yeast extract 



glutamic acid, hy- 
droxyproltne 

Vitamins, hydroljrzed 

679-455 ) casein 

^ From growth curves obtained with an Evelyn photoelectric colorimeter. 

t The growth of this strain 

on proUne is 

slower than on glutamic acid, although 

quantitatively similar respcfnses are obtained In 72 hours. 
t Obtained from unirradiated material. 
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Strains 58-336 and 679-680, which require isoleucine and leucine re¬ 
spectively, can grow with the corresponding hydroxy-acid analogues, and 
in the one case tested (strain 58-336) also on the keto-acid analogue. 
Presumably the syntheses of these amino acids are blocked at stages in the 
fonnation of the carbon skeletons prior to the formation of the keto acids, 
which can be aminated to form the amino acids. The methionine requiring 
strain 5H-161 presumably cannot form methionine from reduced sulfur 
(NastS) or from cystine, but can do so to a limited extent from homocystine, 
a process which would require the methylation of homocysteine. Tlie 
cystine requirement of strain 58-309 is extremely specific. Apparently 
cystine cannot be formed from NaaS, nor from methionine or homocystine 
even in the presence of added serine. If the normal synthesis of cysteine 
in E. colt involves the transfer of the —SH group from homocysteine to 
serine by the reaction studied by Binkley and du Vigneaud,® this strain 
must be unable to transfer the sulfhydryl group to serine. 

None of the three strains which respond to proline use ornithine, arginine 
or hydroxy-proline. However, one can grow on either proline or oil glu¬ 
tamic acid. Proline and glutamic acid are apparently interconvertible 
in strain 679-602, but not in the other two strains. If the failure of syn¬ 
thesis of proline in each of these strains results from the failure of a single 
biochemical reaction, these facts suggest that ornithine is not involved in 
the synthesis of proline by £. colt, in which glutamic acid may be the im¬ 
mediate precursor of proline.® 

There are two types of thiamin requiring strains, botli analogous to 
known mutant strains of N. crassa^’ The two representatives of one 
tyj>e, strains 58-593 and 58-610, apparently are unable to synthesize the 
vitamin thiazole, but can form the pyrimidine component and couple the 
two components. Strain 58-580, however, cannot carry out this coupling, 
since it requires intact thiamin. 

Summary. .-Following a second x-ray treatment of two mutant strains 

of Escherichia celi 16 new mutant strains have been obtained from 1741 
single colony isolations. One mutant strain was obtained from 1902 isola¬ 
tions from unirradiated material. 

Fourteen of these strains have been found to require single known 
growth factors in addition to the requirement"^of the strain from which they 
were derived for biotin or for threonine. The growth factors required by 
these strains include proline, glutamic acid or proline, leucine, isoleucine, 
phenylalanine, methionine, cystine, histidine, thiamin and vitamin thi¬ 
azole, Three strains require unidentified substances present in yeast 
extract. 

These results are consistent with the conclusion that growth-factor re¬ 
quirements in bacteria result from heritable changes analogous to title 
gene mutations. 
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CAJ^ON DIOXIDE VTILIZAnON IN THE SYNTHESIS OF 
ACETIC ACID BY CLOSTRIDIUM THERMOACETICUM 

By H, a. Barker anb M. D. Kamen* 

Division ok Plant Nutrition, University of California 
Communicated June 20, 1945 

1b most carbohydrate fermentations the appearance of acetic acid or 
other C 2 products is accompanied by at least an equimolar quantity of 
carbon dioxide or otlier Ci product. The carbohydrate fennentations 
caused by Clostridium thermoaceticum are a notevrorthy exception to this 
generalization since the only product other than cell material is acetic 
acid.*’^ Specifically, glucose and xylose are acted upon by this organism 
to yield, respectively, about 2.ti5 and 2,25 moles of acetic acid per mole 
of carbohydrate decomposed. When pyruvate is the substrate, both 
acetic acid and carbon dioxide are formed but the yield of the latter is low, 
corresponding to about 0.5 mole per mole of pyruvate. 

To account for the high yield of acetic acid and the low yield of carbon 
dioxide from all three substrates, it has been postulated that Clostridium 
thermoaceticum, like Clostridium aceticum^** and Clostridium acidi-urici,® 
uses carbon dioxide as an oxidizing agent in such a way that it is condensed 
with a second molecule and reduced to acetic acid. If this occurs in the 
decomposition of glucose, for example, at least two alternative mecha¬ 
nisms, illxistrated by the following sets of equations, are possible. 
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I. C«Hw 06+ 2H,0 2CHzCOOn + 200^ + 8H (1) 

8H + 200* « CHsCOOH + 2H3O (2) 

II. C6H12O6 + 6H2O * 6CQ2 + 24H (3) 

6COa + 24H « SCHaCOOH <4) 

For either scheme the over-all reaction is 

CeHxaOa « SCHaCOOH. (5) 


Scheme I represents the fermentation as a partial oxidation of glucose to 
acetic acid and carbon dioxide (equation 1) accompanied by the reduction 
of 2 moles of carbon dioxide to acetic acid (equation 2). The oxidation of 
glucose presumably follows the usual glycolytic mechanism involving 
pyruvic acid. Scheme II represents the fermentation as a complete oxida¬ 
tion of glucose (equation 3) accompanied by the reduction of 6 moles of 
carbon dioxide (equation 4) to acetic acid. Although Scheme 11 appears 
less likely to represent the true course of the fennentation than does Scheme 
I, it must nevertheless be considered as a possibility. 

In this paper experiments will be described which provide direct evidence 
for the conversion of carbon dioxide to acetic acid and for the decomposi¬ 
tion of glucose in accordance with Scheme I. This evidence has been ob¬ 
tained® by the use of carbon dioxide labeled with the long-lived carbon 
isotope, C'*. 

Experimental Methods .—For the detection of radiation emitted by C*® a 
Geiger counter of “bell-jar” type with a thin mica window was used. The 
mica window had a thickness corresponding to about 3.5 mg. per cm.* and 
an area of approximately 25 cm.* It was supported by a brass grid cut to 
allow maximal passage of the radiation. Samples consisting of barium 
carbonate or barium acetate were spread thinly and evenly on duralumi¬ 
num discs and dried at lOO^C. These were placed about 1 mm. below the 
window in a standard fixed position. Variations in sensitivity of the 
counter were corrected for by reference to a standard sample of barium 
carbonate prepared in the same way. Corrections for self-absorption, 
necessitated by the softness of the beta rays (0.15 M. E. V.) emitted, were 
determined from a curve constructed from counts on standard samples of 
known activity and varying thickness.t The long half-life of (2.5 1 

X 10® yrs.)^ obviated corrections for decay. The counting circuit was of a 
conventional type and requires no description. 

The bacteria were grown in a medium of the following composition in 
g. per 100 ml.: glucose 0.15-0.7; tryptone 0.5, yeast extract 0.5, pH 6.6, 
phosphate buffer 0.9, (NH 4 ) 2 S 04 0.05, MgS04'7H80 O.Ol, sodium thio- 
glycollate 0.05, NaaC^Oa about 0.2 (’" indicate carbon labded with 
The phosphate buffer and labeled sodium carbonate were added after 
autoclaving. In a typical experiment the total volume of medium was 
about 12 ml. Oxygen was removed by means of on Oxsorbent seal and 



VoL. 31, 1946 


BA Cr£RfOLOG V: BA RKEH A ND KA MEN 


221 


the culture tube was closed with a ground-glass stopper to prevent loss of 
carbon diostide. After incubating for 3 to 6 days at 55°C. cultures were 
analyzed and the content of the carbon dioxide and the fermentation 
products was determined. 

Results .table 1 are presented data from an experiment such as that 
described above. The glucose concentration was 0.7 g. per 100 ml, 

TABLE 1 

The Fermentation op Glucose in the Prksbncb op C*0» 



Experiment 1 



8UB8TANCB 

UO./IO ML. 

CT8./MIN./liO. 

TOTAL CTS./MIN. 

Glucose fermented 

64.0 

. . . 


Initial carbon dioxide as BaCOs 

(22.3) 

117 

2610 * 60 

Final carbon dioxide as BaCOt 

22.3 

6.7 

128 ^ 20 

Acetic acid formed as BaAcs 

101.6 

19.9 

2020 * 40 

Cell material (residue from T. C. A. 




extraction) 

2.6 

12.8 

32 4 

Trichltiracctic acid extract of cells 

4.5 

1-5 

7 4 

Non-volatile celLfree material 



96 30 


Total activity in products 2156 

recovered in per cent 2156/2482 X 100 - 87 


It can be seen that most (94%) of the 0^*^ disappeared from the added 
carbon dioxide during the fermentation and a large part of it (81%) was 
recovered in acetic acid. Adequate evidence that the C“ was actually 
present in acetic acid rather than some associated compound was provided 
by distilling the volatile acid, using a modified Duclaux method, atid deter¬ 
mining the specific activity of the barium acetate derived from successive 
distillation fractions. The specific activity was found to be the same in all 
fractions within the limits of experimental accuracy (table 2). 


TABLE 2 


Specific Activities of Duclaux Fractions of Acetic Acid 
Experiment 1 (total volume 110 ml.) 


DUCLAUX VltACTIOM 

0- 40 ml. 
40- ao ml. 
Sd-lio ml. 


CT8./WK./MO. Bn Act 

17.9 

18.9 
18.7 


A small part of the was also present in the cells after removal of 
acetic acid and carbon dioxide, and in the non-volatile fraction of the 
medium after removal of the cells. It is noteworthy that the quantity of 
per xng. of dry cells was of the same order of magnitude as in the barium 
acetate. It seems reasonable to conclude that a considerable part of the 
cell material was synthesized from carbon dioxide. 

Only about one-fifth of the C** in the cells cotdd be extracted with 4% 
tricUoracetic acid; the remainder must have been present in proteins^ 
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lipoids and other acid-insoluble forms. The small yield of add-extractable 
was due ix>ssibly to the relatively long incubation which was continued 
for several days after growth ceased. The bacterial cells may have auto- 
lyzed, releasing soluble constituents. This could account for the consider¬ 
able amount of non-volatile present in the medium after removal of 
the bacteria. The actual weight of this fraction could not be estimated 
because of the large amount of inorganic salt present; for the same reason 
the content of this fraction could be only roughly determined. 

To determine the distribution-of C*** in the acetic acid, its barium salt 
was first decarboxylated according to the equation 

(CH 3 COO)aBa ^ CHsCOCHa + BaCOa. 

In control experiments with S 3 mthetic CH 3 C*OOH, the barium carbonate 
was shown to originate from the carboxyl carbon of acetic acid (table 3, 
column 2). Hence, this method was used to estimate the con tent of 

the carboxyl carbon. To determine the content of the methyl group, 
the acetone derived from the decarboxylation was oxidized with alkaline 
iodine to iodoform and acetic acid. The iodoform, which was shown to 
originate from the methyl group of acetic acid (table 3, column 2), was 
oxidized to carbon dioxide and converted to barium carbonate for count¬ 
ing 

TABLE 3 

Distribution of C'* in Synthetic and Fermentation Acetic Acid 
(The figures give the percentage of the total in each atom) 

FftRUBNTATlON ACETIC ACID 

CARBON ATOM EYNTHBTIC CHiC^OOH KXPT. 1 EXPT. 3 

Methyl 0 3 49 * 2 40 * 2 

Carboxyl 100 ***2 60^2 

Data from two experiments are given in table 3, columns 3 and 4. It 
can be seen that in experiment 1 the in the acetic acid produced by 
fermentation was almost equally distributed between the methyl and car¬ 
boxyl groups as would be expected if a total synthesis of acetic add from 
carbon dioxide had occurred. In experiment 3, a different result was ob¬ 
tained; about 50% more was present in the carboxyl than in the 
methyl group. The difference in distribution between the two experi¬ 
ments appears to be significant but we have no explanation for it. Further 
work will be necessary to elucidate the relation between the experimental 
conditions and the isotope distribution in acetic add. There is, however, 
a possible explanation for the fact that in experiment 3 the carboxyl group 
had a higher content than the methyl group. The aynthesis of acetic 
add from carbon dioxide by Cl, thermoaceticum may occur in two ways, 
one involving the fixation of carbon dioxide in both the meth}^ and car¬ 
boxyl groups, the other involving only fii^ation in the carboxyl group; 
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The relative rates of the two processes would then determine the distribu¬ 
tion of the isotope. A fixation of carbon dioxide exclusively in the car¬ 
boxyl group of acetic acid has been observed by Slade, el using Aero- 
bacter indologenes and Clostridium welchii. 

Having established the conversion of carbon dioxide to acetic acid, it 
seemed desirable to find out how much carbon dioxide was produced as an 
intermediate in the glucose fermentation. This can be calculated from a 
knowledge of the contents of the initial and final carl^n dioxide if it is 
assumed that the formation of carbon dioxide from sugar is the only process 
which causes dilution of the labeled carbon dioxide. One specific reaction 
which must not occur is an exchange of between carbon dioxide and 
prefonned acetic acid. 

The evidence against a reversible exchange of C** between carbon di¬ 
oxide and acetic acid is of two types. First, a wide variation in the molar 
ratio of the contents of acetic acid and carbon dioxide was observed in 
different experiments. The range was from 0.95 (ex|)ertment 2, table 4) 
to 2.26 (experiment 1, table 1). A rapid exchange of between the two 
compounds should result in a constant ratio. Secondly, an experiment 
was performed in which glucose was fermented in the presence of acetate, 
labeled in both the methyl and carboxyl positions, and ordinary carbon 
dioxide. At the beginning of the experiment 0,215 mM of acetic acid 
giving 726 ^ 15 cts./min. was present per 10 ml. of medium. After the 
fermentation 0.385 mM of acetic acid giving 706 ^ 15 cts./min, was re¬ 
covered. The final carbon dioxide (0.049 mM) gave only 9.8 =*= 1 cts./ 
min., or about 1% of the C'* initially added as acetate. From this result 
it must be concluded that whereas a conversion of acetic acid carbon to 
carbon dioxide does occur the rate of the reaction is so slow as to be negli¬ 
gible under the cotiditions of these experiments. 

To calculate the intermediate carbon dioxide production we shall assume 
then that the only pertinent reactions are the following: 

ia) glucose (C^®) CO^ (C^*) 

{b) CO« + C'") acetic acid (C» + C^"). 

The carbon dioxide will always consist of a mixture of and C’^Oa- 

Let X be the quantity of C^*Oa per unit volume at any time during the fer¬ 
mentation and let Xo be the initial, and Xf the finsd Further, let V 

represent the amount of plus converted to acetic acid at any 
time; V also equals the amount of C^®02 formed from glucose since there is 
no net change in carbon dioxide. Va is the constant amount of carbon 
dioxide present throughout the fermentation and Vf is the total carbon 
dioxide formed or utilized during the experiment. 

When a small quantity (AF) of + C^Kk is converted to acetic 
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acid and an equal amount of is formed from glucose, the decrease 

in C^K>i (— Ax) is given by the expression 


^Ax = 


AV 

Va+ AV 


X 


which means that the (x) is decreased by a fraction equal to the 

carbon dioxide tf^d (AV) divided by the total carbon dioxide present 
(Va + AV). Dividing by x we get 

— Ax AV 

In the limit as AF is decreased 

-dx dV dV 
x" Va + dF “ Va 


Integrating this expression between the limits :co and X/ for x, and 0 and 
F/ for F, we find 



or 

Vf “ 2.3* Va log Xo/Xf. 

Vf has the same units as Fa. F;-must be divided by the quantity of glu¬ 
cose fermented (=* moles of acetic add formed divided by 2.65) to give 
carbon dioxide production per unit of glucose. 

When this method of calculation is applied to the data of experiment 1 
(table 1) where xo »» 117, X/ ** 5.7, Va * 0.113 mM and the glucose de¬ 
composed is 0.3 mM, a result of 1.14 moles of carbon dioxide per mole of 
glucose fermented is obtained. This figure almost certainly errs on the low 
side because of the likelihood that X/ was raised by contamination with 
C^Oa from the gas phase of the culture vessel. Such contamination might 
easily have been important in this experiment due to the very low activity 
of the final carbon dioxide and the high activity of the initial carbon di¬ 
oxide, some of which may have remained in the gas phase or in the Ox- 
sorbent seal during the fermentation. When X/ is very small in relation to 
xo, a relatively slight increase in X/ will cause a disproportionately large 
decrease in the factor log xo/xy and therefore in F/. 

To obtain a more reliable value for carbon dioxide production two addi¬ 
tional experiments were performed in which the ratio x^/x/VTss kept small 
by limiting the amount of glucose fermented. In this way errors due to 
C contamination were made insignificmit. From ^ data these expcri- 



VoL. 31, 1»45 


BACTERIOLOGY: BARKER AND KAMEN 


ments (table 4) the intermediate carbon dioxide production was calculated 
to be 2.32 (experiment 2) and 2.19 (experiment 3) moles per mole of glucose 
fermented. 


TABLE 4 

The Fbiiubntation op Glucose in the Presence op C*Oa 


coMnrouNp 

Carbon dioxide, initial 
Carbon dioxide, final 
Acetic acid, final 
Glucose fermented 


Experiments 2 and 3 

^---VXPT. 2- 

CTS./MJN./MM 
mM/10 ml. X 10-* 

(0.191) 28.5 «*« 0.6 

0.191 10.0 * 0.3 

0.268 9.5 0.2 

0.086 . 


mM/10 Uh. 


-uxPt. 3—--— 

CT8./mIM./RM 
X 10-» 


(0.136) 25.5 -fc 0.4 

0.136 6.9 * 0.3 

0.246 8.6 * 0.2 

0.081 . 


The above results definitely exclude a mechanism such as that implied 
in reactions (3) and (4). The agreement with the value of 2 to be expected 
on the basis of reactions (1) and (2) is very satisfactory in the light of the 
possibility that reactions other than those postulated may be contributing 
to the dilution of the C*Oa. It should be noted in this connection that 
cmly about 86% of the glucose is accounted for as acetic acid; the re- 
mainder goes into cell material and unidentified non-volatile compounds. 

It may be concluded that the “acetic acid fermentation” of glucose by 
CL thermoaceticum involves a partial oxidation of the substrate to two 
moles each of acetic add and carbon dioxide followed by a reduction and 
condensation of the carbon dioxide to a third mole of acetic acid. CL 
thermoaceticum is the third species of Clostridium that has been shown to 
use carbon dioxide in this way. 

The authors are greatly indebted to Prof. E. O. Lawrence and members of the staff 
of the Radiation laboratory and to Dr. T. H. Norris of the Department of Chemistry 
for facilities used in the preparation of C**. 

• Present address: Mallinckrodt Institute of Radiology, Washington Unirersity, 
St. Louis, Mo. 

t The authors are indebted to Dr. T. H. Norris of the Dept, of Chemistry of the 
University of California for the data on sell>absorption. 
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THE CRYSTALLINE PHASES OF SOAP 
By M. J. Buerger, L. B. Smith, F, V. Ryer and J, E. Spike, Jr, 

Mxwralogical Laboratory, Massachusetts Institute of Tbcunouogy, 

AND Lever Bros. Research Laboratory 
ComtnunicatRd June 14, 1945 

Introduction .—The view has recently been expressed that soap exists 
in only four solid phases,® known as a, 6 and w, and that only three of 
these, namely 5 and o), are encountered in commercial soaps. This 
simplified scheme does not agree with the results of our own studies of the 
crystalline phases of soap. We believe that at least part of the error of 
this view is due to the fact that some of the supposedly simple phases 
described are actually composites, and that part of it is due to limited 
knowledge of soap phases themselves. Since we feel that the understanding 
of soap phases is in a very confused state, we take this opportunity to 
present information which will tend to clear the existing confusion. 

Orthodox Methods of Producing Various Phases .—Thiessen and Stauff^ 
were the first to point out that sodium stearate and sodium palmitate occur 
in more than one form. They obtained a form, which they designated a, 
by crystallization from an alcohol solution. They showed that if this 
form of sodium stearate is heated, it undergoes an irreversible transforma¬ 
tion at 52®C. to another form which they called De Bretteville and 
McBain* produced a third form, which they called y, to conform with the 
notation of Thiessen and Stauff, by precipitating sodium stearate from 95% 
alcohol and drying at 105°C. Immediately after this we® showed that the 
forms known as a and /3 were actually different hydrates, and that the a 
form can be transformed into y, or a still different form (not then digni¬ 
fied by a label) by heating it within the temperature brackets® 52-105°, 
105-117° and above 117°C., under otherwise atmospheric conditions. 
For sake of a label we now propose the designation cr for the form assumed 
by heating neutral sodium stearate above 117°C. 

Shortly after this, Ferguson, Rosevcjar and Stillman® recognized the ex¬ 
istence of only the four phases a, 0, w and 5. They obtained their o> phase 
by cooling neat soap without agitation. They found this phase to occur 
in commercial framed, soaps, most commercial milled soaps, and to pre¬ 
dominate in cocoanut oil soaps. They also found it to be the only stable 
phase in sodium oleate soaps. Another phase which they believ^ to be 
identical with Thiessen and Stauff*s 0, and which they therefore also called 
was formed in those soaps which would otherwise crystallize to form w, 
but which were agitated at certain temperatures where it was found that 
0 was stable. The fourth form, 5, they obtained by several methods, 
including quenching a hydrous melt, mixing a, 0 or w with water at room 
temperature, or extrusion of hydrous sodium palmitate from an orifice at 
room temperatmes. 
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New Methods of Producing Different Soap Phases. —Soap makers had 
realized for some time that soaps differed in properties according to water 
content, and, more recently, Bodman^ discovered that they differed in 
properties according to temperature of treatment as well as water content. 
We conceived that the differences so manifested in commercial soaps were 
to be accounted for by different content of crystalline phases with different 
conditions of preparation. At a very early date we proved that this was 
indeed the case by finding that the diffraction patterns of the several com¬ 
mercial varieties of soap were different and that the diffraction effects arose 
from crystalline phases. This immediately suggested that the phase 
diagrams of soap-water systems governed the phase mixtures found in 
commercial soaps, and so influenced the properties of soaps. Our sub¬ 
sequent experimental work proved this to be true. We therefore 
explored a number of soap-water systems for phase distribution. Before 
entering into this, we wish to discuss the concepts of descendent phases 
and phase maps. 

Descendent Phases. —At this point we wish to emphasize the distinction 
between a phase stable in a region where it is developed and the phase or 
phases which descend from it as a result of changing conditions, such as 
lowering the temperature in order that the phase can be examined under 
normal "‘room temperature*’ conditions. The former phase properly be¬ 
longs on a phase diagram. The latter phases, here designated descendent 
phases, are not necessarily the same phase which formed under the original 
conditions, but are the phases which form from the original one during the 
change in environment. If no transformations occm during the change, 
then the original phase and the descendent phase are identical; if a trans¬ 
formation does occur, then they are different. As an example of this rela¬ 
tion, McBain's subwaxy phase^ is the original phase, the <r phase is its 
descendent. 

Phase Maps. —If the phases of a phase diagram are replaced at all points 
by their descendent phases, we designate the resulting diagram as a phase 
map. In other words, a phase map is a diagram showing the room tem¬ 
perature equivalents of the phases on the phase diagram. 

Clearly, a phase map of a soap-water system is a type of representation 
of the phase diagram of the system. It should reveal possible new room 
temperature soap phases at the same time giving some idea of their rela¬ 
tionships to one another. To study this, we explored the phase maps of 
the following individual pure soaps with water; 


SOAP 

COtIPOUTlON 

■nnoi. 

Sodium stesrate 

NaCi^BUtO, 

NaCu 

Sodium palmitate 

NftCiOItfOt 

N*C„ 

Sodium myristate 

NaCtOlMO, 

NaC,. 

Sodium laurate 

NaCiAiO. 

MaCu 

Sodium caprate 

KftC^AiOi 

NaCu 

Sodium edeate 

NkCuHmOi 

NaCfi 
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Equilibrium was attained by the process of severely working the sample. 
This imposes intense plastic deformation on any solid phases. We have 
found that this provides the necessary activation energy in mechanical 
form to induce transformations which may otherwise be inhibited. 

New Phases .—In this study we encountered seven distinct crystalline 
soap phases (in addition to several other phases closely related to these). 
These seven are distributed among the several soap-water systems ac¬ 
cording to the scheme in table 1. 

TABLE 1 

Tub Distribution of Phases in the Phase Maps of Nbutral Sodium Soaps with 





Water 





NaCi# 

NaCi, 

NaCu 

NaCu 

NaCii 

NaCw 

le 

X 

X 

X 




r 


X 

X 

X 

X 


M 



X 




€ 



.. 

X 

X 


6 




X 

X 


a 



.. 


X 


n 



.. 

.. 

.. 

X 


It will be noted that Ferguson, Rosevear and Stillman’s® w and $ phases 
are missing from this list. The significance of this is that each of these 
phases is composite, and we resolve them into the following components: 

Fe»ou»on, Eo&svear and 

STIl.I.»tAN'« FRASKS OtTR PUASBe 

ia > K and 

B —► c and f 

Ferguson, Rosevear and Stillman’s descriptions of conditions under which 
their phases occur include conditions under which both components appear. 
Furthermore, Ferguson’s “characterizing diffraction ring” does not dis¬ 
tinguish between the components in the case of either of their phases w 
or jS, That the components are indeed individual phases is attested by the 
fact that they occur individually in certain fields of certain phase diagrams 
and together in others. We accordingly reject Ferguson, Rosevear and 
Stillman's w and p phases as being each resolvable into at least two phases. 

Explanation of Figure 1 

X-ray powder photographs of sodium soap phases. These photographs, which are 
reproduced here to exactly natural sisse, were made with a camera hariag the standard 
diameter of 114.6 mm. (on which 1-mm. film distance corresponds to 1* for the devia¬ 
tion angle 20, and to for the Bragg angle, 0). 


1, 

at sodium stearate 

6. 

M sodium myristate 

2. 

5 sodium stearate 

7. 

K sodium myristate 

3. 

c sodium stearate 

8. 

y sodium stearate 

4, 

{* sodium stearate 

9. 

(T sodium stearate 

5. 

d sodium stearate 

10. 

ri sodium oleate 







a i 


L^Ljk^J L. ^ :'':"l'.'t ■ 


ura ] 


(See oppoitle psge for explanofiofl) 
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(If the single ‘'characterizing diffraction ring** were the only distinguislung 
charactertistic of a phase, it would be impossible, with Ferguson’s w data, 
to distinguish between the four phases «, n* y and a.) 

The Rdle of Hydration, —Elsewhere* it is shown that all the phases of 
table 1, which occur in the central areas of phase maps, are hydrates. The 
amount of hydration is a definite fraction of a mole of water per mole of 
soap. The presence of definite amounts of water in soap crystals which 
form in a water environment is a consequence of the requirement that the 
alkali atom of the soap molecule surrounds itself with its normal coordina¬ 
tion sphere of oxygen atoms.* 

There exist two dosses of transformations accompanying the deh 3 rdration 
of soap phases. One class (for example, Thiessen and Stauff’s a P)\s 
accompanied by a complete change of crystal structure. The other dass 
is accompanied by comparatively minor alteration in the structure, and 
consequently is indicated by a comparatively slight change in the x-ray 
powder pattern of the original phase. This behavior is true of the de¬ 
hydration of worked 6, € and 

Since the more and less hydrated modifications of a soap crystal type 
can be distinguished, even though their powder patterns are rather similar, 
it is desirable to refer to them in a distinctive manner. We suggest that 
these forms be distinguished by adding a prime to the symbol of the less 
hydrated modification. Using this symbolism, we have found that the 
first step in the dehydration of 6 is 6', of € is and of f is fThiessen and 
Stauff’s p is equivalent to f'. 

We now call attention to certain relations between Ferguson, Rosevear 
and Stillman’s forms and other forms. They originally* believed* their 
jfiF to be identical with Thiessen and Stauff’s <3. One component of their 

is f. This component, on dehydration, first loses Vs molecule of water 
and becomes which is Thiessen and Stauff’s 0, Even if Ferguson’s ^ 
were the pure component f, it would not be identical with Thiessen and 
Stauff’s original because the latter is a product of partial dehydration of 
the former, and the water is lost in a sharp step, giving no evidence of 
continuity between the phases. The two phases are also readily dis¬ 
tinguished by powder pattern. 

Ferguson, Rosevear and Stillman* express belief that their w is identical 
with de Bretteville and McBain’s* y. This can hardly be the case, even 
if 0 were a single phase and not resolvable into k and for both of thl latter 
phases are hyrirated,® while the former is almost, if not quite, anhydrous. 

In order that others may identify the several phases involved in soaps, 
we present in figure 1 a series of representative x-ray powder photographs of 
the several phase types encountered in sodium soaps. The patterns of the 
same phase type but different chain length resemble one another basically 
because the Fourier transfonns of the crystals resemble one another. In 
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detail, the crystals of similar phase type are nearly identical in projection 
normal to the direction of the chains in the structure. This direction is 
undoubtedly nearly normal to the sheet structure of soap ciystals. Since 
the plane of the sheets is customarily designated® (001), this means that 
the crystals are nearly similar when projected along zone [001], whose 
reflections are hkO, Thus the (001)* levels of the reciprocal lattices of 
crystals of different chain length homologues of the same phase are nearly 
identical and consequently these phases give identical hkO contributions 
to a powder photograph. The reflections involving the I index, however 
(both 00/ and hkl)y differ for patterns of the various chain lengths. 

Distribution of Phases on Phase Maps,—In subsequent publications we 
plan to describe in detail the phase maps of the several systems of pure 
soaps with water. At this time we merely outline their several characteris¬ 
tics. In figure 2 is shown the phase map of the system NaCie-water, omitting 
the liquid solution phase which occurs increasingly toward the right of the 
diagram. 



The^aCifi-water phase map is one of intermediate complexity, but it 
illustrSes some common featufes of phase maps of simple soap systems, 
A major feature of such maps is a set of three regions, the middle region 
being bounded above by a sloping line and below by an almost horizontal 
line. These boundaries converge toward higher water contents. The upper 
line, at least near the middle region, checks well with McBain’s^® the 
temperature of the final melting of the crystalline phases. The lower 
horizontal phase boundary is a new one and evidently represents a phase 
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transformation in the crystalline state. In the NaCia-water phase map, 
the S phase occupies the field below this boundary, the € phase occupies 
the middle field and the f phase occupies the field above the upper bound¬ 
ary. It is visually evident whether a sample has been prepared above or 
below the e-f boundary. Samples worked in the r field are brittle and have 
a compact texture, while those worked in the « field are tougher and have 
a fibrous appearance with silky luster. The S-t boundary corresponds weU 
with the temperature of ready solubility, as listed by McBairi and Lee.'® 

Phase maps of water with soaps of longer chain length are somewhat more 
complex. The NaCw-water diagram is similar to the NaCw*water diagram, 
with the following additional complexities. The d phase field is a thick, 
ahnost horizontal stratum below whose lower boundary occurs another 
field containing the a phase. Furthermore, the upper field which contains 
only pure f for NaCxg is subdivided for NaCw: pure f occurs at low mois¬ 
tures, but f + 5 appears at intermediate moistures. Since soap solution 
is also present, this appears to be a field of three phases, which cannot 
coexist in the phase diagram of a two-component system. Evidently S is 
generated from the phases stable in this region when the sample is cooled 
for examination. 

Phase maps of water with soaps of shorter chain length tend to be 
simpler. In tlie NaCw-water phase map, the upper, middle and lower 
regions contain k, and Mi respectively. The latter phase occurs only, so 
far as we know, in this system. (At very low water contents this phase 
appears to be displaced by k.) The middle region tapers off at higher 
moisture contents toward about 70% water. In the NaCiz-water map, 
fewer phases occur. Both upper and lower region are occupied by the 
K phase; the middle is occupied by f and vanishes at about 75% water. 
In the NaCio-water system, only the k phase occurs, yet the middle region 
ie marked out by slightly different detail in the k powder pattern, as well 
as by orientation differences. 

The phase map of NaOl-water is also very simple, consistitig chiefly of 
the phase ly. The only detail in the map corresponds with a minor pattern 
change below 6% water. We show elsewhere* that the samples having 
water contents greater than this are actually crystals of the hemihydrate, 
NaCii’VaHjO. Below 6% water the dehydrated phase rj' occurs. 

Phase Maps of Commercial Commercial soaps have complex 

phase maps which differ frcrtn soap to soap. This might be expected, since 
commercial soaps are accidental and convenient mixtures made from fats 
containing varying spectra of chain lengths, and containing both saturated 
and unsaturated components. 

We are not in agreement with the statement® that commercial soaps 
contain only the three phases « and 5. We find that phase maps of com¬ 
mercial soaps are so complex that we cannot deduce them with any cer- 
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tainty from powder photographs. In figure 3 we present a phase map of a 
certain commercial soap. In this map, where we have felt uncertain of 
identification of the phases of a phase field, we have attempted to itidicate 
the minimum number of pure phase patterns into which we believe the 
powder photographs can be resolved. We present this diagram with some 
hesitation, since we are certain we would revise it in light of subsequent 
knowledge, yet we feel that it should be presented in view of the published 
statements as to the sbnpHcity of the phase aggregates in commercial 
soaps. 



* Subsequently Ferguson* expressed the view that his differed from Thicssen and 
Stauff*s ^ by being indefinitely hydrated.’ 

' Thiessen, Peter A., and Stauff, Joachim, "Feinbau und Umwandlungeu kristalli- 
.sierter AlkaUsahse langkettiger Fettsauren,” Zeit. Physihal. Ghent. (A), I7<S, 397-429 
(1936). 

* Bretteville, Alexander de, Jr., and McBatn. J. W,, "'X-ray Evidence for a Third 
Polymorphic Form of Sodium Stearate,” Scime^, 96, 470-471 (1942). 

» Buerger, M. J,, Smith, T. B., de Bretteville, Jr., A., and Byer, F. V.. ”The Lower 
Hydrates of Soap,” Proc. Nat. Acad. Set., 28, 626-629 (1942). 

* McBain, James W., Void, Robert D.. and Frick, Mary, ”A Phase Rule Study of the 
System Sodium Stearate-Water,” Jour. Phys. Chem., 44 , 1013-1024 (1940). 

* Ferguson, R. H., Rosevear, F. B., and Stillman, R. C„ ”SoiUd Soap Phases,” Ind. 
Eng. Chent,, 35, 1006-1012 (1943). 

* Ferguson, R. H., ”The Four ICnown Crystalline Forms Soap.” Oil and Soap, 21, 
6-9 (1944). 

7 Bodman, John W., U. 8. Patent No. 2,215,639, Sept. 24.1940. 
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WILLARD GIBBS ON SOARING FLIGHT 
By Edwin B. Wilson 
Harvard Scmx)L of Public Health 
Communicated July 12, 1945 

In these days when so much depends on aerial supremacy it may interest 
some to see a hitherto unpublished letter of Gibbs to Langley dating from 
the very early infancy of aeronautical research in this country. The letter 
was furnished to me by ProfeSvSor Ralph G. VanName, nephew of Gibbs. 

On April 13, 1894, Langley wrote Gibbs asking for help in understanding 
soaring flight. He gave the usual Newton-tyjie of formula for the wind 
pressure upon the aerofoil, proportional to the area, the square of the 
velocity and a function of the angle of attack which could be taken as pro¬ 
portional to that angle when it was small. Six weeks later Gibbs replied 
as follows: 


New Haven, May 30/94 

My dear Professor Langley 

I do not know whether the following results—certainly very meager 
after so long a delay—will be at all to your purpose, but the discussion of 
a simple case may throw some light on the general question. 

Let the velocity of the wind be 

F «= A + a sin nt. (1) 

Let the horizontal velocity of the aeroplane (measured against the wind) 
be regulated by varying the inclination so as to be expressed by a similar 
function, say, 

V — B + b cos nL (2) 

The rdative horizontal velocity will be 

w - C + amnnt + b cos nt, (3) 

where C ^ A + B. If a is the tangent of the elevation of the edge (sup¬ 
posed small), 
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dv Ew^ 
gdt g ’ 


(4) 


where Ew^ is the resistatice of the air to the edge of the plane divided by 
its mass; and if z is the vertical height, 


dz g wdv Ew^ g 

dt ^ Pw g dt g Pxv 

where g/Pw is the rate at which the aeroplane would settle down when 
a r= 0. We shall treat P as roughly a constant. It is here assumed not 
only that a is small, but also that w is large, and dH/dt^ is small compared 
with g, so that the variations of vertical momentum may be neglected in 
(4). Since by (2) 


dv , , 

^ ^ no siu nl, 

dt 


(5), (6) and (3) give 

. dz 
dt 

i 


dz bn Ew^ 

^ — sin nt{C + a sinnt + b cos nt) - 

£ £ 


1 

Pw' 


, 2vrEw^ 

dz --- 


V-8r/« iroA 

g g n L g 

Continued soaring is possible, if 


nal? 


_ /E^ 

2g ^ \ g 


+ 


PajJ value. 

l.'j 

Pw/ 


( 6 ) 

(7) 

( 8 ) 

(9) 


Since C is the average value of w, we shall err on the side of safety if we 
write for (9), 


nab EC* , 
> —r- + 


FC’ 


( 10 ) 


provided that C is three times as great as a and as b, and provided also that 
«.md i 0 «re to our r«»o„.bly 

To make a small, nb must be small compared with g. To make d*z/dt* 
small compared with g, we must have n*bC small compared with g*. To 
fix our ideas, we may make b » C/3. Then (10) becomes 


no 

18g g PC*' 


( 11 ) 


The left-hand member of this condition is given by the wind. If E is small 
enough and P large enough, it is easy to satisfy (11) by values of C which 
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are small compared to g/n, which will make soaring possible, and if such 
values of C or any of them are greater than A (the average velocity of the 
wind), continued soaring against the wind is possible. 

The letter is taken from the handwritten copy which Gibbs kept and may 
not be identical with that which he sent; it closes without the customary 
“Yours truly” or equivalent and without signature, though undoubtedly 
both appeared on the letter sent to Langley. 

Under date of June 9, 1894, Langley wrote: “I beg to return my very 
best thanks for your highly valued communication of the 31st ultimo. 
Not being certain when I should hear from you, I had asked the inde- 
pendexit assistance of one or two other gentlemen, whose analytical skill 
I thought might be more trusted than my own. 

“I am chiefly surprised at the entirely different ways in which the 
problem can be looked at and treated, and yours is certainly original and 
distinctive. It has arrived too late, I regret, to be used in a communication 
which is just going to France, but I shall probably make use of it later, with 
due public acknowledgment of your valued aid and great kindness.” 

About six months latex (January 25, 1895), Langley wrote again: 

“You will be interested in the discussion of a mathematical problem in 
aerodynamics, prepared at my request by Mr. de Saussure independently 
of the discussion that you were good enough to send me, which I have pre* 
served, and may ask yom permission to make use of it at some future time. 
Mr. de Saussure's article appeared as a supplement to the French transla¬ 
tion of my paper on The Internal Work of the Wind in the Revue de VAero- 
nautique, 

”1 have sent to you, under a separate cover, a copy of the paper in ques¬ 
tion, and, should your leisure permit, I shall be glad to hear any criticism 
upon it that you may make. 

“Renewing my thanks for your assistance, I am,” 

So far as I have beeai able to ascertain Langley never took occasion to use 
Gibbs's material, nor Gibbs to accept the invitation to comment on de 
Saussure's article—there is certainly no evidence of either in the meager 
papers Gibbs left at his death. 
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EFFECTS OF EXPOSURE TO ULTRA-VIOLET LIGHT ON VISUAL 

THRESHOLDS^ 

By Ernst Wolf 

Bioi-ogical Laboratokxbs, Harvard University 
Communicated July 5, 1945 

Effects of ultra-violet light upon the eye are well known in the form of 
“snow blindness'" and in many other pathological appearances found 
particularly among industrial workers who are exposed to light sources 
emitting great quantities of ultra-violet.^* ® Since the wave band of 
light is continuous from abiotic rays to the visible part of the spectrum, it 
is of interest to know the limits of detrimental effectiveness of the short 
wave-lengths. 

The transmission of the ocular media has been studied by -scores of in¬ 
vestigators and the observations vary considerably. We may assume, 
however, that some human and other vertebrate eyes transmit wave¬ 
lengths as low as 310 mp. Recent visual tests in the ultra-violet* indicate 
that light of 302 mp is perceived by very young subjects (0-10 years). 
With progressing age the low limit moves to longer wave-lengths, middle- 
aged persons rising to 310-320 mp and at higher age to 300 mp and higher. 
In la^ratory tests a decrease in visual acuity after exposure to ultra-violet 
has been found in monkeys and man.^ No conclusions concerning wave¬ 
length limits causing these effects can be drawn from these data. For in¬ 
dustry, suggestions regarding safety measures have been made in accord¬ 
ance with the assumption that only wave-lengths shorter than 305 mp 
would be detrimental to the visual mechanism and that crown or flint 
glass of sufficient thickness would provide adequate protection.® A sys¬ 
tematic study of the effects of different wave bands below 400 mp on the 
vision of some suitable animal material which would permit comparison 
with similar effects upon the human eye seems therefore desirable. 

Responses to flicker have been studied in a great variety of vertebrates 
and flicker functions established.’ In animals the end-point of flicker 
recognitioti at a given intensity of light is determined by the appearance 
of a head nystagmus due to the perception of a cylindrical system of alter¬ 
nate translucent and opaque stripes rotating around the animal.® While 
the test method differs from that customarily used for man, the flicker 
function obtained in this fashion is identical with such functions determined 
by other methods.®* The behavior of flicker thresholds in relation to 
light intensity permits therefore in any suitable organism an investigation 
of visual function under varied experimental conditions, for instance after 
exposure to ultra-violet lig^t. If by the ultra-violet radiation any func¬ 
tional changes axe induced, it is possible to demonstrate (a) any deviation 
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of a response threshold from its norsnal level at any given point along the 
flicker function, (&) its magnitude of deviation in relation to exposures time 
and spectral region employed and {c) the course of return of the threshold 
to its normal level with time. 

For test, an animal was chosen which would fulfil the following conditions: 
(a) availability in quantity at all seasons, (6) genetic uniformity, (c) preci¬ 
sion and reproducibility of a threshold response and (d) an organism that 
would without aid keep its eyes open during exposure to ultra-violet, so 
that a full effect of irradiation is assured. For the purpose baby chicks, 
3“15 days old, of white Leghorn stock, proved particularly suitable. 

The eye of the chick transmits at least as far as 315 mp. The visual 
purple of the chick and its absorption spectnmi are identical with those of 
man.*^ The chick's eye possesses, however, embedded in the retina con¬ 
siderable numbers of colored oil droplets which may act as additional light 
filters and which are absent in the human eye.^^ But since such a screen 
would rather reduce than enhance the action of ultra-violet, it is justifiable 
to assume that in other eyes the ultra-violet effect might be more pro¬ 
nounced. 

For normal chicks a flicker function has been established^* which bears 
the typical characteristics of such curves for other visually duplex verte¬ 
brates.** The critical flicker frequency is a function of the intensity of 
illumination, increasing in a double S-shaped form with light intensity, 
according to the participation of rods and cones in the visual process (Fig. 
1), For testing F = 30/sec. with a light/dark ratio of 1:1 in each flicker 
cycle has been chosen, and the change of threshold value studied after the 
chick's exposure to ultra-violet. The testing point lies in the midregion of 
the curve and at an intensity level where responses are precise and easily 
recognizable by the observer. 

While the chicks (4 to 6 at one time) are confined to a cylindrical wire 
mesh cage, but free to move, with access to food and water, they are exposed 
to the intense radiation of three 250-watt merpury vapor lamps of the GE 
type H-5 which are motmted at eye level equally spaced outside the cage 
and surrounded by a reflecting surface. Lamp housings permit the inser¬ 
tion of filters for selection of specific spectral regions. For exposure, a 
standard period of 60 minutes was chosen. 

Each individual chick is then transferred to a glass cage to be tested at 
F « 30/sec. for the onset of the nystagmus response in dependence on 
light intensity (white light), and the tests are repeated at intervals until 
the threshold returns to its normal level. The first reading is „taken 60 
minutes after cessation of exposure to allow for complete dark adaptation. 
Dark adaptation should be complete after 40 to 45 minutes;** any devia¬ 
tion of the threshold from its normal level ^ould therefore be due to the 
exposure to the ultra-violet and not to incomplete adaptation. When 
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exposing for control some chicks, not previously exposed to ultra-violet, 
to white light (Tungsten filament lamps), equal in intensity to the three 
mercury vapor lamps, and after proper dark adaptation, no effects on the 
threshold can be noticed. After ultra-violet treatment the threshold is, 
however, much higher, depending upon the extent of the spectral region 
employed. 



Relations between flicker frequency (F) and mean critical intensity of light (7) for 
response to flicker in the chick. 

Chicks receiving the full impact of the mercury vapor lamps from which 
the surrounding glass jackets have been removed may show conjunctivitis, 
keratitis and hyperemia of comeal capillaries, wMe the fundus looks 
normal. These pathological changes are, however, absent as soon as the 
quartz mercury vapor tubes are shielded (as they usually are) by their 
envelopes of Coming glass No. 774, A study of the behavior of the flicker 
recognition end-point reveals, however, that it is greatly altered and takes 
many hours to retirni to its normal level. It is, therefore, evident that 
the exterior appearance of tbe eye does not suffice to decide whether the 
visual mechanism has been affected by the ultra-violet. 
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The spectral range of particular interest lies between the lowest limit of 
transmission of ultra-violet by the eye (>300 xom) and the beginning of the 
visible range (<400 mfx). By the choice of suitable filters this region is 
subdivided to ascertain the specific ultra-violet bands which affect the 
visual threshold. The filters according to their order of transmission are: 
Coming 774, AO crown glass 1046, ordinary plate glass, AO Cruxite 1794, 
Coming 3850, AO Calobar C 1827, AO 2614, Polaroid XY 91 VO and 
Coming 3389. Their transmission curves, determined with a Beckman 
spectrophotometer, are given in figure 2. 



WAVE LENGTH- MILLIMICRONS 

FIGURE 2 

Spectrophotometric transmissions of filter glasses used for elimination of the ultra¬ 
violet part of the spectrum. 

With the mercury vapor as light source and shielded by quartz only, 
the first threshold recorded one hour after cessation of exposure is about 45 
times higher than the normal. Repeated tests show a gradual lowering of 
the threshold with time, until the nomial level is reached not before 72 
hours (3 days). In this case pathological changes are clearly visible and 
some damaging effects were to be expected. With Corning 774 as a filter, 
a smaller initial threshold change is obtained. This filter begins to trans¬ 
mit at 260 nn* and thus excludes the strong 254 mp, mercury line. In this 
case the amount of light necessary for threshold recognition is 5 times the 
normal, and the approach to the nomial sensitivity level is complete after 
about 30 hours. By gradually reducing the extent of the ultra-violet band 
from 290 m/i to 360 him through the use of crown, plate glass, Cruxite and 
Coming 3850, the initial threshold change and the subsequent recovery 
are foxmd to be direct functions of the gradual elimination of the short 
waves. For crown glass the initial threshold is 4 times, for plate glass 3 
times, for Cmxite 1.5 times and for Coming 3850 1.3 times higher than 
normal; and for crown, plate, Cruxite and Coming 3860 the final level is 
reached after 24, 18, 9 and 6 hours, respectively. 

With filters which do not transmit any appreciable amount of light at 
365 mp and below, the picture changes abruptly. The first threshold 
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determination one hour after completion of exposure is at the normal level 
and does not change in repeated tests. AO 2614 begins to transmit at 380 
mM> Polaroid XY 91 VO and Coniing 3389 at 400 jum and above. Calobar 
transmits about 0.5% at 360 and 3.1% at 370 m/x. The mercury spec¬ 
trum has very strong lines at about 365 which probably represent the 
limit of injurious radiation. For Calobar the relative energy transmitted 
in this region is only one-twentieth of that transmitted by Coming 3850; 
consequently a small xxltra-violet effect is apparent with the Coming filter 
and not with Calobar.^* The data are shown in detail in figure 3. Each 
point represents the mean of 4 to 6 individual threshold determinations. 
The deviation from the mean is in no case greater than Vio, and in most 
cases not greater than V«> of a log. unit. 

Summary. —If, based upon the similarity of the transmission of the 
ocular media, conclusions can be drawn from the findings on the eye of the 
chick, it is apparent that under absence of exterior pathological conditions, 
recognizable by ophthalmoscopic inspection, the visual mechanism is im¬ 
paired by ultra-violet light between 300 and 365 ni/x. Protective means for 
the eye should, therefore, be filters which absorb the ultra-violet up to 365 
m/yi totally or sufficiently to prevent any injurious effects. 

* This research was supported by a grant of the American Optical Company. 
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Filter glasses transmitting ultra-violet and excluding the visible part of the spectrum 
produce ultra-violet effects similar to those presented above. The details will be dis¬ 
cussed in a htter publication. 
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ON FLA TEA U’S PROBLEM WITH FREE BOUNDARIES 
By R. CouRANT 
New York UNxvERsixy 
Communicated July 5, 1&45 

1 

Plateau’s problem with free boundaries concerns minimal surfaces M 
of least area with parts of the boundary prescribed as Jordan arcs while 
other “free’' parts of the boundary are merely restricted to prescribed 
boundary surfaces S. The existence of such minimal surfaces has been 
established,^ but the question remains open whether specific statements 
concerning the trace"' of the minimal surface Mon the prescribed boundary 
surfaces *S can be made, “trace” meaning the set of boundary points of 
M on 5- Examples show that this trace need not be a continuous curve;* 
therefore, to secure a “reasonable” trace of Jl/, conditions have to be 
imposed on S. 

To fix the ideas we consider the case of a doubly connected minimal 
surface M of least area with its free boundary on a closed surface 5 and its 
fixed boundary on a closed Jordan curve F outside S; M, lying in the X- 
space, may be parametrically represented by an harmonic vector x(w, v) 
with components y, z where u, v ranges over an annular ring M in the 
u, V plane between the unit circle p and a concentric circle P, so that P 
is mapped onto F and that p corresponds to the trace poi Mon S, 

It is the purpose of the present note to show:* 

(a) The trace is a continuous curve if the prescribed boundary surface S 
is convex. 

(Jb) The trace is a rectifiable curve if S is convex and if there exists a cone 
of supporting planes of S bounding together with S a portion of the space which 
contains F.^ 

We first prove the theorem (a): By a basic elementary lemma* one can 
draw in M circular arcs y of arbitrarily small radii with any point p on p 
as center, joining two points on p, such that the images y in the x-space are 
arbitrarily short (and analytic, except possibly at the end-points). The 
arc f as well as its image y on Af is called a bridge. 

The small pieces of the minimal surface M corresponding to the small 
biangular part of M between f and p is denoted by Af( 7 ). Then we prove 
by indirect re^oning; For sufficiently small e there exists a 5(e) so that, 
for all points p on p^ the piece M{y) is confined in a sphere of radius € 
provided that the bridge 7 is shorter than 5(e), If this statement were 
not true there would exist a sequence of bridges 7 and 7 for which the 
lengths tend to zero and for which the diameter of M{y) remains above a 
positive bound c. We may assume that the bridges 7 converge to a point 
0 on S. About 0 we draw a sphere S of a small radius r which encloses 
the small bridge. Then we show—and this is sufficient for the proof of our 
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Statement (a)—that M{y) lies entirely in 2. To this end we exploit the 
assumed minimum area property of M by performing a geometrical con¬ 
struction which would provide an admissible surface with area less than 
that of M if we assume that M{y) has points outside of S. 

Making this assumption we replace M{y) by a surface Afo( 7 ) which 
consists of the part of M{y) inside S and in addition of that part of 
formed by points onto which points of M{y) outside of X and visible from 
0 are projected from O, By normal projection onto a sphere the area of 
a surface outside is diminished;* and because of the convexity of S the 
surface Moiy) joins y with S; hence the surface M — M{y) + Mo{y) 
would be an admissible surface in the original minimum problem with area 
less than that of M, contrary to our assumption. Thus theorem (a) is 
proved- 

The proof of theorem {b) requires a more elaborate reasoning. It 
proceeds in the following steps: 

1 . The given surface S is approximated by a sequence of convex poly- 
hedra K for which again cones of supporting planes exist as specified above. 
Without restricting the generality of the result we assume that at every 
vertex of K three faces converge and form three obtuse angles. 

2. With such a polyhedron K instead of S as the free boundary the mini¬ 
mal surface M is shown to have on K o, trace p which consists of a finite 
number of analytic arcs. 

3. The assumption of theorem (fi) permits the conclusion—and this is 
the key to the proof—that for a sequence of polyhedra K approaching 
S the length L of the piecewise analytic trace p remains uniformly bounded, 

4- Now one may choose a subsequence of polyhedra K approaching S 
such that the boundaries p Pk converge to a rectifiable curve p on 5. 
According to the established theory, the corresponding minimal surfaces 
converge to a minimal surface which solves the problem for the free bound¬ 
ary surface S and has as trace on S the rectifiable curve p. 

Incidentally, by Fatou's theorem, the tangent plane on M in a point P has 
a limiting position for P approaching almost every point on p and this 
position is normal to 5. 

As to the details, the first step, being of a quite elem^tary nature, is 
not amplified here. Let us for the moment assume the statement (2), 
then (3) can be proved as follows: First: The—piecewise analytic— 
trace p of Jkf on iC (and the whole surface M) lies together with F inside 
of the cone formed by the supporting planes. For, otherwise the minimal 
surface M of least area connecting F with K would protrude across one of 
the supporting planes, say the plane II. Since K is convex and since M 
rests on K this situation wottld imply the existence of a supporting plane to 
Jlf, parallel to II, which is incompatible with the fact that M has negative 
curvature. 
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If B and f denote polar coordinates in the amrnlar ring M then »(«, v) 
remains analytic on i.e., along r » 1 , except for a finite number of points. 
As known from the established theory M is orthogonal to K at points of p 
on a face; likewise along a portion of p coinciding with an edge of K the 
normals to M lie in a supporting plane to K through this edge.’ If is 
monotonically described the image point on p will describe p monotonicaUy, 
as follows from the established theory. 

Omitting the finite number of points on ? in which the analyticity of 
x(tt, r) is interrupted, i.e., which correspond to points on p in which an edge 
or vertex is reached from a face, we now recognize x,. along p as a vector 
normal to a face or to a supporting plane of K, Taking the vertex of our 
cone of supporting planes as origin in the x*space, the vectors x and —Xr 
form an acute angle not exceeding 7 r /2 — a, ot being a positive quantity. 
Hence 

-TXr > jx| |X,| 

sm a 

Since along p the distance jx| is bounded from below we have along p an 
inequality of the form 

|x,| < -A XX, (1) 

with a value of A which can be taken as the same for all minimal surfaces 
M belonging to polyhedra K sufficiently near to S in our approximation. 

As a sequence of polyhedra K tends to S the corresponding annular rings 
M converge to a limit ring. iU' may denote the ring between J5 and the 
middle circle of the ring; then x is analytic on p* and |x| and jx^l are 
bounded along Since the area of M » converges to the area of 
M «= Mb. the established theory of minimal stufaces implies that 

i?(x) - dudv<At 

a 

where also Ai may be chosen as the same bound for all polyhedra K under 
consideration. It follows by a well-known reajsoning that not only lx| 
but also |xr| on is bounded by the same constant At for all polyhedra 
considered. 

Using Green’s formtda and Ax 0 we have for the half ring 

> f + x»*) d,i4dv « - y XX, d0 + r' y' xxf 

r^X r*r' 

where r' is the radius of p'. Hence 

- f XI, d9< Ai-^ r' f |x| |x,l 

rm\ 

y* [Xrl d9 < AAi + Ar' f |x| |x,i d9 

r«»l 


By (1) 



VOL. 31, 1946 


MATHEMATICS: R. COURANT 


345 


or because of the boundedness of jx| and |Xr| on 

flxAdOKAi ( 2 ) 

r-1 

where is a constant. Now, x representing a minimal surface, we have 
on r « 1 the relation | x,. | = | j. Hence 

L^f\Xe\de<A2 (3) 

where L is the length of p and v4a is a constant. The statement (3) and 
consequently the conclusion (4) is thus proved. 

It remains to establish beyond (a) the assertion (2) for our polyhedra 
K: the circle p is divided into a finite number of arcs such that each arc is 
mapped by x(u, v) either on a segment of an edge, or onto a curve on a face 
(that tlie mapping is analytic on these arcs follows from the principle of 
reflection). 

To complete the proof of statement (2) a fiuther chain of arguments is 
needed.* 

„ First some preliminary remarks: In an arbitrary neighborhood of a 
bridge y of diameter less than e there are bridges of diameter less than € 
whose end-points are anal 3 rtic; for, points on p where the (continuous) 
vector X is not analytic arc nowhere dense and the basic lemma can be 
applied to bridges y with end-points in intervals of analyticity. 

Second; Lines jc' «= ajc + 6 y + cs + d “ 0 with constant a, 6, c, d are 
equipotential lines in M; curves x' »= 0 in jU which separate domains 
jc' > 0 from < 0 are unambiguously defined. 

Third: A bridge 7 analytic including its end-poifits can have only a 
finite number of intersections with curves x' » 0 unless 7 itself is a curve 
= 0 and hence 7 a plane curve. 

Now we introduce the concept of a plane T transversaP to if at a point 
p: A plane T through ponK with trace r on is called transversal if for 
each bridge'^ 0 sufficiently near to p and l 3 ring in T the plane part of T 
between 0 Md t is the surface of least area bounded by 0 and K. Obviously 
for jp on a face A each planeT through p perpendicular to ^ is a transversal 
plane. Furthermore, for p on an edge a each plane through a normal to 
a supporting plane through a is transversal; finally for a vertex p there 
exists at least one edge a such that the plane T through a and perpendicular 
to the opposite face A of the trihedral ang^e in p is transversal. (This latter 
statement is a non-trivial consequence of the assumption that all the 
angles at the edges of iC are obtuse.) 

To refute the assumption that statement (2) is wrong the transversal 
planes now are used in the following manner: Suppose first that the trace 
p (continuous by theorem (c)) intersects an edge a infinitely often in the 
neighborhood of a point pofci,p not a vertex. Let x' « 0 be a transversal 
plane T through p, let f and 7 be a small bridge (original and image) near 
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p or p; consider a plane curve jc' = 0 separating a zone x' >0 from a zone 

< 0 on ili( 7 ) and the corresponding equipotential line in M. The latter, 
starting from p must end on f; for otherwise it would form a small bridge 
jS and consequently M{^) would be a part of the plane T, and M would be 
altogether plane, which can be excluded from the outset. Since infinitely 
many successive intervals jc' > 0 and ac' < 0 on jS near p are assumed we 
would have infinitely many points on 7 with « 0, hence 7 would be a 
line jc' — 0 which can be excluded by proper choice of 7 unless M is plane. 

In a similar way we can rule out the possibility that a point ^ on a is a 
point of accumulation of points where p reaches a from a face B without 
crossing. In this case we use transversal planes T{d) normal to B at the 
distance d from a and then let d tend to zero whereupon a similar contra¬ 
diction as above is obtained. 

If on jS is mapped on a vertex p and if infinitely many points on p near 
p are mapped on p or on points on edges through p while infinitely many 
other intermediate points are mapped on points in faces, a contradiction 
is obtained by using the transversal plane ~ 0 through ^ in a way not 
essentially different from that sketched above. 

Combined, these results establish the assertion (2) and thus complete 
the proof of our theorem. 

^ See, c.g., Courant, “The Existence of Minimal Surfaces under Prescribed Boundary 
Conditions/’ Acta Math., 72, 61-97 (1940), in particular, p. 81 If. 

* See loc. dt., p. 96. 

* The brief presentation here will be amplified in a book on DinchleVs Principle, 
Conformal Mapping and Plateau*s Problem. 

* Naturally, in all the various cases of Plateau’s problem with free boundaries similar 
theorems and proofs apply; moreover, the methods used here indicate the possibility 
of attackina; more general variational problems with free boundaries in more than one 
dimension. 

The author wishes to acknowledge that discussions and correspondence with Dr. 
C. Ir. Siegel of the Institute for Advanced Study have played a decisive part in carrying 
out the present investigation. 

® See loc. cit., p. 70. 

* Quite generally any piece of a surface, if projected along the outward normal onto a 
non-negatively curved surface, will be reduced in area. This remark could be used to 
generalise the theorem (^) by substituting for the cone other non-negatively curved 
surfaces. 

^ The proof follows from a simple geometrical construction: If M ends in a piece 
a of an edge and forms an acute angle with an adjacent face A , one could substitute for 
M an admissible surface of smaller area by replacing a part of M adjacent to a and other¬ 
wise bounded by an analytic arc X joining the end points of « and drawn sufficiently 
near to a by the cylindrical surface projecting X onto A. 

* Details will be given in the forthcoming book. 

® The concept and its application seem to be capable of generalizations to boundary 
surfaces S not plane, and to other variational problems. 

» The term “bridge'' is used here in a slightly generalized way meaning any Jordan 
arc Q outside K joining two points on K. 
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THE LAPLACE EQUATION IN SPACE 

By Edward Kasner and John De Cicco 

Departments op Mathematics, Columbia University and Illinois Institute of 

Technology 

Comtnunicated June 29, 1945 


1. A function h(Xf y) is harmonic if it satisfies the Laplace equation in 
two dimensions h^x + hyy = 0. The one-parameter family of curves 
h(Xf y) = c is called an isothermal family and c is said to be the isothermal 
parameter. A family of curves f(x, y) == c is isothermal if and only if / 
is a function of a harmonic function, and, therefore, if / satisfies a certain 
partial differential equation of third order. 

Sophus Lie obtained the first intrinsic characterization of the set of iso- 
thennal families, which may be stated in the following form. A family of 
001 curves is isothermal if and only if the inclination 0 is a harmonic function 
of (x, y), From this it follows that the angle between any two isothermal 
families is a harmonic function of (x, y). 

The authors have investigated all possible types of transfonnations 
preserving the class of isothermal families. We have found extensive classes 
of differential element transformations converting isothermal families into 
isothermal families. For the case of lineal-element transformations, the 
following result has been proved. The group of lineal-element transforma¬ 
tions preserving ^e class of isothermal families is: = <t>(x, y), K = 

^(x, y), 0 == ad + h{Xf y), where <t> and ^ satisfy the direct or reverse Cauchy- 
Rieraann equations: <l>x == 4>u == is a non-zero constant and 

k is any harmonic function of (x, y). By this, we establish the theorem 
that the only point transformations which send every isothermal family 
into an isothermal family, are the conformal. (This is more general and 
more difficult than the obvious problem of finding the auto-transformations 
of the Laplace equation.) 

2. In our present work, we shall study the case in three dimensions, 
where the situation is entirely different both analytically and geometrically. 
A function h{Xt y, z) is harmonic if it satisfies the Laplace equation hgx + 

+ hyg = 0. The a> 1 surfaces h(x, y, s) — c is called an isothermal family 
and c is said to be the isothermal parameter. A family of surfaces f{x, y, z) 
~ c is isothermal if and only if / is a function of a harmonic function, 
and, therefore, if and only if / satisfies two partial differential equations of 
third order. Now we state our new theorems. 

Theorem L If h is any harmonic function of three variables (x, y, z) 
with ht ^ O^hy ^ Of ht ^ 0, then a function f /(A*, hy^ hi) is harmonic for 
any arbitrary h only when f is linear integral in the three arguments. 

This theorem can be extended to partial derivatives of A of any order, 



248 


MATHEMATICS: KASNER AND DE CICCO Peoc. N. A. S. 


that is, the function / must be linear integral in all the partial derivatives. 
There is a similar theorem which is valid for any dimension w 3. 

However, for « ^2 the situation is quite different. If A is a harmonic 
function of two variables (x, y), with =*= 0, Ay 0, then / « /(A*, Ay) 
is harmonic for any A if and only if / is harmonic in the two arguments. 
Thus arc tan Ay/A*, log (A*® + Ay®), cos Ay, A,® — Ay* are all harmonic 
functions for any harmonic function A, although non-linear. 

3. Theorem 2. Lie^s characterimiicm of isothermal families in the plane 
is not valid in space. That is, the angle between any isothermal system of 
surfaces and a set of parallel planes is not necessarily a harmonic function. 

This result can be deduced from Theorem 1. For if A(r, y, z) is a har¬ 
monic function, then the angle y between the isothermal system of surfaces 
h{x, y, z) = const, and the pencil of parallel planes z = const,, is a com¬ 
plicated expression involving the partial derivatives of A. By Theorem 1, 
this angle y cannot be a harmonic function for every A. 

4. Theorem 3. The system of simultaneous partial differential equations 
of first order: d«/djc — p{x, y, z), bz/dy = q(x, y, z), possesses as solution 
an isothermal family of surfaces if and only if p and q satisfy the set of three 
partial differential equations of second order, 

Pv + qpM ^ gr + pqtf 

VaCl + + g^){pxx + Pm + pMt) - ip^t - ptqy) + p{pt^ + + 

PAv - PAt) + giPtqt + pAy + 

Va(i + p^ + q^){qxx + flifir + 5x«) = iPAx ““ Pa*) + qiqx^ + Sv* + q*^ + 

PAy - PAz)+ PiPAx + PAv + PA*)^ (I) 

The first of these conditions is the condition of integrability. 

As an application of Theorem 3, the following result may be established. 
The only families of «‘ planes which ate isothermal are the pencils of planes. 
For straight lines the analogous result was proved by Lagrange. The 
proof in space is diflScult. 

5. Theorem 4. The only point transformations converting every iso¬ 
thermal system of surfaces into an isothermal system are those of the Liouville 
inversive group. 

This proposition is established with the aid of Liouville's theorem which 
states that the conformal group of space is exactly the inversive group of 
ten parameters. 

6. At this stage, let us consider transformations of surface elements 
y* pt (Z)* The Lie contact group satisfies the conditions 

+ PZ, « F(X. + pX,) + Q{Y, + pY,), ^ PX^ + QY„\ ... 

Zy + gZ, - P{X, + gX,) + Q{Y, + qY.), Z, ^ PX, + QY,, / 

The Lie group has the property that it converts every union, that is, any 
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double series: z *= y)^ p « pipc^ y)^ g = q{x, y)^ with the property that 

dz — pdx + qdy* into a union, 

Kasner studied transformations of surface elements which carry every 
integrable field of planar elements, that is, p « p{x\ y, s), q = q{x, y, s), 
which satisfy the condition p^ + qp^ — + pq»f into an integrable field. 

It is not assumed that a union of an integrable field is carried into the 
corresponding imion of the associated integrable field, Kasner proved that 
this group of transformations is identical with the Lie contact groups 

7. By means of Kasner’s theorem, it follows that any transformation 
of surface elements which carries every isothermal field into an isothermal 
field must be a contact transformation. Then the following result may be 
established. 

Theorem 5 . The only transformations of surface elements which send every 
isothermal field into an isothermal field are those of the Liouville inversive 
group. 

Thus in space the only possible transformations preserving the iso¬ 
thermal character must be point transformations generated by inversions 
with respect to a sphere. 

^ Kasner, Differential Geometric Aspects of Dynamics, Princeton Colloquium Lectures, 
1013, 1934* 

• Kasner, “A Characteristic Property of Isothermal Families,” Mathematische An* 
nalen, 59, 352-354 (1904). 

• I>e Cicco, "New Proofs of the Theorems of Beltrami and Kasner on Linear Families 
of Curves,'^ Bull. Am. Math. Soc., 49. 407-412 (1943). 

• De Cicco, ”The Two Conformal Covariants of a Field,” Revista de Matemdticas 
de Tucumdn, 2, 59-66 (1941). 

‘ Kasner, “Lineal-element Transformations Which Preserve the Isothermal Charac¬ 
ter,” these Procbbdings, 27, 406-412 (1941). 

• Kasner, “Transformation Theory of Isothermal Families and Certain Related 
Trajectories,” Revista de Matemdticas y Fisica Tedrica de la Universidad de Tt*cumdn, 
2, 17-24 (1941), Argentina. 

^ Kasner and De Dcco, “Generalized Transformation Theory of Isothermal and Du 1 
Families,'* these Procbboinos, 28, 52-55 (1942). 

• Kasner and De Cicco, “An Extensive Class of Transformations of Isothernnl 
Families,” Revistd de Matemdticas y Fisica Tedrica de la Universidad de Tucumdn, 3, 
271-282 (1942). 

® Kasner and De Cicco, “Transformation Theory of Isogonal Trajectories of Isother¬ 
mal Families,” these pROCtmoiNoa, 28, 328-333 (1942). 

Kasner, “Geometric Properties of Isothermal Families,” Facidiad de Ciencias 
Matematfeas de la Universidad Nacional del Litoral, 5,1-10 (1943), Rosario, Argentina. 

“ Kasner, *'Lmeal-Kleraent Transformations of %)ace for Which Normal Congruences 
of Curves ate Converted into Normal Congruences/* Duke Mathematical Journal, 5, 
72-83 (1939). 
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ATMEBRAIC CURVES, SYMMETRIES AND SATELLITES 
By Edward Kasner 

Dkpartmknt of Mathematics, CoLtmutA University 
Commuiiicated June 29, 1945 

Schwarz defined symmetry with respect to any real anal)rtic base curve. 
This is known as Schwarzian reflection and is used extensively in the theory 
of analytic prolongation of functions of a complex variable. The author 
defined the process geometrically and intrinsically in the Proceedings of the 
Cambridge International Congress (1912) and called it conformal symmetry. 
If the base curve is denoted by C, then the image of any point F of 
the plane is obtained in the following manner. Through P, draw the 
two minimal lines, which will intersect C, respectively, in the two points 
Qi and Qa, The remaining minimal lines passing tlirough Qi and Qs will 
intersect in a point P\ This point P' is the image of the ix)int P with 
respect to the base curve C. Conformal symmetry is the only reverse con¬ 
formality which leaves the individual points of C fixed. No other reverse 
conformalities of period two can exist. 

In the present paper, I wish to discuss the case where the base curve C 
is a general algebraic curve. We thus operate in the complete complex 
(four-dimensional) plane. Schwarz was considering only the real (two- 
dimensional) gaussian plane. 

In the Schwarzian theory, the transformation is one valued because 
only the local neighborhood of the base curve C is considered. But in 
the present paper, since we are considering the total plane, the transforma¬ 
tion T is many valued. If the algebraic curve C is of degree n, then the 
transformation T is always algebraic and is, in general, of degree «®. 

If, in particular, the base curve C is a conic, the transfonnation T will 
convert, in general, one point P into four points P\ But if the conic is a 
circle, we obtain ordinary inverrion, which is of course one valued. There 
are mixed imaginary cases of conics where the degree is neither four nor 
one but is actually two. 

Usually we say that the image of the base curve C with respect to itself 
is C. But in the algebraic case we are now considering, this is no longer 
exactly true. The complete image of C consists partly of C and partly of a 
new curve which we define os the satellite of C and denote by S, The image 
of a random curve C* of degree n with respect to C is, in general, of degree 
n®. But the image of C with respect to itself is reducible, and we find that 
one branch is the curve C counted a certain number of times, and the new 
satellite curve 5. 

In the case of a conic C, the satellite 5 is another conic* The new conic 
S is confocal with the old conic C, and has uniquely determined diameters. 
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If C is a rectangular hyperbola, the satellite conic S is identical with C. 
Of course, the circle has no satellite. 

If we consider the totality of conics of the plane, the induced trans¬ 
formation from each conic to its satellite is of the fifth degree (in the coeffi¬ 
cients of the conic). This induced transformation is neither a point trans¬ 
formation nor a contact transformation. Of course, all the contact trans¬ 
formations carrying the set of ao» conics into itself form merely the total 
projective group consisting of collineations and correlations. 

Theorem: 1 . Tke degree of the satellite S of a general algebraic curve C of 
degree n is n(n — i)^ 

This is true only in general since actuaUy the degree of the satellite may 
in special cases be lower. From this formula, we see that the satellite of a 
conic is a conic; but the satellite 5 of a cubic curve C is, in general, an 
algebraic curve of degree 12. 

A noteworthy case where the degree of the satellite is lower is stated in 
the following result. 

Theorem 2. The satellite S of every algebraic potential curve C is the 
curve C itself. 

The curve y) — 0, where <j} is polynomial of degree n in {xy y), is 
called a potential curve if <f> is harmonic, that is, <i>xx + *= 0. In this 

case, although the transformation T associated with the curve is of degree 

reducibility studies show that the satellite is of exceptionally low degree. 
When the degree is 2, we obtain the previously noted example of the equi¬ 
lateral hyperbola. 

We have already observed that if the degree of C is n, the degree of T is 
n*. What then is the degree of T^f We might expect it to be of degree 
w*. But we prove the following proposition (on account of reducibility). 

Theorem 3, The degree of T^ is n\n — ly. 

All this theory depends on the fact that the transformations are algebraic 
multivalued, and that reducibility phenomena occur. 

Theorem 4. If the base curve C is a coniCy T is of degree 4 as already 
noted; and we now state that is also of degree 4, and all the iterations of T 
give transformations of degree 4. , 

It thus turns out that the various powers of T form a discontinuous set. 
This set has the combinatorial property but no power of T is the identity. 
Thus this set, although closed, cannot be a group. 

An interesting case occurs in the imaginary domain when the base conic 
C goes through only one circular point at infinity. The transformation T 
is then of degree 2. We find that all the powers of T are of degree 2. It 
results that P == T but no power of T is the identity. Thus, in this case, 
the complete set of all powers of T consists essentially of only the two trans¬ 
formations T and P. 

We also have obtained results on related families of curves 4*(xy y) » C 
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their satellites, ahd set of symmetries, and a remarkable induced trans¬ 
formation of lower degree than the symmetries. For the case of conics the 
induced transformation is linear, and is in fact an affinity. This affinity 
enables us to construct the satellite conic easily in the real domain. 

* Kasner, "Algebraic Potential Curves/’ Bull. Am- Math, Soc., 1901. 

* Kasner, "Conformal Geometry/’ Proc. Fifth Intermt. Cong, of Malh., 2, 81 (1912). 

* Kasner^ "Geometry of Conformal Symmetry (Schwarzian Reflection)/’ Ann. Math., 
S8,873 (1937). 

< Comenetz, "Conformal Geometry on a Surface/' Ibid., 39, 863 (1938). 

I wish to thank J. De Cicco, Aida Kailish, F. Supnik and C. Vlucay for assistance 
in elaborating the theory of satellites. 


DIFFERENTIAL EQUATIONS IN FRECIIET DIFFERENTIALS 
OCCURRING IN INTEGRAL EQUATIONS 

By Aristotle D. Michal 
California Institute of Tkcknoloc.y 
Communicated July 5, 1945 

Introduction. —This paper is concerned with the study of the resolvent 
kernels and solutions of Volterra and Fredholm integral equations as 
functionals of the given kernels. A study is made of the completely 
integrable equations in Fr^et differentials characterizing these func¬ 
tionals of the kernels. The investigations have immediate application 
to the problem of obtaining approximations to the resolvent kernels and 
the solutions of integral equations with precise estimates of the errors. 
The above results are applied to differential corrections for some differential 
equations. As an important by-product we obtain a solution of a century-old 
problem in non-commutative analysis. We assume that the reader is con¬ 
versant with the fundamental theorems on Fr^chet differentials of func¬ 
tionals. 

1. Resolvent Kernels and Solutions of Volterra Integral Equations as 
Punctionals of the Consider the Volterra integral equation of the 

second kind 

fix) - yix) + fa^Kix, €)ytt)d{(r:a ^ ^ ^ x < b) (1) 

with continuous kernel in T and continuous /(*) in (a, b). The wdl-known 
unique continuous solution y(x) of equation (1) in the dosed interval 
(a, b) is 

yix) - fix) + f/Kx, mm. (2) 

where the resolvent kernel kix, {) has the expansion 

*(*, I) - -K(x, i) + - X* + ... + ... 


( 8 ) 
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in terms of the composition powers of the kernel iir(x, f): 

- j;*K(x, s)K(s, Ods. - f^^Kix, s)K<is, {)*. (4) 

We shall write k(x, {) as k[K] to show its functional dependence on the 
kernel JC(x, {). Since klK] is an entire analytic functional of K(Xj f), it 
follows from a theorem^ of the author on the Fr&het differentiability of 
regular power series in normed linear spaces that the Fr^het differential 
of k[K\ with increment hK exists for each continuous K(x, {) in T 
and is given by a tenn by term Fr4chet differentiation of (3). The result 
written in terms of composition products is 

hk[K] « -{hK + khK + hKk + khKk). (5) 

For example khK stands for J\^k{x, s)hK{s, ^)ds. In calculating this 
Fr6chet differential and in considering k [iiT] as an analytical functional of 
K{x, 0, we understand that the independent and dependent variables in 
k[K] are in the complete normed linear space (a Banach space) of all 
continuous K{Xt J) in T with norm defined by 

\\K\\. = max \K{x. f)|. (0) 

In (5), K as well as the increment hK are arbitrary continuous functions of 
X and f in T, 

Another way of obtaining formula (5) is to use the existence of the 
Fr4chet differential 5fe[in, guaranteed by the author’s theorem on regular 
power series in normed linear spaces, and then to compute it from either of 
the classical resolvent relations of integral equation theory: 

K + k + Kk^ 0, k+K + kK 0. (7) 

In fact, if we take the Fr4chet differential of both sides of the first of these 
identities, we obtain 

hK + hk + hKk + Khk « 0. (8) 

It can be shown that the unique continuous solution of this integral equa¬ 
tion (8) with hk as unknown is given precisely by (5). 

Since hk exists given by (5), the Fr4chet differential of the solution 
y[K/oi[ of the integral equation (1) considered as a functional of the kernel 
K{x, () can be computed from (2). A simpler derivation is the following 
which does not use the result (6) but merely the existence of and hence 
of hy[K/o^ from (2). Take the Fr&het differential of both sides of (1) 
and obtain 

0 - hy\K/x] + miK/m- 

If we solve this Volterra integral equation of the second kind for 6ylK/(}, 
we obtain a result which can be reduced to the form 

lylK/x]-f,‘{mx,() + y(*k(x,s)SK(s.()ds}ylKM^ (9) 
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In the above discussion it is understood that the Fr&hct differential 
6y[K/x] is defined for a functional y[K/x] with values in the well-known 
Banach space of continuous functions of x> Results (5) and (9) for one 
Volterra integral equation can, by an evident change of interpretation of 
notation, be shown to hold for a system of n Volterra integral equations of 
the second kind in n unknowns. If the system of equations is written as 
(1) with/(a:) and y(x) as column matrices of functions of x and K(Xt s) as the 
n-rowed square matrix of the kernels, then in (2), A(rc, {) will stand for 
the w-rowed square matrix of the n® resolvent kernels. In (5) products 
are to be interpreted as combined matric and integral composition products 
of the first kind; for example, kBK will stand for s)6Kj(s, ^)ds 

with the siunmation convention operating on indices. In (9), products of 
functions will be matric products. 

2. The Completely Iniegrable Total Differential Equations in Frichet 
Differentials of Functionals,—"Let us now return to the one Volterra integral 
equation (1) and inquire into the properties of the functional equations (5) 
and (9) satisfied, respectively, by the resolvent kernel and the solution of 
(1) as functionals of the kernel K{x^ f). 

It can be shown from (5) with the aid of the known theorems on differen¬ 
tials and a mathematical induction that all successive Frichet differentials 
of the resolvent kernel klK] exist at any chosen continuous kernel K{x, f) 
in T. If BiK(x, f), f), ..., BnK(x, are the increment functions 

for the nth successive Fr4chet differential . ,Bik[K], we find that 

Snin-l. . s- «{ !«lK + kBJiXhK + ) 

kdtK )... iSnK + kdJC) + {SjK + kBiKXStK + kS»K )... > (10) 

(5^ + = 1,2,3, ...)> ) 

where Pi, 9 ..., n stands for the sum of n\ terms obtained from (and in¬ 
cluding) the bracket by a permutation of the integers 1 , 2, ..., n. If all 
increments are equal, the nth Fr 6 chet differential is given by 

r*IiC] » (,-iynl{(fiK + k6KY + (fiK-\-k6Kyk}{n=l,2,Z,...). ( 11 ) 

The total differential equations (5) and (9) are completely integrable since 
the condition for integrability is identically satisfied in all continuous 
K, k, SJC, S»K (considered as independent variables) in T. Although 
equations (5) and (9) are completely integrable for all continuous kernels 
K in T, the existence and uniqueness theorems* in normed linear spaces 
of Michal and Elconin are not strong enough to insure the unicity of the 
solution taking on arbitrary initial conditions. We can, however, give an 
argument which will furnish uniqueness theorems for functional equations 
(5) and (9). In fact let X[X] satiiffy the following equation in Fr 6 chet 
differentials for all kernels K(x, |) continuous in P: 
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6 X® = + UK + dK\ + UKX), (12) 

and kt it take on the initial condition X[0] — 0, the identically vanishing 
function in T, We shall find the most general such entire analytical 
functional,* Assume then that 


HK] « Z \ilK\ (13) 

iml 

SO that 'KilK] is a homogeneous functional polynomial of degree i. It 
follows from R. S. Martin's contributions to abstract polynomials* that 
to each homogeneous polynomial 'KilK] there exists a unique polar, i.e., 
a completely symmetric multilinear functional A^Xi, X 2 , . iCJ such 
that Ki[Kt Kt ..iT] = X^fiiC]. It is readily shown that the Fr&het 
differential d\i[K] is given by 

d\i[K] = iAi[K, If, ..,, X, bK ]. (14) 

By the author's theorem^ on the Frfchet differentiability of power series 
in normed linear spaces, we have 

^^[K] = Z iUK, Kt ...tbK] (15) 

iml 

for all K(Xt f) continuous in T. 

On using (13), (14) and (15) in (12), one can show that \i[K] = —K^ 
Xa [if] ^ K^ and that the following recurrence relations hold for « > 2: 

(n + 1)A„+,[A:, Kt.,.tKtbK]^ -\nlK]bK - bKK[K] -- 

2 hlK\iKh[K\. 

i ^jmn 

From these results one finds that 

X[ii:] - -K + K* - K>+ .... 


and hence from our earlier results on resolvent kernels the fundamental 
Thbobbm 1. The completely integrcMe non-linear total differentia system in 
Frichet differentials 


X[0] =* 0 


(16) 


has a unique entire analytic functional solution given by 


x[ii:] * + j!:*+ 

the resolvent kernel of the arbitrary continuous kernel K(x, f) in T. 
By similar methods one can prove the following theorem. 
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Theorem 2. The completely integrable linear total differential system in 
Frichet differentials, with klK/x, the resolvent kernel of K(x, f), 

iZ[K/x] = + ft’‘k[K/x. smis, 

Z[0/x] = fix) 

has a unique entire analytic functional solution given by 

Z[K/x] = fix) + f/klK/x, mm, (18) 

the solution of the VoUerra integral equation (1). 

In this theorem we understand that the definitions of Frichet differentials 
and analytic functionals iorZ[K/x] are given with the independent variable 
K{x, f) ranging over the Banach space of the previous theorem while the 
value space is the Banach space of functions of x continuous in the interval 
a < X < b and having as norm the maximum of the absolute value of the 
function over the interval. The details of proof are facilitated by writing 
the differential system as 

6Z[K] « + k[K]5K)^Z[K] 

ZIO] * / 

and by writing A^w for the bilinear functional Jl^A(Xt 
A more general theorem can be proved by different methods on making 
use of Theorem 1 and the result h{Z[K\ + K-Z\K\) =« 0. 

Theorem 3, There is one and only one solution of the completely integrable 
system (17) in Frichet differentials. It is given by (18). 

3. Simple Illustrative Applications to Ordinary Differential Equations .— 
The differential system (P(ic) and Q(x) continuous, say, in (a, b)) 

+ Pix)yix) =» Q(x), y(a) « yo (19) 



is equivalent to an integral equation (1) with kernel K(x, f) = P(0 and 
known function f(x) yo + XfQ(s)ds. With the aid of Theorem 2 one 
can show that the solution y[PJx] of the system (19) as a functional of 
P(x) is the unique entire analytic functional solution of the total differential 
system in Fr4chet differentials. 


hy\P/x] - - y[P/s\bPis)ds 

y[0/*] «• yo + 


( 20 ) 


As another simple example we take the differential system 


(P(«) coQtinuoua in (a, &)). ( 21 ) 
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This is equivalent to an integral equation (1) with kernel K{x^ {)=»(« — {) 
P(f) and known function j{x) « > + Vi(jt: * a). Again with the aid 
of Theorem 2 one can show that the solution y{P/x] of the system (21) as 
a functional of P{x) is the unique entire analytic functional solution of 
the differential system in Fr^chet differentials 


5 y[PA] « fa^^[P/xA\y[P/i]bP{m 

y[0/x] = yo + yxix - a). 


where 


mIPA, fl - - Jl^P[P/x. v] (»? i)drt (23) 


and P[PAi v] is the resolvent kernel of the kernel ??) — (a: — v)P(>;)- 
4. The Matric Exponential in Non-Commuiative Analysis.—The results 
of Theorem 1, Theorem 2 and Theorem 3 can easily be extended to the case 
of a system of n Volterra integral equations. We shall apply such a 
generalized Theorem 2 to the system of differential equations with constant 
coefficients 

= ajZ^ Z'(0) = Z‘. (24) 


This is equivalent to the matric Volterra integral equation 

Zo = Z{x) + fo^Kix, f)Z(f)rf? (25) 

where /sr(*, {) = —A = — ||ajll, the matrix of the constants aj. 

If we write the solution of (25) as Z[K/x], we see that 

Zl~A/l] = e^Zo, (26) 

where e* is the matric exponential. With the aid of the generalized Theorem 
2 , we can show that 

S(e^Zo) “ + fMe^'~’‘^‘^^Ads]<f*‘Zdi, 

*[ 0 ] - 0 . 

This leads to the following important result giving the functional equation 
satisfied by the matric exponential. 

Theorem 4. The matric exponential function Z{A) => e^, satisfies the 
folowing system in Frichet differentials:* 

5Z(A) » J'o^Z((l - ()A)5AZ((A)d( 

Z(0) a= I, the unit matrix. 

5. Resolvent Kemds and Solutions of Fredhdm Integral Equations as 
Functionals of the Kemds .— The set A of kernels K(x, {) continuous in the 
square S:a < x, ^ < b and with non-vanishing Fredholm determinants 
forms an open set in the Banach space of all continuous K{x, () in 5. If 
Ve now write a composition of the second kind (constant limits) merely 
as a product, the following result can be proved. 
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Theorem 5. The Fr^chet differential of the resolvent kernel of a 
kernel K{Xt f) exists at each K{x^ |) e A, and for all K(x, {) e A it satisfies the 
differential system in Frichet differentials 

hk[K] - -{bK + kSK + dKk + kSKk), 
k fO] = 0. 

The proof of this theorem® differs from the power series prfx)f for the corre¬ 
sponding result in Volterra integral equations. 

The correspondent of Theorem 3 can be proved by entirely analogous 
methods. We shall state it as 

Theorem 6, There is one and only one soUuion of the completely integrable 
system in Fr^chet differentials 

&Z[K/x] = -f,^{SK{x, {) + fJ'klK/x, s]SK(s, i)ds}Z[K/i\di, 
ZlO/x] = fix), (K e A) 

where k[Kfx, s] is the resolvent kernel of K(x^ f). It is given by the solution 
of the Fredholm integral equation with kernel K{x, f) and known function f(x). 

' Michai, A. I)., The FrSchet Differentials of Regular Power Scries in NormeA Linear 
Spaces. To be published elsewhere. 

* Michal, A. D., and Elconin, V., ‘^Completely Integrable Differential Equations in 
Abstract Spaces,” Acta Mathematica, 58, 71-107 (19i37). 

* III Hariach spaces, S X^A"] defines an entire analytic function if the corresponding 

real power series Z ntiX^ converges for all real x. By m, we mean the modulus of the 

homogeneous polynomial X^A']. For analytic functions in Banach spaces see Michal, 
A. I?., and Martin, R. S., “Some Expansions in Vector Space,” Jour. Math. Pares et 
AppL, 13, fi9~9l (1934). Presented to the American Mathematical Society, Sept., 
1932. See also Martin, R. S., Contributions to the Theory of Functionals, a California 
Institute of Technology Ph.D. thesis (unpublished), 1932, written under the direction 
of the present author. Some portions of this thesis have trickled into the later mathe¬ 
matical literature. 

* Martin, R. S., Contributions to the Theory of Functionals, loc. cit. For essentially 
Martin's proof of the existence and uniqueness of a polar see also Taylor, A. E., “Addi¬ 
tions to the Theory of Polynomials in Normed Linear Spaces,” T$hoku Math. Jour,, 
44, 302*“318 (1938), where other references are given. See also Van Der Lijn, BtUlelin 
des Sciences Math. (1940). 

* The system (27) in Fr^chet differentials is not of the type for which existence theo* 
rems were given by Michal and Elconin, loc. cit. For some further results on the matric 
exponential, the reader is referred to Michal, A. D., 7'he Total Differential Equation for 
the Exponential Function in Non-Commutative Normed Linear Rings (to be published). 
For some applications of the matric exponential to vibration problems, the re^er is 
referred to Michal. A. D., Matrix and Tensor Calculus with AppUcaUons to Mechanics, 
Elasticity, and Aeronautics (GALCIT series of John Wiley and ^ns, in press). 

« The functional of i defined by L(K, { 4* fA is a solvable linear'functional of 
£ with inverse M(K, £) •■ £ 4- Hence by a known result (Michal and Elconin, 

loc. cit.) the Fr^het differential of exists for each X(x, £)«A. With this result one 
can complete the proof of Theorem 5 without much difficulty. This some type of propof 
can also be used in proving the corresponding result <5) for Volterra integral equations. 
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ON THE PROJECTIVE THEORY OF TWO DIMENSIONAL 
RIEMANN SPACES 

Bv T. Y. Thomas 

DKt>ARTMENT OP MATHEMATICS, INDIANA UNIVERSITY 
Communicated June 25, 1946 

The only significant projective invariant which has been defined in the 
strict domain of the projective space of paths is the projective curvature 
tensor discovered by Weyl* in 1921. In the following note we show the 
existence of a simple vector invariant of the two-dimensional projective 
Riemann space (defined by the totality of Riemann metrics which yield 
the same system of geodesics). The vanishing of this vector constitutes 
the necessary and sufficient condition for the space to be of constxuit curva¬ 
ture in the projective sense. 

The construction of the above vectcr invariant follows readily from 
equations which have already appeared in the literature,^ Thus if 
and are the components of metric tensors yielding the same system 

of geodesics we must have 

r;, = (i) 

where the T's and T’s are the Christoff el symbols determined by these 
tensors and the are the components of a covariant vector. Equations 
(1) are completely equivalent to the system 

gafi, y ” gay<^^ + + '^gatt<l^y> (2) 

in which the comma denotes covariant differentiation based on the metric 
defined by the Contraction of indices in (1) shows that the vector 
having the components is the gradient of a scalar function ^ given by 

where g and g denote the detenninants formed from the components gafi 
and g„0y respectively, and n is the dimensionality of the space, ^bstitution 
of the components from (1) into the expression for the components of 
the ordinary curvature tensor, followed by contraction of indices, leads to 
the system 

Bag •* Bag + (» — — 4fag], (3) 

where the Bag and Bag are the components of the contracted curvature 
tensors and the are the components of the second oovariant derivative 
of the scalar 
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We now suppose « = 2. Then the curvature tensor components 
can be written 

where K is the Gaussian curvature. Putting a ^ in these equations and 
summing we find — Kg^^: Hence (3) becomes 

(t>a0 = <l>a4>0 + Kg„0 — Kga0^ (5) 

Now differentiate (5) covariantly with respect to x^, interchange the in¬ 
dices j3 and y and subtract. This gives 

^a0,y ^ot7, 0 ““ ^ay^0 "f* ^y^a0 ^0Stxy ^yK^0 

^gccy *“ ^gttfi.y + (^>) 

For the left member of these equations we have 

^a0,y “■ ^i*y, 0 ^ ■~0<r5a^Y i4>0^ay **“ 4>yga0)K. 

Making this substitution, and the substitutions (2) and (5) in the right 
member of (6), the resulting expression is seen to reduce to 

** ^0S€ty ^ySla0‘ (^) 

It follows from (7) that the quantities K 0 g„y — K^g^t^ are the com¬ 
ponents of a projective Riemann tensor. Since these quantities are skew 
.symmetric in the indices 0 and y this tensor involves at most two inde¬ 
pendent components. This suggests that the tensKJr is equivalent to a. 
vector invariant. To show that such is the case we proceed as follows: 
make the substitutions 

gn *= gg^\ gas = gg** 

aJid similar substitutions in the quantitiesin the equations (7). These 
equations then yield 

gr<‘Rt.=‘ gf'‘Ko. (8) 

Hence the quantities gf^Kf are the components of a relative projective vector 
of weight two of the two dimensional Riemann space. The vanishing of this 
vector implies K„ = 0 and conversdy. Thus the only spaces whose 
geodesics are identical with the geodesics of a space-of constant curvature 
are spaces of constant curvature (Beltrami). Moreover if JC *= const., the 
constant K can be chosen arbitrarily; this follows readily since under 
these conditions the system consisting of (2) and (6) is compietdy inte- 
grable. The totality of Riemann spaces of constant curvature having the 
same geodesics can conveniently be described as a projective Riemann 
space of constant curvature. Hence the condition for a two*<&nendoaal 
space to be of constant curvature in the projective sense (projective Rie- 
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mann space of constant curvature) is the vanishing of the above pro¬ 
jective vector invariant. 

It follows from (8) that the system of curves defined by 

has an invariant determination in the two-dimensional projective space, 
i.e., the congruence given by (9) is independent of the particular metric tensor 
by which the geodesics of the space are determined. The family of curves (9) 
is of especial interest since in general these curves are distinct from the 
invariant geodesics of the space. It would appear that this invariant family 
of curves (or the above projective vector invariant) would be of particular 
significance in the further study of the geometry of the two-dimensional 
projective Riemann space. 

^ Weyt H., **Z\xt Infinitesimal geometric: Einorclnung der projektiven und der kon- 
formen Auffassung,'^ GMHngen Nackrichten, 1921, pp. 99-112. A very complicated 
projective tensor of no stated significance has been constructed by J. M. Tliomas, these 
PROCERDINGS, 11, 207-299 (1925). 

* See, for example, Eisenhart, L. P., Hiemannian Geometry^ Princeton University 
Press, 1926, pp. 131-185. 


ON CONVERGENCE IN LENGTH 
By Miriam C. Ayer 

The Ohio State University and Weixesley College 
Communicated June 13, 1945 

1, The topics discussed in this note have their origin in the theory of 
arc length. We shall be concerned with triples of equations of the form 
X « r(w), y y{u)t z = z{u) where each function is defined and continuous 
on a closed linear interval ot< p. For conciseness we write the triple 
9^ ? = where ?{w) is the vector (x(w), y(w), z(u)) and I is the 

interval a < u < With length defined in the usual way in terms of 
inscribed polygons, the length of the curve represented by y — %{u), u el, 
is then a function L{i) of the vector r. 

The following definitions explain the notation and terminology used. 
The magnitude of a vector y is denoted by lyj. Given any vector function 
tiu) « {x{u), y(w), sf(w)), uel, the vector {x\u), y'(«), s'(w)), defined 
wherever these derivatives exist, is written as j^(m) or, more briefly, f'. A 
vector i(w), w «/, is said to be continuous if and only if each component 
»(«), y(*i), z{u) is continuous on /. A vector r(w), w € /, is said to be of 
bounded variation (briefly, g is BV on /) if and only if each component 
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x(u), y{u), z(u) is of bounded variation on /. A vector |(w)» u < /, is said 
to be absolutely continuous (briefly, AC) if and only if each component 
x(u)f y(u)t z(u) is absolutely continuous on I. The functional L(x) is 
defined explicitly as follows: L(|) « — j(u')|, where the least 

upper bound is taken over all finite subdivisions of I into non-overlapping 
intervals u* < u < For vectors of the special form 3 r(w) = (/(w), 0, 0) 
the length reduces to the total variation V{f) of f{u) on L 

We state here some well-known facts about arc length.® L(y) is finite if 
and only if | is BV on L If is finite, then exists a.e. (almost 
everywhere) on /, l|'(w)l is summable on /, and L(f) > Equality 

holds in this relation if and only if f is AC on L 

Uniform convergence on I of a sequence/«(«), m «/, n 0, 1, 2, ... is 
written as/„ —Similarly,/ol^l onE denotes convergence 
in measure of /„ to /o on the set E, A sequence of vectors ^^(tt) — (:Jc«(tt), 
yn(tt)» ^n{u))t w € J, n = 0, 1, 2, ... is said to converge unifonnly (briefly, 
^ Jo {IS)) if and only if x«(tt), y«(M), and Zn{u) converge uniformly on 
I to Xo(tt), yo(u) and Zo(u), respectively. It is well known^- ® that if 
Jn Jo| IS) , J« BV and continuous for w — 0, 1, 2, , then lim inf E(f„) > 

L(jCo)- When jollS} and L{i„) L(jo), then wc shall say that 

converges to yo in length, in symbols: y„ Hereafter all vectors 

y(w), tt «/, will be assumed to be both BV and continuous on 7. 

In the literature on this subject® previous results relate convergence in 
length with the following: (i) convergence in direction, i.e., convergence in 
some appropriate sense of tniu) to yo'(«), and (ii) some kind of convergence 
of each of the sequences x„(tt), y«(w) and 2 „(tt), « = 0, 1, 2, . . In these 
results there is a sharp distinction between the i)arametnc and the non- 
parametric cases, the latter being the SfHicial case in which ]Cn(u) => (u, 
y„(M), zju)) for w = 0, 1, 2, .... The non-parametric case appears to be 
somewhat simpler than the more general parametric case and certain results 
valid in the non-parametric cawSe seeni to admit of no extension to the 
parametric case. The purpose c>f this paper is to make further contribu¬ 
tions to the theory along these lines and, in particular, to narrow the gap 
between the parametric and non-parametric cases. 

2. In previous literature®’ ^ convergence in variation and strong con¬ 
vergence in variation are considered along with convergence in length. 
For sequences of vectors, however, we shall use strong convergence in 
length instead of strong convergence in variation. (These two conceptions 
are equivalent, and for vectors of the special form y# — (/»»(w)» 0, 0) strong 
convergence in length of y^ reduces to strong convergence in variation of 
the scalars/„(«).) We state the definitions of the types of convergence 
used in this paper, A sequence /„(«), /* /n BV and continuous on I, 

« = 0, 1, 2, ..., is said to converge in variation, briefly/»1, if and 
only if /o|®} and F(/«) F(/o). A sequence of vectors y«(«) « 
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yn{u)t 3 »( m )), » » 0 , 1 , 2 , ..is said to converge in variation, 
briefly yol®}, if and only if xo\V\,yn yo{9|, and «« 3o{®I. 
A sequence of vectors ¥n(u), u BV and continuous on /, n « 0, 1, 2, ..,, is 
said to converge strongly in length, briefly 3 r„ —► if and only if 

Tn Jol^} and L(tn " ^o) 0. 

It is easily verified that strong convergence in length implies conver¬ 
gence in length, but not conversely. Moreover it is well known® that 
convergence in variation is necessary but not sufficient for convergence 
in length. Results stated in later sections will clarify further the relations 
among these convergence types. 

3. If x(m) is any given vector continuous and BV on /, each subinterval 
A C 7 determines an arc of length L( A, jf). In this notation the quantity 
previously denoted by L(y) is written as L(/, y). The interval function 
Z(A, y) is non-negative, continuous and additive, and therefore can be 
extended to a c.a. (completely additive) function L{E, y) of Borel sets E in 
I, By the general theory of such set functions we then have the Lebesgue 
decomposition® L(E, y) — LJE^ y) + L,(7t, y), where LaiE, y) - is 

a non-negative, c.a., AC function of Borel sets and L,(£, y) is a non- 
negative, c.a., singular function of Borel sets. A BV function /(«), utl, 
is expressible as the sum of an AC function and a singular function, this 
decomposition being uni vocally determined if we agree that the singular 
part vanish at the left end jxnnt of I. This unique decomposition will be 
called the normal Lebesgue decomposition of / and will be denoted by 
/ = /fl + fsi where /„ is AC and singular. In tenns of the normal Le¬ 
besgue decompositions of the components x(u)t y(u), z{u) we then introduce 
the noniial Lebesgue decompexsition of the vector y as y„ + y„, where y« - 
(Xat ym s«) and y, ~ (jc,, y„ The vectors y^ and y, give rise, in turn, to 
non-negative, c.a. functions of Borel sets L(£, y^) and L(£, y,), respectively. 
The two Lebesgue decompositions LiE, y) = L„(£, y) + L,(E, y) and y(w) =«= 
y«(w) + y,(w) are related in the following simple way. 

Lemma : If y(«) is B V and^ continuous on /, then La[E, y) = L{E, y«) and 
y) =»« L{Ef 1C,) for every Borel set E CZ I. 

The Lemma of the Lebesgue decomposition leads to a tiumber of new 
results and makes it possible to simplify proofs of several km>wn results. 
By way of illustration we state some of the implications of the lemma. 

(a) If y«(ti), w «/, n » 0, 1, 2, ..is a sequence of continuous, BV 
vectors, then y« yo|§iI) if and only if y,,^ yo<i(#iI} and y„, yo,l§lij. 

(b) If yi(w) and ar« BV and continuous on /, then L(yi + fa) = 
£(yi) + L(ya) if and only if L(yi„ •+• ya«) == L(yiJ + I(y2«) and L(yu + tu) 
- L(y:,) + LiUs)^ 

(c) If y w (m, f(u)t 0), f(u) continuous and BV on /, then L(y) < 
(/S a) + V{f)t equality holding if and only if f(u) is singular. 
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(d) If is BV and continuous for » 1, 2, . .. and |b is AC, then 

U -* Jo(MII 1 if and only if f, -♦ |o{#} and If' — -» on J. 

(e) If fn -» foU#!. fn AC for » » 1, 2, ..then f, —» fa{#V| if and 
only if y)|f'- fJl-♦ 0. 

(f) If f = JbCm), n = 1, 2, ..represent polygons inscribed in the 
curve represented by f = fo(M), where fo is BV and continuous, then f„ —* 
foSWC) if and only if f?o{iS} and jo is AC. 

Let us add a remark concerning statement (c). In the special case 
where /(«) is monotone and singular, (c) implies that L(f) » — a) + 

\f{P) f{a)\. That is, the length of the curve y *= f(x) is then equal to 

the sum of its projections on the x and y axes. This can be regarded as a 
generalization of the well-known fact® that the curve determined by the 
Cantor function y » /(x), 0 < x< 1, has length 2. 

4. The Steiner inequality is an important tool in previous literature.®’ * 
This inequality states that L([|i + lc%]/2) < [i(fx) + for any two 

vectors fa(w) which are BV and continuous on I. Although the 

denominator 2 is essential if we confine our attention to vectors in the non- 
parametric form, it is generally more convenient to omit it. 

It is of interest to find conditions under which the sign of equality will 
hold. (See §2 (i).) In the non-paramctric case we have the well-known 
simple result: If ^ «= (u^Mu), 0), u - 0), where/i(«^) and/aCw) 

have continuous derivatives on /, then equality holds in the Steiner in¬ 
equality if and only if /i(w) and/ 2 («) differ by a constant. That is, for 
equality to hold two such curves must be parallel. The following state¬ 
ment is a generalization of this. 

(a) If Xi(u) and are AC on /, then i(yi + h) « L(?i) + L(| 2 ) if 

and only if h/\ic{\ = h/\h\ on £ = £[«€/, 1|J| > 0, > 0]. 

In the literature*' * there are various generalizations involving a study of 
finding conditions under which the sign of equality will hold approxi¬ 
mately. That work is concerned solely with the non-parametric case. 
The following statements may be considered as extensions of those results 
to the general case. 

(b) If and | 2 (m) are BV and continuous on /, then each of the 
following hold: 

(i) < [Lih) + H.h)]-[L(.h) + Lift) - I.(ri+f*)l 

(H) v*ii(ri) + - 

L(f, + f,)] 

In the non-parametric case where ji *= («, yi(«), *i(«)) and fa 

we have ?: = (!, *!(«)) and fi - (1, ya(»), In 

this case an elementary discussion yields the relation |f J — f J|* ;< (f :)*(r:)* — 
(fila)’- From part (ii) of (b) we then obtain the following result. 

(c) Jf fi =» («, yiiu), *i(«)) and fa («# y»iu), *{«) are BV and con¬ 
tinuous on/, then (yHfJ - + L(fa))*-{tX(fi) -f L(fa)]/2- 
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^([yi + ?*]/2)}. This inequality is the analogue of a known inequality* 
involving surfaces. Results known for the non-parametric case now 
appear as corollaries of new results for the parametric case. 

The following statements are corollaries of inequalities (b) and (c). 

{d) If Jolil). then ij'l. \x!,\ - f'pi -♦ 0{^) on I and - 

(r:f^)=-^o{Hl} on I. 

(e) If j, = (m, y»(w), 3 »(m)) for « = 0, 1, 2, ... and if —♦ folUl, then 
Ifn - lol -* 0{fraf on J. 

5. vStatement {e) of §4 is an exanaple of a case where convergence in 
length implies some kind of convergence of the derivatives. That state¬ 
ment is concerned with the non'-parametric case and we would like to find 
its analogue for the parametric case. Let denote the unit tangent vector 
f'/lyj, defined wherever ly't > 0, w — 0, 1. 2, .... Results concerning the 
behavior of are obtained from {d) of § 4, 

(а) If In yojSiK then f^^tn - /nl 0, where E = E[utl, Ifol > 0, 
liminf y > 0]. 

(б) If Jn yo!®) and fn ~ (w, yn{u), s»(w)) for w ~ 0, 1, 2, . .then 

/ol ^ 0. 

In a sense, the preceding statements can be considered as relating con¬ 
vergence in length to convergence in direction. Although the converses 
are not true, the following special case is of interest. 

{c) If Xn ~ («» yniu)t Zn(u))f €/, n « 0, 1, 2, . .and fo is AC, then 
U-* yojiCl if and only if ?o{®) and !?' - y,'! -> 0 {M\ on /. 

(d) If ffl = («, yn(w). Sh(w)), w €/, « - 0, I, 2. . .., and Xo is AC, then 
|« jo{ff} if and only if yo{®} and /Ji/n - to\ 0. 

6. There is apparently a lack of finality and completeness in the theory 
of convergence in length. The reason for this is that some of the simple 
properties of strong convergence in length do not generally hold for con¬ 
vergence in length. In special cases where suitable additional conditions 
are imposed on the vector functions complete characterizations are possible. 
Statements (c) and (d) of § 5 illustrate such a case. 

A sequence Xn{u) = (Xniu), yn(w), Sa{«)), w e ~ 0, 1, 2, . . . is said to 
be uniformly AC if and only if Xn{u), y«(tt), s«(w), n == 0, 1, 2, . .. are 
equi-absolutely continuous on J. In the non-parametric case this is a 
necessary condition for a sequence of AC vectors to converge in length. 

{a) If Xniu) «= (m, yn(w), z«(«)), «c/, yn AC, n = 0, 1, 2, .... then 
U yo{ff} if and only if the vector? n « 0, 1, 2, ., . are uniformly AC 
and \Xn - XqI Ojfl#} on /. 

In the noq-parametric case the absolute continuity of Xo is sufficient to 
make convergence in length equivalent to strong convergence in length. 
Obtaining characterization theorems for the cases just mentioned is there¬ 
fore a simple problem. In the following result, however, strong con¬ 
vergence in length is not implied. 
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(b) If In uniformly AC on I for = 0, 1, 2, ,.then 

JolII} if and only if 

(0 . lP«Hfo! - Inlo 0{M] on I 

(ii) |r:i on£ .= E[u,I, y « 0]. 

7. For vectors of the special form = (/n(w), 0) the results of §§ 3~6 

yield as corollaries correspoxiding statements on convergence in variation. 
We state a few of these- 

(a.) If /i(m) and fi(u) are B V and continuous on I, then V(ft + ft) — 
V{fi) + F(/j) if and only if/ift > 0 a.e. on J and V(fu + ft,) = V{fu) + 

Vift,). 

(b) lff„ ->/o{®l, then \fJo\ - fnf'o —> 0{lM) on /. 

(c) If f„ /o j II (, /„ equi-absolutely continuous on I for « = 0, ], 2, 
..then/„ —♦ /o{lli if and only if 

(i) i/:/^ioifMi on/ 

(ii) / on£ = £[««/,/„' = 0]. 

U 

^ Adams, C. R., amj Clarkson. J. A., Bull. Ant. Math. Soc., 40, 4111-417 (1034). 

* Adams, C. R,, and Lewy, H., Duke Math. Jour., I, no. 1, 19-26 (1936). 

* MeShane, E. J., -4««. Math., (2) 33, 12,6-138 (1932). 

< Rad6, T., and Reichelderfer, P.. Bull. Am. Math, Soc., 47, no. 2. 102-108 (1941). 

• Rad6, T., and Reichtdderfer, P.. Duke Math. Jour., 9, no. 3, 527-.566 (1942). 

• Saks, S., Theory of the IntegraL Warszawa-Lwdw. 1937. 
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PURE STRAIN MICE BORN TO HYBRID M07HERS FOLLOWING 
OVARIAN TRANSPLANTATION* 

By W. L, Russell and Jane Goodrich HuRSxt 
Roscoe B. Jackson Memorial Laboratory, Bar Harbor, Maine 
Communicated July 20, 1945 

It is well established that many characters in mammals are affected by 
naturally occurring variation in the uterus or, to use a more inclusive term, 
the prenatal matenial cnviroxmient. Although this factor is regarded as 
environmental as far as the embryo is concerned, it is itself presumably sub¬ 
ject to both environmental and genetic factors (Russell^). 

The work of Wright,^ Wright and Chase,® Green ^ and others,^ who made 
statistical analyses of variation within inbred strains of mammals, clearly 
shows that the characters which they studied, polydactyly, white spotting, 
number of vertebrae, etc., were affected by environmentally determined 
variation in the prenatal maternal environment. 

The effect of genetically detennined variation in the prenatal maternal 
environment on character variation has, however, received little attention, 
perhaps because of a lack of easy methods of evaluating it. Evidence that 
this factor may be important is provided by the increasing number of cases 
in which a difference has been observed between reciprocal Fi hybrids ob¬ 
tained by crossing inbred strains. Russell and Green® have reported one 
such case for number of lumbar vertebrae in mice. Similar data from other 
crosses have been obtained and are in preparation for publication. The 
mere discovery of such a difference does not, however, furnish proof of a 
difference between the matenial environments of the parental strains: 
without further analysis the difference between the hybrids could equally 
well be attributed to the egg cytoplasm or, in the heterogametic sex, to sex 
linked genes. 

Two methods have been developed which can be used to test directly for 
differences between prenatal maternal environments. The first has so far 
been utilized for this purpose on a large scale only by Fekete and LittleJ 
In their work, fertilized ova are removed from the oviduct of one inbred 
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strain of mice and transferred, by means of a fine glass pipette, to the uterus 
of another inbred strain. The resulting offspring thus develop from the 
chromosomes and cytoplasm of the first strain and in the uterine environ¬ 
ment of the second. 

The second method, developed recently by Robertson,* makes ingenious 
use of transplantation of ovaries within an inbred strain maintained by 
forced heterozygosis. In Robertson’s experiments, ovaries from yellow 
{A^A“) mice were transplanted to agouti (.dM*") mice of the same inbred 
strain. By mating these, and unoperated yellow females, with yellow 
males he was able to compare the development of the lethal homozygous 
type in the uterus of an agouti with its development in the uterus of a 
yellow. 

The two methods differ in that the transplantation of ovaries brings the 
foster mother’s environment into play at an earlier stage. Whether this is 
important or not is not known, but a combination of the ,two methods on 
the same material could be used to investigate this point. The methods 
differ also in their practical limitations. The small average number of 
offspring obtained from operations with transferred ova would make the 
collection of the large number of individuals often required for the study 
of quantitative variation somewhat tedious. Ovarian transplantation, 
while more promising in this respect, seemed to be limited to studies of 
single factor genetic differences within inbred strains maintained by forced 
heterozygosis. It was presumably not available for the investigation of 
multiple factor differences between strains because of the failure of tissue 
grafts in foreign hosts. That interstrain transplants of mouse ovaries are 
unsuccessful has been shown by Robertson* in a total of 36 operations and 
by Mr. Ralph Kelloggf at this laboratory in a total of 23 operations. 

An attempt to find a method by which ovarian transplantation could be 
used to measure the effect of multiple genetic differences in the maternal 
envirmunent led to the experiments described in this paper. It occurred to 
us that if ovaries could be transplanted from an inbred strain to the Fi 
hybrid of that and another s^ain, a type of transplant that is usually suc¬ 
cessful, this would provide a method for comparing pure strain and hybrid 
maternal environments. 

For the first experiment, strain dba ovaries were transplanted to dba/ 
C3H Fi hybrids which were then mated with dba males* These strains 
were chosen becatise the dba strain (genotype ddbhaa) differs by three re¬ 
cessive color factors from the C3H strain (PPSSAA), a fact which, as 
shown in figure 1, would help in distinguishing successful operations from 
those cases in which the hybrid host ovary regenerated. Thus offspring 
from the transplanted ovary would all be dilute brown non-agouti (diftida), 
while only one-eighth of the offspring from a host's regenerated ovary 
would be of this color. In all operations, except those on females Kos. 162 
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and 163 (see table 1), we followed the essentials of the technique described 
by Robertson*® The left ovary, capsule and oviduct of each host were re* 
moved* Then, 7 to 15 days later, a second operation was performed in 
which the host’s right ovary was removed from its capsule and the donor 
ovary implanted in its place* In female No. 162 the first operation was 
omitted, one host ovary being left intact, and in No. 163 there was no in* 
terval between the two operations. The latter variation in technique is dis¬ 
cussed later in this paper. 

DD66AA X ddbboa 

C3H snUK I 

ddbbaa x OdBbAa 

tTRAIM# f)HYORID t 

I 

I-'-1 ' 

t/8 ddhbao 7/8 non-ddbboa ddbboa 

OrFIMtNO FROM ReVCMfRATCP OVARY OFFSFRiNO FROU 

TRANmANTCO OWRV 

FIGURE 1 

Of the 22 operated hybrid females, 9 had no offspring and one produced 
a single litter which was eaten shortly after birth. The xemaining 12 gave 
the results shown in table 1. Females Nos. 17, 23 and 58 clearly show re- 

TABLE I 

Number and Type or Offspring from Matings op dba Males with dba/C3H Fi 
Hybrid Females into Which dba Ovaries Had Been Implanted 

Serial No. of hybrid host 17 23 25 26 46 55 58 66 162 163 193 197 

offspring ... 2 2 19 4 .. 18 1 12 9 8 

Non^ddWoa offspring 6 3 8 17 . . 24 7 4 11 . 

generation of the host ovary and failure of the transplanted ovary. Fe¬ 
males Nos. 25, 26, 55 and 162 also indicate failure of the graft, for the pro¬ 
portion of ddbbaa offspring produced by each of tliese females is not signifi¬ 
cantly different from one-eighth. In females Nos. 45,163,193 and 197 the 
transplanted ovary was clearly functional and there was apparently no re¬ 
generation of the host ovary. The remaining female, No. 65, produced 4 
non-ddbbaa offspring which must have come from a regenerated host ovary, 
but the high proportion of ddbbaa offspring, 18 out of 22, indicates that the 
transplanted ovary was also functioning. 

Robertson® does not mention the possibility of regeneration occurring 
along with a functional graft in his results, but his ratio of 38 yellow to 62 
agouti, where a 1:1 ratio was expected from the transplanted ovary, indi¬ 
cates that regeneration probably occurred in some of his females and a 
ratio of 38 yellow to 52 agouti from those females which produced at least 
one ydlow offspring, though not significantly different from a 1:1 ratio, 


ddbbaa 

tfVa STRAIN OVARY | 


l1 
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does differ in the direction that favors the possibility of regeneration having 
occurred even in the presence of a functional graft. 

In our work, in any case, subsequent experiments have shown that this 
type of result is not uncommon and apparently cannot be avoided even by 
careful operative techniques This is unfortunate because in the above ex¬ 
periments, for example, even where the success of the transplant was es¬ 
tablished by the fact that only ddbbaa animals were bom, one cannot be 
certain that any particular ddbbaa offspring was not produced from a re¬ 
generated host ovary. With hybrids from strains differing by a smaller 
number of marker genes there would be even greater uncertainty, as we 
found in a series of operations made by the junior author and Miss Bar¬ 
bara Pcrry.t In this series C57 black (genotype aa) mice were crossed with 
C3H agouti (AA), C57 black ovaries were transplanted to the Fj hybrids 
which were then mated with C57 black males. The expected ratio in the 
offspring from a regnerated hybrid ovary is thus one half agouti {A a) and 
one half black (aa), while the transplanted ovary would yield only black 
offspring. Of the 23 animals that had young, only one gave reasonably 
clear-cut results. This produced 3 agouti and 18 black offspring, indicating 
a combination of successful transplant and regenerated host ovary. Of the 
remaining 22, 8 gave only black offspring (a total of 26) and 14 gave both 
agouti and black (totaling 56 and 70, respectively). The total of 56 agouti 
to 96 black produced by these 22 females indicates that the ovarian grafts 
were functional in at least some, but the number of offspring was not large 
enough to be sure of this in any particular case. 

It is apparent that the ever-present p:)ssibllity of regeneration of the host 
ovary occurring along with a successful graft is a serious limitation. The 
difficulty, of course, resides in the fact that the hybrid carries the marker 
genes of both parental strains and will segregate each parental combination 
in at least some of its germ cells. To get around this difficulty a method 
was worked out which makes use of an inbred strain of mice which we have 
called ‘‘stock 129” and which was originally obtained from Prof. L. C. Dunn. 
This strain was inbred witli forced heterozygosis to carry both chinch'Ua 
(c^*) and albino (c®) alleles. It also carries pink-eye and light-bellied agouti 
genes, but this can be disregarded in the present discussion. It is now main¬ 
tained, as shovm in figure 2 (a), by brother-sister matings of the heterozy¬ 
gotes (c^*c" X thus producing, in addition to the heterozygotes, the 
two homozygous combinations and All three types are pheno- 
typically distinguishable. Two ways in which this strain is being used in 
ovarian transplant experiments are shown in figure 2, In figure 2 (6) the 
Fi hybrid is obtained by mating any full colored, CC, strain with the stock 
129 type. Ovaries from stock 129 cV animals are transplanted to the 
C<f^ hybrids which are then mated with stock 129 males. Offspring 
from a regnerated host ovary will thus be either or genotypes 
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which are pbenotypically distinguishable from the cf^c^ combination pro¬ 
duced by a successful ovarian graft. The origin of every individual bom 
to the hybrid can, therefore, be determined. Figure 2 (i:) shows a similar 
method that can be applied to a cross with any albino strain. The system 
of matings with the strains shown in figure 2 can be worked out iu other 
ways, but the two examples given serve to illustrate the principle. 
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(a) System of maintaining; stock 129. (b, c) Two ways 

in which this stock can be used in ovarian transplantations 
tb hybrid females so that offspring of the grafted ovary can 
be distinguished from offspring of a regenerated host ovary. 


There are other possibilities. Thus c'V* or cV strains could be used 
just as weU as the CC and cV strains, and strains carrying other genes 
maintained in forced heterozygosis cotdd be used in place of stock 129. 
As a control for possible effects of the operation itself, transplants can be 
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made both ways between the two homozygous types of the 129 stock or 
whatever stock is used in its place. 

In the above systems, pure strain mice are raised in hybrid hosts by tak¬ 
ing the transplanted ovary, as well as the male with which its host is 
mated, from the same strain. It is, however, equally possible to use males 
from other strains, thus producing hybrid offspring raised in hybrid uteri. 
One case of this is reported below. Of course the choice of strains is again 
restricted to those carrying suitable marker genes. 

Summarizing the above, it is clear that, within the limitation of having 
to choose appropriate strains of animals, a method is provided by which ovar¬ 
ian transplantation can be used for comparing pure strain and hybrid ma¬ 
ternal environments. The method could also be used in other fields of bi- 
ology wherever, for example, an experiment requires a means of distinguish¬ 
ing between the functioning of host.and graft ovarian tissue. 

In our experiments, ovaries from stock 129 have been transplanted to 
hybrids of this stock and four other stocks: C3H, dba, C67 black and Bagg 
albino. The first three are full colored {CC) strains and were used as shown in 
figure 2(6), while the Bagg albino was mated as in figure 2 (c), Functional 
grafts have been obtained in all of these hybrids. In most cases the hy¬ 
brids were mated to stock 129 males, thus yielding pure stock 129 animals 
raised in four different hybrid maternal environments. Some of the 129/ 
C57 hybrids were mated with Bagg albino males to produce, from the 
transplanted ovary, 129/Bagg hybrids developed in 129/057 uteri. 

Details of technique, and findings in regard to the effect of various fac¬ 
tors on the success of the transplantations, will be presented in another 
paper, but it seems desirable to mention here the following departure from 
Robertson's technique. He removed one host ovary 7 to 10 days before the 
transplantation in order to produce hypertrophy of the remaining ovary and 
of its capsule into which the ovary of the donor was to be placed, but he 
questions whether this is necessary and suggests testing it by removal of 
both host Ovaries at the time of transplantation. The success obtained with 
female No. 163 (table 1)„ which was operated upon in this way, shows that 
hypertrophy of the site of implantation is not an essential factor. In view 
of this finding, most of the experiments with stock 129 have been made by 
removing both ovaries of a host and implanting donor ovaries in their place 
in the same operation. In our work, operations have been more successful 
with this than with Robertson's method, possibly because two graft ovaries 
per operated female are used instead of one. 

At the present time about 40% of over 100 operations made by the senior 
author on stock 129 hybrids have resulted in successful grafts. Nearly one- 
half of these have shown at least some regeneration of host ovarian tisst^. 
The number of offspring obtained from the grafted ovaries has been very 
high in some cases. The highest number recorded for a single femsde is 80 
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This was a 129/Bagg hybrid containing stock 129 ovaries and mated with a 
stock 129 male* The number of young is higher than has ever been recorded 
at this laboratory for a straight stodc 129 mating. (The operation was 
made by Miss Winona Hinklcy t who assisted in the early work with the 129 
stock.) 

A large series of experiments ts being conducted to compare the maternal 
environments of the 129 stock and some of its hybrids, using number of 
vertebrae as a character. It has already been stated that differences in 
number of lumbar vertebrae obtained in reciprocal hybrids of certain strains 
indicate that this character may be affected by the maternal environment. 

Summary. —The only way, so far reported, of testing directly for the ef¬ 
fect of multiple gene, or strain, differences in maternal environments is by 
the somewhat tedious process of transferring fertilized ova from one strain 
to another. The work reported here provides a method of using ovarian 
transplantation for this purpose, at least as far as a comparison of pure 
strain and hybrid maternal environments is concerned. 

Offspring were obtained from pure strain ovaries transplanted to hybrid 
females. Six different host-donor combinations, involving a total of three 
inbred strains and six hybrids, were tried and all were successful. In many 
cases a successful graft was accompanied by a regenerated hybrid host ov¬ 
ary, In early experiments it was not possible to distinguish offspring of the 
grafted and regenerated ovaries except on a statistical basis, but mating 
plans were devised using strains with suitable marker genes in such a way 
that it IS possible to determine the origin of all the offspring by their pheno¬ 
type. 

* Aided by a grant from the Rockefeller Foundation and by grants to the Roscoe B. 
Jackson Memorial Laboratory from the National Cancer Institute, the Jane Coffin 
Childs Memorial Fund for Medical Research, the Anna Fuller Fund and the Interna¬ 
tional Cancer Research Foundation. 
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EXPERIMENTS ON SEX UAL ISOLA TION IN DROSOPHILA, V. 
THE EFFECT OF VARYING PROPORTIONS OF DROSOPHILA 
PSEUDOOBSCURA AND DROSOPHILA PERSIMILIS ON THE 
FREQUENCY OF INSEMINA TION IN MIXED POPULA TJONS 

By Howard Lbvene and Th. Dobzhansky^ 

Columbia Univbrsitv 
Communicated July 19, 1945 

Introduction. —When females of Drosophila pseudoobscura and Drosophila 
persimilis are placed together with males of one of these species, it is usually 
found that a greater proportion of the conspecific than of the alien females 
are inseminated. The nature of the stimuli that lead to this result is still 
obscure, although Mayr and Dobzhansky^ have shown that the degree of 
the preference varies depending upon the history of the, individual flies 
involved and upon the environment. The experiments to be reported in 
the present article are concerned with the effects of the relative numbers 
of the conspecific and of the alien females available to the males on the 
frequencies of homogamic and heterogamic matings. Perhaps the simplest 
of the many hypotheses that may be constructed about the matings which 
take place in mixed populations is that when a female and a male meet, 
there is a certain definite probability that they will mate, depending on their 
respective species but not on what other males and females may be found 
in the same medium. On the other hand, it is also possible that the flies 
ore stimulated by the proximity of conspecific individuals of the opposite 
sex in such a manner that they become more receptive to mating with alien 
as well as with conspecific partners than they would otherwise be. Still 
another possibility is that only homogamic matings take place while 
conspecific individuals of the opposite sex are available, and that hetero¬ 
gamic matings occur only, or predominantly, when the possibility of homo¬ 
gamic mating is excluded or remote. The above possibilities arc not neces¬ 
sarily mutually exclusive, and various intermediate situations may be 
encountered. It is also fully conceivable that different pairs of species and 
races might behave quite differently in this respect. 

M^hods and Procedure. —^The orange strain of Z>. pseudoobscura and the 
Stony Creek strain of D. persimilis were used in all experiments. ‘ In the 
main body of seven experiments, 10 freshly hatched D. persimilis males 
were placed in each vial together with the following freshly hatched females: 
(1) 10 persimilis, (2) 10 pseudoobscura^ (3) 10 persimiUs and 10 pseudo- 
obscura, (4) 20 persimilis and 10 pseudoobscura^ (6) 40 persimilis and 10 
pseudoobscura, (6) 10 persimiUs and 20 pseudoobscura, and (7) 10 persimilis 
and 40 pseudoobscura. In other words, only D. persmUis males ww used 
in all vials and their numbers were always ten per vial; the numbers and 
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the species of the females were varied. The vials were kept in an incubator 
at 26Vt®C. for approximately 4 days, whereupon the females were dis- 
sected and the presence or absence of sperm in their seminal receptacles 
was determined by microscopic examination. These experiments were 
done in September-October, 1944, with the assistance of Mr. George 
Streisinger, whose help we wish to acknowledge. The results are stirn- 
marizcd as experiments 1 to 7 in table 1. 

TABLE 1 

Ni^MSMKn or Insbmznatbd Pbualkh OimsKVSD WiXBN 10 D. prrsimilts Mai^ks Wbub Tlacbd with O 
persimitis Frmalrr and D. pstudoobscura Frnalbs 

NO. or 

NO, or 


BXPT. 

ciric 

AUKN 

.-O. 

persimilis- 


- D. Pi 

teudoobscui 

ra- 



HUM- 

P«R 

PBR 

rBR" 

UNPBft- 


rsR- 

UNrBR- 


XSOLATTON 

fSOLATION 

UKR 

VIAL 

VIAL 

TlLlZftn 

TILIZHD 

TOTAL 

TXLIZBD 

TILIZRD 

TOTAL 

INUBX 

RATIO 

* 

itcu 

tiam 

Fcm 

Ncu~Fcu 

iV« 



N ax 

b* 

tM 

1 

10 

0 

115* 

28 

143 









60.41* 

19.59 







2 

0 

10 




28 

125 

153 









18.30 

81.70 







143.07 

34.33 


27.34 

145.66 




8 

10 

10 

HI 

37 

178 

80 

134 

173 

0.6660 

0.2840 




70.21 

20,79 


22.54 

77.46 







140.68 

41.38 


14.27 

78.73 




4 

20 

10 

160 

41 

191 

13 

80 

93 

0.6078 

0.1780 




78.63 

21.47 


13.08 

86.02 







204.67 

168.33 


0.67 

80.33 




6 

40 

10 

204 

169 

373 

11 

79 

00 

0.6347 

0.2236 




64.09 

45.31 


12.22 

87.78 







67.03 

44.97 


22.00 

187.01 




« 

10 

20 

60 

43 

102 

17 

193 

210 

0.7581 

0.1376 




68.83 

41.18 


8.10 

01.90 







87.72 

41.28 


70.17 

456.83 




r 

10 

40 

90 

89 

129 

64 

463 

627 

0.7035 

0.1741 




69.77 

80,23 


12.14 

87.86 




6 

0 

to 




49 

80 

129 









37,98 

62.02 




9 

10 

to 

122 

0 

126 

67* 

63 

130 






96.31 

4.69 


61.64 

48.46 





* For oach th« top liac givti th« ^'expected numb«r'* of fliei oa the basU of H2' (tee text). 

the middle line givee the observed oumbera, ead the bottom line gives the observed percentages. 


Additional data were secured in April, 1945, with the aid of a slightly 
different method. Males and females of D. persimUis and D. pseudoobscura 
were aged in the absence of individuals of the opposite sex for a week to 
ten days, whereupon 10 persitnilis males were placed in vials overnight 
with 10 pseudoobscura fei^es or with 10 pseud^scura and 10 persimilis 
females. (Experiments 8 and 9 in table 1.) 
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Similar experiments were performed on two geograt^ic strains of Z>. 
prosalians, but these will be discussed in a separate section. 

When freshly hatched females and males were kept together for 3-4 days 
before dissection, the results obtained in different vials of the same experi¬ 
ment frequently showed statistically significant heterogeneity, while the 
experiments with the aged flies did not. The heterogeneity is, of course, 
a complicating factor in the analysis of the data. There are several 
probable sources of this heterogeneity. Since dissection and examination 
of the sperm receptacles is a rather laborious operation, females and males 
in some vials were kept together somewhat longer than in others. Some 
files came from culture bottles in the early and others in late stages of 
hatching. Since the experiments of a given series extended for about two 
months, sonre variation in the food and other environmental factors may 
have occurred. 

ArKilysis .—Throughout this discussion we will assume that there are 
10 males of a given species or strain present in a standard vial, along with 
n„ conspecific* females and tta alien females. Of these fe and/«, res|>ectively, 
will be fertilized. I^et equal the sum of the for a given experiment 
(i.e,, Nc is the total number of conspecific females in all the vials of a given 
composition), and let Na, Fe and be the corresponding sums for fe 
and 

If We is the probability that any particular conspecific female will be 
inseminated during the course of the experiment, then t* will be some 
function of tic, n» and of the time that the flies are left together. We 
denote this function by n«, /), We will include in / also such factors 
as temj>erature, age of the flies, food, etc., so that t represents what may be 
called the “physiological time/’ Similarly ira(»c> 0 is the probability 
that an alien female will be inseminated. Evidently Vc and r* approach 
zero as the number of females per viaJ becomes large, since there must be 
some upper limit to the munber of females a male can inseminate. Be¬ 
cause of the variability from vial to vial of the per cent fertilized, as above 
discussed, the data do not give very precise information on the form of 
the functions and ira« However, from examination of the results for 
the individual vials it is clear that there is no very great variation in ir« 
over the range of values of Hc and used, with the possible exception of a 
dccrejire in in the experiment with 40 conspecific and 10 alien females. 
Apparently the decrease in percentage of fertilization does not become 
marked until considerably higher densities of females ate reached than were 
used here. Since any analytic function is approximately linear for small 
changes in the variables, we may suppose that ir^ depends on some linear 
combination of and when n,, and n® do not vaiy too widely. We may 
represent this combination as «' « dnc + Wa where d and t are constants. 
If, now, e/d » 0, we depends only on the number of CQn^>ed^ females. 
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while ii e/d « 1 it depends only on the total number of females. Since 
We apparently decreases for tie “= 40, ** 10 and not for tie *= 10, «« = 40, 

e/d seems to be a positive fraction less than one. 

Stalker* has proposed an "isolation index" “ ^a)/i^c + 

An equivalent but somewhat simpler index is y =» Xa/ire. They may be 
interchanged by the formulas =« (1 — ■v)/(l + y) and y «» (1 ~ fi)/ 
{I + (i). If only homogamic matings occur, » 1 and y 0; if there is no 
discrimination, « 0 and y = 1; and if only heterogamic matings occur, 
^ — 1 and y = oa. It is somewhat easier to interpret y than /3, as the 

probability of an alien female being inseminated is simply y times the 
probability of a conspecific female being inseminated. We shall call y 
the "isolation ratio," 

We shall now~ consider the implications of the hypotheses, discussed 
above, about the manner in which the mating preferences become effective. 
If males do not mate with alien females unless conspecific females are un¬ 
available, we should expect to find no inseminated aliens until nearly all the 
conspecific females have been inseminated. Since this is not so, we must 
look for some further explanation. It might be that only a small pro¬ 
portion of the females present are receptive at any one time. This seems 
rather farfetched; it might, however, be teste<i by seeing wliat happens 
when only one or two males are present. On the other hand, the hy¬ 
pothesis might be altered to give a hy|X)thesis which we will call HI by 
supposing that the probability of an alien female being inseminated is 
not zero but has some low value when conspecific females are available 
and has a higher value when only aliens are available. If we also suppose 
that the presence of conspecific females excites males and makes them more 
likely to mate, we will have a situation where tt* has one low value in the 
absence of conspecific females, another low value when conspecific females 
are available, and a higher value when conspecific females have been avail¬ 
able but are so no longer. The balance between these opposing tendencies 
would theti determine whether would be increased or decreased when the 
number of conspecific females tie was increased from zero to, e.g,, ten. 
Introducing a second subscript to refer to the experiment number, the 
question is whether We^/wta is greater than or less than one. The data 
give^ P«*/#a 2 ** 1*23, but this does not differ significantly from one. This 
comparison was repeated, using aged flies to decrease the heterogeneity as 
explained above. When these vials were tested for heterogeneity ^ey 
gave X* “ 19.56 with 28 degrees of freedom, for P ^ 0.85, so that these 
results are mueh more rdiable. This time pg^/peiB « 1,36 and this is signifi¬ 
cant, with X® 4.81 and P « 0,03. 

Before discussing HI further we will consider an alternative hypothesis, 
H2. We now suppose that the isolation ratio y t)/itc{ne, n*, 0 

is a constant independent of and L Evidently this cannot hold for 
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all possible and t; for example, if t is very large and and small, 
then Wc, and hence. 7 will tend to 1 ; however 7 may be essentially con¬ 
stant over a wide range of values. We shall not specify any definite forms 
for the functions and Wa but merely suppose that in the :)fth experiment 
Te has a fixed value Kcx and jias a fixed value iTo,. We temporarily ignore 
the heterogeneity of the data. Hypothesis H2 now reduces to H2', where 
we assume that iCa/irt has a common value for each vial of experiment x, 
and the hypothesis states that all the 7* are equal. We represent the 
common value of the 7 * by 7 . 

Evidently jx involves a comparison between two kinds of females and 
hence cannot be computed for experiments 1 and 2 , and therefore they 
cannot be used in testing H2'. For the other experiments, under the 
assumption only (i.e., when the yx need not be equal), the best estimates 
for iTcxp etc., are pext etc,, where pcx is the proportion of conspecific females 
fertilized in all vials of the :rth experiment; and the best estimate of yx 
is gx =* Pnx/Pex- The gx are given in table 1 . 

When H 2 ' is true, the /)’s are no longer the best estimates. We may 
now obtain Tax from the relation that under H 2 ^ Tax we still 

require joint estimates of 7 , itc*, x*e 4 , ...» ir,.?. The method of maximum 
likelihood'^ leads to the set of six non-linear equations 

7 

r ^cj _ Tcx jNgx -fiiir) *1 _ Q 

L 7 1 ““ J 

F^^Fax _ - F^ _ y(Nax - Fax) ! 

T^cx 1 — “W,:* 1 — 7ircjr J 

It is not practicable to solve these equations exactly, but a method of suc¬ 
cessive approximations gives the estimate g =* 0.1968 and estimates of the 
Tex which lead to the '^expected values'* that are given in table 1. The 
ordinary test is not strictly applicable here because the constraints are 
non-linear. However the likelihood ratio statistic,* X, is easily calculated 
and, for samples as large as this, —2 log« X should be distributed approxi¬ 
mately as X® with 4 degrees of freedom/ 

To compute —2 logc X we need the expression 

(-2 log, 10)Z^[(F„ + /!■„) logT„ + F„log 7 . + (Ncs - F„) log 

(1 - ir«) + {N„ - Fat) log (I - yt^a)]. (2) 

(All logarithms are to the base 10 unless otherwise indicated.) Now let 
Li be the value of (2) when we replace 7 , by 7 and then replace 7 , t^, 
Teit .,Tc 7 by the numerical estimates obtained fom equations (1). Also, 
let Lt be the value of (2) when we replace y$, ..., * 77 , , Tei, by the 
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sample values given in table 1 , Then —2 log# X = Li — La We obtain 
the result —2 log# X « 9.0, corresponding to a probability of about 0.061. 

Discussion. —In nature, H2 would mean essentially that there is one 
probability of copulation when a male meets one of his own females and 
another (smaller) probability when he meets an alien female, while under 
HI we have the added complication that his willingness to mate with the 
alien is reduced by the presence of receptive conspecific females. It should 
be noted that we have spoken throughout as if it were the male who did 
tile choosing. This has been done solely for economy of words. Actually 
it is not known whether it is the males or the females or both which exercise 
the discrimination. It may be that the alien females reject tlie males, and 
that HI means that the males are more likely to persevere if no conspecific 
females are present. The end result will be the same in any case. The 
important tiling is that, under H2, and ttc both decrease at the same 
rate, as n# increases, while, under HI, iTa decreases more rapidly than so 
that 7 decreases. The data also require the assumption that males be¬ 
come excited if conspecific females are present, and then are more likely 
to mate with alien females. This additional effect could be superimposed 
on either HI or H2, but would have to be more extreme to override the effect 
of HI. Since there is no other evidence in favor of HI, it seems that the 
simpler hypothesis H2 should be accepted. We have seen that, ignoring 
heterogeneity, the probability of the data arising by chance under H2' is 
about 0.06. The heterogeneity would tend to increase the probability of 
more extreme values of the statistic —2 log* X, and hence to further reduce 
the need of rejecting H2', On the other hand, the heterogeneity would 
also tend to overshadow any real differences in the 7 , and hence make the 
test less sensitive. Table I shows on its face that the do vary over a 
range of 2 to 1 , but in an irregular manner rather than in the regular way 
which we would expect under HI. The actual variation in the 7 ^ could be 
even greater than tliis, but it is not likely that very hu-ge systematic changes 
occur. All things considered it seems best to accept the simpler hypotliesis 
H2, since it is not contradicted by the data, and indeed seems to fit them 
better than HI. In any event the simple hypothesis that males only mate 
with alien females when their own females are unavailable smns untenable, 
and its modification, HI, is simply a more complicated version of H 2 . 

Results with Two Strains of D. prosaltans. —Experiments were also carried 
out with the same number of flies as in experiments 1 to 7, but using flics 
of the Chilpancingo (Mexico) strain of D. prosaltans instead of D. persimiUs 
and flies of the Bertioga (Brazil) strain of L>. prosaltans instead of D. pseudo- 
ohscura. As shown by Dobzhansky smd Streisinger,*^ males of both these 
strains exhibit a strong preference for mating with Chilpancingo females. 
Freshly hatched flies were kept together in an incubator at 2b^/2^C. for 
approximately 3 days, whereupon all the females were dissected and their 
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seminal receptacles examined for sperm. These experiments were per¬ 
formed in August-September, 1944. The results are summarized as 
experiments 1 ' to 7' in table 2 . 

* TABI-E 3 

D. prosattans. KvMtasKa of iHBitinMAtiio PitKAi.B6 Obsbkvbo WatiM 10 CmupANOMOo Mal&e; Wbiib 
P tACSO WITH nt CimUFAMCIKOO PCMALBft AKD »« BbRTIOOA FBMAX.KH 

MO. OF 

COMtFK* KO. OF 

BXFT. CIFIC ALIMM /■-•CMXt.PAMClNOO— » .- -BbFTIOOA-— -s 


KtTM< 

ttBK 

X 

V 

P»M 

VIAI. 

nez 

10 

PBB 

VXAX. 

Mw, 

0 

F8R> 

TXLlXBa 

63. 

TINFBll< 

TXLXXItO 

38 

30.07 

TOTAL 
If fljr 

90 

FBR- 

TUUtXMD 

Fm 

UNFMR- 

TILUBO 

Amt-Fm 

total 

ISOLATION 

iMoiex 

hz 

lAOLATXOM 

RATIO 

2' 

0 

10 




14 

14.00 

86 

00.00 

100 



8' 

10 

10 

72 

72,73 

27 

27.27 

99 

2 

2.00 

96 

97,94 

97 

0.046 

Q.<i284 

4' 

20 

10 

lie 

00.67 

60 

33.33 

174 

1 

l.U 

80 

08.35 

87 

0.066 

0.0172 

y 

40 

10 

160 

30.39 

240 

00.01 

396 

1 

1.02 

97 

98.98 

98 

0.960 

0,0269 

y 

10 

20 

67 

72.16 

22 

27.35 

70 

8 

1.94 

162 

98.06 

166 

0.948 

0.0208 

7 * 

10 

40 

04 

66,07 

32 

33.33 

96 

12 

3.06 

381 

96.96 

393 

0.912 

0.0468 


* For each eKperimeot, the top line glvec the obaerved number of flie» and the bottom line glvee the 
obeeived percentages. 

In these experiments the observed frequencies of heterogamic fertiliza¬ 
tion are so low that their sampling fluctuations would overshadow any 
reasonable changes in the 7 «.. All that can be said is that the data in 
experiments 3' through 7' do not contradict H2'. For such low 7 values 
large numbers of vials would have to be used to obtain good results. Hie 
only significant result is the considerable increase of heterogamic matings 
when no conspecific females are present. We have ptiz'/p^a' 0.147, witli 
X® *= 7.43, using Yates' correction for continuity, and P — 0.006. This 
is probably a real effect, although it might be due to tlie heterogeneity be¬ 
tween vials. If real, this effect is more consistent with HI than with H2. 
It could be at least partly explained under H2 vls follows. Suppose ir« and 
iTa depend on an ‘'effective population density'' with an added female 
affecting in proportion to her chance of insemination; i.e., if, as sug¬ 
gested above, we consider to depend on a linear combination, ^ dn^ + 
en^ ^ d[nc + (e/d)na], of «« and then e/d will be equal to 7 - Now if 
ra(n\ t) decreases rapidly as n' increases from 0 to 2 or 4, and thereafter 
decreases less rapidly, then if 7 is small, as it is here, 10 7 will be small, and 
increasing from 0 to 10 Will reduce ir« considerably. There is as yet 
no experimental evidence on the behavior of and w. for small % by Which 
this conjecture could be tested. 
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Thus the difference in behavior in the two series of experiments need not 
necessarily imply different causal systems. However, it would not be 
surprising if they were different, since in one case we are dealing with sexual 
isolation between two species and in the other with a one-way sexual 
preference between two strains of a single, different species. 

Summary. —Results obtained by placing persimilis males with varying 
proportions of D. persimilis and D. p^eudoobscura females admit of the 
hypothesis that the ratio of the probability of a heterogamic mating to the 
probability of a homogamic mating is a fixed constant independent of these 
proportions. However, the possibility of some decrease in this ratio when 
many D. persimilis females are present cannot be rejected. Because of 
small numbers of heterogamic matings, similar experiments with two strains 
of D. prosaltans furnish little evidence on this point. For D. persimilis-D. 
pseudoobscura, heterogamic matings are significantly more frequent in vials 
containing 10 females of each of the two species than in vials containing 
10 alien females only, while for D. prosaltans they are significantly less 
frequent. 

* Experimental data by Th. Dobzhansky, mathematical analysis by H. Levene. 

i Mayr, E., and Dobzhansky. Th., these Proceedings, 31, 75-82 (1945). 

* For simplicity, we shall use the terms "conspecilic” and "alien” regardless of whether 
the flies differ as to species (D. persimiUs and D. pseudoobscura) or merely as to strain 
(geographic strains of D. prosalians). 

* Stalker, H. D., Genetics, 27, 238 267 (1942). 

* Throughout this paper Greek letters arc used for population values (i.c., values 
characteristic of a given experimental set-up) and the corresponding Roman letters are 
used for estimates based on the sample 9f flies oKserved. Thus the best estimate of 
a’<3i is w 

* Fisher, R. A., Statistiml Methods for Research Workers, T..ondon, .Sec, 63 ff., 2nd 
(1928) and later editions. 

* Neymari, J., and Pearson, E. S., Hiomeirika, 20A, 176^240 and 203-294 (1928). 

7 Wald, A., Trans, Am Math. Soc., 54, 428-482 (1943). 

< Dobzhansky, Th., and Streisinger, G., these Proceedings, 30, 340- 345 (1944). 


THE THREE-DIMENSIONAL SHAPES OF BUBBLES IN FOAMS 

Bt Edwin B. Matzkb 
Dspartuent of Botany, Coluhbm Uniybrsity 
Communicated July 23,104S 

The emsc'dimensional shapes of bubbles in foams have been discussed 
by scientists in diverse fields for nearly three centuries, but apparently 
eicact itttdies have not heretofore been made. 

Sven in his MicngrapMa, published in 1665. Robert Hooke,* the first 
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describer of ceils, alluded to “frothy bodies" and "congeries of very small 
bubbles," while his contemporary, Nehemiah Grew,* in 1682 drew more 
direct comparisons between plant cells and the "Froth of Beer or Eggs." 
Ever since, the similarity between cells in tissues and bubbles in foam has 
been stressed. Thus, Hplman, as reported by Child,® made a foam which 
he compared with cells in masses, while Robert^ published a striking series 
of photographs of groups of bubbles simulating the early cleavage stages 
of the gasteropod Trochus. Berthold® and Errera® both showed how cells 
and soap films have certain features in common. However, until Lewis^* ® 
began his painstaking researches on the three-dimensional shapes of cells 
in tissues, no precise infonnation was available on the shapes of either 
cells or bubbles in foam, even though they had often been compared. 

If biologists have been more interested than other scientists in this topic, 
they are by no means the only ones who have discussed it. Lord Kel¬ 
vin,*®’ ** the distinguished mathematician and physicist, who was strongly 
infuenced by the scholarly volumes on soap films written by the blind 
Belgian physicist Plateau,** published several essays on "the division of 
space with minimum partitional area," “homogeneously," "into equal and 
similar parts,” "all sanieways oriented” and under conditions of "stable 
equilibrium." Kelvin solved the problem of division of space into equal 
aiid similar units with stable angles and each with maximum volume and 
minimum surface by describing a 14-faced figure, the minimal tetrakai- 
decahedron, with 8 undulating hexagonal faces and Gquadrilateral faces with 
the sides curved. This figure has stable angles. A similar plane-faced 
tetrakaidecahedron, with 8 faces which are regular hexagons and 6 which 
are squares, does not have completely stable angles. Kelvin’s figures have 
been widely accepted, and under ideal conditions with perfect spacing^ 
they may well be realized. 

Sir James Dewar*®’ made extensive studies of soap films and bubbles. 
Separate volumes have been written on the subject by Lawrence*® and by 
Boys,** while Courant and Robbins** stress the importance of soap-film 
studies in tlie solution of certain mathematical problems. 

V But the only one who has seriously tried to examine the three-dimen¬ 
sional shape of bubbles in an actual foam is Descli,*® who became inter¬ 
ested in the problem through its bearing on the form of crystal grains in 
solidifying metals, as in marine propellers and in crucible steel. Desch’s 
data are not extensive, and are somewhat at variance with the results pre¬ 
sented below. 

This same topic has been cf interest also to students of the alveolar struc¬ 
ture of protoplasm. Biitschli*® concluded that protoplasmic alveoli were 
dodecahedral, while Seifriz** thinks they may be 12-faceted or H^aceted. 

It is obvious, therefore, that the three-dimensional shape of bubbles in 
foam has been of interest and of philbsophied import to physicists, mathe- 
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maticians, tnetallurgists, cellular biologists and students of protoplasmic 
structure. It is also evident that no one heretofore has succeeded in look¬ 
ing into a large mass of soap bubbles and tabulating the number and kinds 
of faces on each. 

In order to accomplish this, at least under one set of conditions, a series 
of studies on the three-dimensional shapes of bubbles ni foams have been 
carried out, using a technique different from that of previous investigators. 
The soap solution found most satisfactory was essentially that of John¬ 
ston,®^ and consisted of the following parts: triethanolamine oleate 7.5 g., 
glycerin 34 g., and distiDed water 58.5 g. These substances were shaken 
together thoroughly at intervals for several days, and then allowed to 
stand for at least several weeks. 

Each of the bubbles used was made separately by means of a Yale 
tuberculin syringe graduated to Vioocc. Tf the bubble was to be Viocc. m 
volume, the plunger was set at Vio cc., the tip of the syringe was dipped into 
the soap solution, and the bubble was blown by pressing down the plunger. 
Each bubble was placed separately into a cylindrical dish, having an inside 
diameter of (i cm. and an inside height of (5.5 cm. The inside of the dish 
was moistened beforehand with the soap solution. A glass plate was used 
as a cover. After each bubble was ‘‘blown,” excess soap solution was re¬ 
moved by wiping the tip of the syringe on cheesecloth. For most of the 
work the dish was not completely filled, so that the bubbles did not come in 
contact with the cover, even when temperature changes resulted in ex¬ 
pansion. The dish was rotated from time to time, to keep the solution dis¬ 
tributed as unifonuly as possible and to allow the bubbles to slip and be¬ 
come readjusted. If the bubbles were to be kept for some time, the dish 
was rotated on its long axis on a cHnostat. Although the bubbles would 
last for days, they were always studied as .soon as possible after they were 
made, usually on the same day. Even with rotation, some breaking did 
occur, so that the mass of foam cells was not completely static, though a 
state of relatively stable equilibrium was achieved. When bubbles of 
varying sizes were used, the large ones tended to increase in volume, and 
the small ones to decrease, over a period of days. If breaking occurred, 
all the bubbles in the dish were discarded. Although only 1300 bubbles 
were used in the tabulations below, a total of approximately 67,200 bubbles 
were made, each individually, and placed separately into the dish in the 
course of the following experiments. 

The bubbles, in tJie dish, were examined under a Spencer binocular dis¬ 
secting microscope with IX paired objectives and OX paired oculars. If the 
films were thin, it was possible to focus through a dish of these bubbles and 
with the dissecting microscope to single out any individual one in a mass 
of approximately 1800, and to record exactly the number and kinds of 
faces. 
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The illustrations shown in figures 1 to 0 were made with a Lreitz camera 
iucida attached to the dissecting microscope. The drawings were done 
by plotting the corners of each face and connecting them with straight 
lines. In this way the beautiful, delicate curvatures of the faces and edges, 
by which stability of angles is achieved, are not shown; this method was 
adopted for expediency, since to show these curvatures would be exceed¬ 
ingly difficult: the numbers and kinds of faces are truly represented. 



, FIGURES i-o 

Camera Lucida drawings of bubbles. Xc 3. The second number under each figure 
represents the total number of faces. 'Curvatures of faces and edges are not shown in the 
drawings. Quadrilateral faces are designated as Q, pentagonal as F, hexagonal u Hx, 
heptagonal as Hp. The combinations of faces in each are as follows; Pig. L—11 faces, 
3 Q. 6 P, 2 Hx. Pig. 2.—10 (aces. 4 Q, 4 P, 2 Hx. Fig. 3.—13 faces, 1 Q, 10 P, 2 Hx, 
Fig. 4,-14 faces, 2 Q, S P. 4 Hx. Fig. 5.—12 faces, 12 F. Fig. 6.—10 faces, 3 Q, O P, 
1 Hx, Fig. 7.—11 faces, 2 Q, 8 P, 1 Hx. Fig. 8.—30 faces, 13 P. 16 Hx, I Hp. Fig. 
9.-33 faces, 14 P. 17 Hx. 2 Hp. 


In the first set of experiments, bubbles of uniform volume were used. 
The dish was filled, nearly to the top, with bubbles of Vic cg. 

With each filling, bubbles of one voimne only were utiliate4~they were not 
mixed. Since almost identical results were obtained with volumt^ of Vw 
cc. and Vm cc,, all the data are combined in table I. 
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It is immediately evident from table 1 that, 400 peripheral bubbles— 
mduding 200 in contact with the walls of the cylinder and 200 on the 
free upper surface—had an average of 10.99 faces, and that the range was 
from 7 to 14. Bubbles with 11 facets occurred more commonly than any 
other kind. In table 1 it can be seen also that there were more pentagonal 
faces (2338) in these peripheral bubbles than all other kinds combined 
(2057). 


TABLE I 

Number and Kinds of Faces of Pbrzfhbral and Central Bubbles of Uniform 

Volume 

NO. OP -NO. OP -> 


PACES 

PEKIPHBBAT. 

CBNTEAl. 

KINDS OP PACES 

PBRIPHEItAL 

CENTRAL 

7 

2 

. . . 

Triangular 

u 


8 

13 


Quadrilateral 

1252 

866 

9 

20 


Pentagonal 

2338 

5503 

10 

88 


Hexagonal 

720 

1817 

11 

164 

2 

Heptagonal 

73 

35 

12 

83 

73 

Octagonal 

1 


13 

33 

179 

Totals 

4395 

8221 


14 7 218 

15 ... lOti 

16 ... 20 

17 ... 2 


400 600 

Average 10.99 13.70 

The 400 peripheral bubbles here recorded showed 43 different combina¬ 
tions of faces. The combination .occurring with greatest frequency had 3 
quadrilateral, 0 pentagonal and 2 hexagonal faces (3 Q, 6 P, 2 Hx). It was 
found 67 times among the 400 peripheral bubbles tabulated, and is shown 
in figure 1. Normally the outer face was hexagonal, and there were 6 
lateral and 4 basal contacts. The second most common combination in the 
peripheral bubbles (4 Q, 4 P, 2 Hx) is shown in figure 2; it occurred 47 
times. Although certain of these combinations occurred much more fre¬ 
quently than others—9 of the 43 were found only once—still no one of these 
may be considered as * ‘the type. ’ ’ 

In addition to those on the surface, 600 “central*' bubbles were examined, 
and the data are recorded in table 1. By “central" are meant those that 
were separated from the top, bottom or sides of the cylinder by at least 
three others. An inspection of the table reveals that the number of faces 
of the central bubbles was higher than that of the peripheral, that those 
with 14 contacts were tuost numerous, that the range was from 11 to 17, 
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and that the average for 600 was 13.70. It is further obvious that a great 
majority of the faces (5503 of 8221) were pentagonal. 

The 600 central bubbles here tabulated were found in 36 different com** 
binations of faces. The combination found most frequently was a 13- 
faceted foam cell with 1 quadrilateral, 10 pentagonal and 2 hexagonal con¬ 
tacts. It occurred 118 times among the COO, and is illustrated in figure 3. 
The second and third most common combinations—1 Q, 10 P, 3 Hx, and 
2 Q, 8 P, 4 Hx (Fig. 4) - were both 14-faceted foam cells, and they were 
found 73 and C4 times, respectively. The fourth most common combina¬ 
tion of the 3C was the pentagonal dodecahedron (Fig. 5) with 12 faces all 
pentagons; there were 50 of these. But, as in the peripheral bubbles, 
no one of these combinations may be singled out as "the type,’* and al¬ 
though the average number of contacts is close to 14, Kelvin’s tetrakai- 
decahedra, with 8 hexagonal and 6 quadrilateral faces, are not realized un¬ 
der the conditions present here. 

In a second set of exi>eriments, bubbles of two different volumes were 
mixed together in known pro}X)rtions. Small bubbles were made with a 
volume of 0.05 cc., and large bubbles with a volume of 0.4 cc. The results 
are summarized in table 2. In experiment 1, table 2, 2 small bubbles were 
made for each large one, so that when the dish was nearly filled and ready 
for examination, it contained twice as many small bubbles as large ones. 
In experiment 2, table 2, 8 small bubbles were put into the dish for each 
large one; in experiment 3, table 2, the ratio was 32 small to 1 large. Fifty 
small bubbles and 50 large ones were then studied in each of these 3 experi¬ 
ments, and the data recorded. Only "central*^ small and large bubbles 
were used — that is, none was tabulated unless it was at least the fourth 
one from the top, bottom or sides of the dish, During the course of these 
three experiments, in which 150 small and 150 large bubbles were studied, 
the dish was filled 19 times. 

An analysis of table 2 reveals that when small and large bubbles are as¬ 
sociated together, the number of contacts of the small ones is less than that 
of bubbles of unifonn volume (13.70), while the number of contacts of the 
large ones is increased. Thus in experiment 1, table 2, the average of the 
small bubbles was 9.68, while that of the large ones was 20.42. Further¬ 
more, increasing the ratio of small to large bubbles brought the number of 
contacts on the small ones closer to 13.70, and as the ratio of small to large 
increased, tlie number of contacts on the large bubbles became higher, 
within the limits of these experiments. On the basis of the data in table 2 
and of the ratios of small to large bubbles used in the three experiments 
(that is, 2:1* 8:1, and 32:1), the'average number of contacts of all the cen¬ 
tral bubbles (large and small) in the dish at one time can be computed ; it 
is found to be 13.26 for experiment 1, 13.62 for experiment 2 and 13,71 for 
experiment 3. Therefore, when bubbles of two different volumes are asso- 
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ciated in varying but known proportions, the number of contacts is altered 
in definite ways. 

TABLE 2 

Number and Kinds op Faces op Central Bubbles of Two Different Volumes 
Associated in Varyino Proportions 


NO, ur 
FACnift 

,----MUMHiCR 

BXinp. 1 BxrT. 2 «xht. S 

BirOHLUS-- . - 

^-—LA*a« UTJSBLRti- 

BXPT. 1 IlXinr. 2 BXPT. 3 

TOTALS 

7 

1 

... 

*. • 


.., 


1 

8 

4 






4 

9 

17 

1 





18 

H) 

18 

3 





21 

11 

8 

14 

1 




23 

12 

2 

18 

16 




36 

18 


10 

16 




26 

14 


4 

9 




13 

16 



6 




6 

16 



1 




1 

17 



1 

1 



2 

18 




5 



5 

19 




6 



6 

20 




14 



14 

21 




12 



12 

22 




If) 



10 

28 




0 



0 

24 




2 

4 


6 

25 





7 


7 

26 





6 


6 

27 





10 

2 

12 

28 





8 

5 

13 

29 





6 

10 

15 

30 





9 

13 

22 

31 





1 

12 

13 

32 






7 

7 

33 





... 

1 

1 


60 

60 

60 

50 

50 

60 

300 

Average 

9,88 

11.90 

13.20 

20.42 

27.34 

30.06 


KiNoa op FAcaa 

-SMMX SUBBLBS-- 

BXPT. 1 BXPT, 3 KXPT. 9 

labor bubbles 

RXPT. 1 BXPT. 2 

BXPT. 9 

TOTALS 

Quadrilateral 

159 

118 

96 

U6 

67 

36 

681 

Pentagonal 

282 

370 

412 

498 

626 

624 

2811 

Hexagonal 

43 

101 

148 

288 

657 

749 

1886 

Heptagonal 

.,. 

6 

4 

113 

118 

92 

333 

Octagonal 

.., 

... 

... 

0 

9 

2 

17 

Nonagonal 


... 


1 

1 


2 



- ' 


— 

^- 

— 

-—— 


484 

596 

600 

1021 

1367 

1503 

6630 


From table 2 it can be seen that pentagonal faces occurred more com¬ 
monly than any otiiex kind, constituting very nearly half the total number. 
Hexagons were also fairly abundant. 
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Varying the volumes and ratios of the bubMes results in an increase 
in the number of combinations of faces. Thus the 150 small bubbles were 
found in 35 different combinations, while the 150 large ones occurred in 105 
combinations. Among the small bubbles the ^combination fouml most 
often (16 times) had 10 faces, 3 Q, 6 P, 1 Hx; it is illustrated in figure 6. 
Of the two second most abundant, both of which occurred 12 times, one 
had 11 faces, 2 Q, 8 P, 1 Hx, figure 7, and the other had 13 faces, 1 Q, 10 P, 
2 Hx. This latter is also the commonest combination in central bubbles of 
uniform volume (Fig. 3). The large foam cell occurring most frequently 
(7 times) is shown in figure 8; it had 30 faces, 13 P, 16 Hx, 1 Hp. One 
bubble with 33 faces was found—^the largest number recorded—14 P, 17 
Hx, 2 Hp (Fig. 9). Here again, no one ‘*type** is present in either the large 
or the small bubbles. Pentagonal faces occur frequently, hexagonal some¬ 
what less so, but in no uniform pattern. 

A consideration of the data presented in tables 1 and 2 leads to certain 
definite conclusions: 

1. The peripheral foam cells of a mass of bubbles of uniftam volume 
have an average of 11 faces. Lewis^* had previously recorded 11-faceted 
epidermal cells. 

2. The central bubbles in a foam, in which all are of approximately 
equal volume, have an average of nearly 14 faces (13.70). But pentagonal 
faces predominate, so that Kelvin’s tetrakaidecahedra with 8 hexagonal and 
6 quadrilateral faces are not realized under these conditions. This does 
not mean that Kelvin was incorrect, for he was interested in the theoretical 
division of space homogeneously into equal and similar units, similarly 
oriented and having stable angles. When a large number of bubbles of 
equal volume are placed into a cylindrical dish, so that they are free to 
glide and adjust themselves, they become arranged in a mass of someil|rhat 
irregular foam cdls, approximating, at least, the equilibrium condmons 
outlined by Plateau, but Kelvin's ‘‘ideal” figure is not achieved. This is at 
variance with the conduston presented in Sir D'Arcy Thompson's^* schol¬ 
arly volume. 

3. Comparisons may be made between the data presented above and 
similar data on lead shot of uniform volume (Marvin**) and of varyit^ 
volumes (Matzke**) compressed to dsminate interstices. In such a system, 
starting with spherical shot, the effects of surface energy in subsequent 
changes in shape are obviously of minor importance, in contrast to the con¬ 
ditions prevailing in soap films. The range in number of contacts, in kinds 
of faces, and especially in number of combinattons of faces is more re¬ 
stricted in the foam cells than in the compressed lead shot. 

4. Detailed comparisons wB be published dSewhere between the 

complete data on soap films and cdls in plant and ammal tis^es, described 
by Lewis, Marvin,** Higinbotham,** LkMkl** It be 
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noted here, however, that cells in essentially undififerentiated tissues are 
intennediate in many respects between bubbles in foam on the one hand 
and compressed lead shot on the other. And frequently the cells approach 
the bubbles in foam distinctly more closely than they do the compressed 
lead shot. This is interpreted as indicating that surface forces are opera¬ 
tive when the delicate cell walls are laid down in or near the plant meri- 
stems, that surface forces are of relatively less moment in cellular organiza¬ 
tion than in soap films, and that they constitute one of the factors, but only 
one, in three-dimensional cell shape determination. 

' Hooke, R., Micrographia, London, 1666. 

* Grew, K,, The Anatomy of Plants^ 2nd ed., London, 1682, 

* Child, J. M,, Jour. Franklin Inst., 80, 262-263 (1880). 
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GENETIC ANALYSIS OF THE INDUCTION OF TUMORS BY 
METHYLCIIOLANTTIRENE. XI. GERMINAL MUTATIONS AND 
OTHER SUDDEN BIOLOGICAL CHANGES FOLLOWING THE SUB¬ 
CUT A NEO US INJECTION OF METHYLCHOLANTHRENE 

By Leoneix C. Strong* 

From the Dki'artmicht of Amatomy, Valb UMivBRSrrv School op MiiniCTi^B 
Communicated July 10, 1945 

The injection into in ice, or the application onto the skin surface, of 
methylcholanthrene or any one of a large number of carcinogens is followed 
by a great variety of neoplasms depending upon variations of experimental 
technique. The variation in the types of cancers obtained with the injec¬ 
tion of methylcholanthrene has been considerably increased by the use of 
hybrid mice (from the F2-F18 generations following an outcross) when the 
nomially expected local tumors at the site of injection have been partially 
sujjpressed or completely inhibited through genetic selection toward resis¬ 
tance to such locally appearing tumors.' 

The actual manner by which a carcinogen initiates nonnal tissues or 
cells to become cancerous is not clear. It is generally accepted, however, 
that the carcinogen or one of its metabolites acts directly upon cells in 
bringing about the neoplastic change. The observation of Mottram that 
carcinogens cause chromosomes to lag in the equatorial plate during mitosis 
is highly suggestive that nuclear changes may be involved in the origin of 
cancer.^ I'he recent observation of the author that the untreated descen¬ 
dants of mice developing cancer of the stomach following the subcutaneous 
injection of methylcholanthrene continue to develop the same type of gas¬ 
tric cancer spontaneously is evidence that this particular neoplastic condi¬ 
tion may have been hereditarily established through at least four genera¬ 
tions by the effect of methylcholanthrene upon the germ plasm.® Linkage 
tests have demonstrated that susceptibility to gastric carconima is deter¬ 
mined by the effect of a gene on the/‘brown taggedchromosome.® 

If it could be demonstrated that gennlnal changes (mutations) can be in¬ 
duced by methylcholanthrene, it would be strong presumptive evidence 
that perhaps the action of methylcholanthrene (and the other carcinogens) 
in bringing about cancer is the induction of a somatic mutation. This ex¬ 
planation is more consistent thati the assumption that methylcholanthrene 
has one effect on the germ plasm (induction of mutations) and still another 
totally unrelated effect upon somatic tissue in converting them into cancer. 
Some evidence that mutations affecting susceptibility to tumors induced by 
methylcholanthiene do occur in mice following the injection of the carcino¬ 
gen has already been published/ 

It Is the purpose of this paper to present evidence that germinal mutations 
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and other suddenly appearing biological characteristics arise in the de¬ 
scendants of mice that have received a subcutaneous injection of methyl- 
cholanthrene and that these sudden changes arise more frequently than 
arc to be expected by chance alone. 

Restdis .—One hundred fifty-five Fi mice have been produced by a cross 
between Cw (homozygous for dark eye, black, non-agouti and self) and one 
subline of the NHO descent (proved to be homozygous for dark eye, brown, 
non-agouti and self). The above outcross was made in both directions. 
In each case only the NHO parent was injected with methylcholanthrene. 
Of these, 154 had the expected dark eye, black, non-agouti and self char¬ 
acters, while one was dark eye, black, non-agouti and spotted (proved to be 
dominant in inheritance). The new variant of spotting involved only the 
ventral surface of the body. Thus a dominant mutation of spotting oc¬ 
curred once in 155 mice. The author has not had dominant spotting (black 
eye white) in his laboratory for 25 years. It is also possible, although not 
definitely proved, that this new dominant spotting is not the same as the 
old black-eyed white character. 

In all, thirteen color mutations have been obtained in the direct descen¬ 
dants of mice receiving methylcholanthrene. These are: (1) brown to 
black (dominant change), (2, 3, 4, 5) four pink eye mutants from dark eye 
(recessive inheritance), (6) color to albinism (recessive), (7) spotting in¬ 
volving only the ventral surface of the mouse discussed above (dominant), 
(8) a second type of spotting involving the nose and ventral surface only 
(dominant), (9) a third type of spotting involving only the belt region of 
the mouse (inheritance uncertain), (10) silvering (precocious graying evi¬ 
dent upon the appearance of the first hair at 5-7 days of age) (inheritance 
uncertain), (11) permanent wave (inheritance uncertain), (12) piebald to 
self (dominant) and (13) gray belly to non-agouti in a form resembling 
black and tan. The thirteen new variants listed here arc all proved to be 
bona fide mutations, based upon the observation of the subsequent appear¬ 
ance of the new forms in the lineal descendants of the mouse which first 
showed tlie character. The type of inheritance involved, determined by an 
analysis of the data obtained by an outcross to mice of an unrelated strain, 
has not been madein all cases—hence the use of the expression '‘type of in¬ 
heritance uncertain. ^ * 

Seven of these color mutations are repetitions of characters present in 
the author^s laboratory, while six are new ones never having beeti present 
previous to the injection of methylcholanthrene. 

The mutation rate is difficult to determine. For example, approximately 
12,000 mice have been injected with 1 mg. of methylcholanthrene. Both 
parents of the NHO descent have been injected with the carcinogen for 
fourteen generations. The restrictions of space and time do not pennit the 
keeping of all descendants of the experimental animals. In dealing with 
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hybrid mice as was done in this case, it is necessary to exdude all recessive 
variants that may have been due to segregation. A careful analysis of the 
data indicates that in these experimental animals in one restricted group 
the mutation rate was approximately 1 in 400®. In the controls over a 
period of 27 years, the mutation rate involving coat color changes has been 
approximately 1 in 26,000 mice.® 



CHART ONE 

Data on the altered susceptibility to local tumors induced by methylchol- 
anthrene are given in this chart. Data on the original brown non-agouti subline 
are given on the solid line; data for the mutated blade non-agouti subline are 
given on the dash line. Time in days is expressed along the base line; percent¬ 
age incidence of induced local tumors is given on the vertical; that is, the data,' 
with advancing time, are cumulative. 

Two sudden changes, other than color changes and alterations affecting 
cancer susceptibility* have also arisen in the descendants of methylcholan- 
threne-treated animals. These are (1) the* establishment of precocious 
sexual activity—the production of first litters by 42 days of age in one sub¬ 
line as compared to 78-85 days, the average in the original ancestral stocks 
which gave rise to them and (2) the establishment of a Sttbline which has 
mice that give rise to extremely large first litters (average t0*2 young) as 
compared to 5.6 young in first litters of mice of the ancestral stocks* 

Two other biological changes have also occurred. Whether tfiey arose 
suddenly is not evident, These are (1) a more rapid grovrih rate in early 
life and (2) the attainment of adult body weight of 55-^ g- m compared to 
^6-28 g. for mice of the ancestral stocks. 
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The derived color mutant sublines cither (1) retain the degree of can¬ 
cer susceptibility (latent period measured from the time of injection to the 
origin of the local tumors) possessed by the ancestral stock mice that gave 
rise to them or (2) suddenly acquire a new susceptibility to induced tumors 
far in excess t)f the original suscpetibility (Chart 1), The impression is 
gained that many new biological characteristics are being acquired at ap¬ 
proximately the same time. Thus the conclusion is reached that the effect 
of methylcholanthrene upon the germ plasm at any one time is either (1) 
the induction of a single gene mutation or (2) changes far in excess of what 
are to be expected by a single point mutation. 

Swwmary.—'Thirteen mutations involving coat color have appeared in the 
untreated descendants of mice receiving methylcholanthrene. The first 
mutant obtained occurred in a^subline of the NHO strain which had been 
subjected to methylcholanthrene in both parents for twelve generations. 
An increased growth rate, the attainment of a larger body size and weight, 
precocious sexual activity, large first litters and increased susceptibility to 
induced local tumors by methylcholanthrene have also been obtained. These 
suddenly appearing color mutations have occurred either alone or in asso¬ 
ciation with one or more of the changed biological characteristics enumer¬ 
ated above. Thus there is evidence that methylcholanthrene has affected 
the genn plasm by bringing about germinal or point mutations and perhaps 
other undetennined effects. It is highly probable, therefore, that methyl- 
cholatithrene may also bring about malignaticies in tissues by causing so¬ 
matic mutations to arise in them. 

* This experiment has been made possible by grants from the Jane Coffin Childs 
Memorial Fund for Medical Research and the Anna Fuller Fund. 

* Strong, L. C,, "Genetic Nature of the Constitutional States of Cancer Susceptibility 
and Resistance in Mice and Men,'' Vale Jour. Biol, and Med., 17 289-299 (1944). 

* Mottram, J. C., "Some Effects of Cancer-produciiig Agents oti Chromosomes," 
Brit. Jour. Bxper. Path., IS 71-73 (1934). 

* Strong, L. C., "Genetic Analysis of the Induction of Tumors by Methyicholan- 
threne, IX. Induced and Spontaneous Adenocarcinomas of the Stomach in Mice," 
Jour. Nat. Cancer Inst.^ 5 339-302 (1945). 

^ Strong, L. C., "Genetic Analysis of the Induction of Tumors by Methylcholanthrene 
Vni. Two Mutations Arising in Mice Following Injection of Methylcholanthrene," 
Arch. Path., S9 232-236 (1946). 
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DAAfPING OF EPIDEMIC WAVES 
By Edwin B. Wri>soN and Jane Worcester 
Harvard School of Public Health 
Commttuicated July 12, 1945 

Soper* stated: ''In tlie foregoing tlieory . . . infecting power was sup¬ 
posed to be instant, at the termination of a certain incubation period, 
and it appears that with such a law in operation, an initial upset of steady 
conditions of prevalence will be followed by epidemic waves that propagate 
themselves indefinitely, withotit diminution of amplitude/’ And he went 
on to develop another theory in which infecting power begins at the in¬ 
stant a person becomes infected and is spread over time but with a dimin¬ 
ishing incidence; on this assumption he finds that there is damping of the 
epidemic waves. His arguments, be it noted, assume that the distur¬ 
bance from the stea<ly state may be treated as infinitesimal. 

The first conclusion, namely, that, under the assumption tliat there is a 
fixed incubation period, there will be no damping, is incorrect, an<l its in¬ 
correctness derives from a particular one of the approximations Soper 
makes. He starts out with the equations 

C{t) - {S/m) C{1 - r), C ^ A - dS/dt (1) 

where C is the case rate, m a constant, S the number of susceptibles and 
A the rate of accession of susceptibles supposed steady, and he remarks 
that since the change in 5 is usually small in the unit interval (the incuba¬ 
tion period r) we may wnte these equations as 

C{t + t/2) - {S/m) C{t - r/2), C ^ A - dS/dL (2) 

This change in effect removes the lag due to the incubation period and 
therefrom is derived the absence of damping in the wave. 

If we use /J as a symbol of differentiation and as the symbol for 
Taylor's expansion and if wc set 'S ^ m + y, with y small so that higher 
powers are to be neglected (1) and (2) become, respectively, 

[rZ)(l - e-'®) + Arlm\y = 0. (!') 

[y T + 

The second equation has a negative root for and hence an undamped 
period in the neighborhood of P 2r\/mrjA* The first equation docs 
not have a pure imaginary solution for Z?, but a solution with a negative 
real part leading to damped harmonic waves of the approximate form 

y » y/Ajmr i 
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with period P = 2v'\/mrfA (approximately®) and damping per period 

of 

We may give the solution for a more general equation in which the 
generalized fonn of the law of mass-action is used and not only an incuba¬ 
tion period r but a duration cr of infectiveness (both constant) are assumed. 
The equation in 5 is then^ 


- (?) “ (^)' 


M + 5(/ - T - ff) - S{t - r)l 


and if 5 = m + y with y infinitesimal we have 


I -(r + „)» J ..-1 

\D+-e 

L ^ <r m j 

If we let a — r + (j/2 we have 

When Ap/am is small the solution is approximately^ 

D ^ J-^) + i (3) 

4 w \ 12a V Uma 

and from this the period and damping can be read off. 

For the case of Soper's distributed infectiousness we should write in our 
notation (with /> = 1 in the law of mass-action) 


\y ~ 0. 




SO that new cases at time ^ < / are effective at time t only in proportion* 
'pjjg mean value of the duration of infectiveness is then 

yi". 

Now it SO happens that® 

^- 1 - r 




Hence the equation with the generalized mass law would be 




and for 5 = t» + J*. with y infinitesimal, 
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In this case the value of D nmy be obtained in finite form as 



If compared with (3) taking = 0 and a « r we sec that the waves have 
approximately the same period whether we use a fixed incubation period r 
and an infinitesimal duration of infectiousness or whether we use an in¬ 
finitesimal incubation period with a period of infectiousness which aver¬ 
ages to be r, it being understood that the infectiveness dies out exponen¬ 
tially* The former case has, however, half the damping of the latter in¬ 
stead of none at all as Soper states. 

It is of further interest in connection with stepwise calculations to 
note that one may not replace derivatives in differential equations with 
differences without becoming liable to modify the indicated damping. 
For example, in illustrating his theory numerically Soper.replaces 

dx X y dy X y y 

- =3: a o — —, - “ = a- a — 

dt as at di as ar at 

for purposes of calculation by 


Ax 


Ji y 

as ar 


Ay. 


X y y 

a — --a — 

as ar at 


If we set X » a5(l + u), y =» ar{l + v), with u and v infinitesimal the. 
differential equations, of the infinitesimal epidemic (as found by Soper) 
are 



— u — V, 





the solution of which leads to the equation for 


sD + 1 
- 1 

D 


1 


tD 


0 = stD^ + tZ) + 



jl 

4s* 


1, 


If, however, we replace Dby A 

- 1 ) + 1 1 
-1 T(e° ~ 1) 

of which the solution is 


* — 1 we have 

' » 0 « sr«*° - ( 25 t - t)«® + sr - t + 1 , 


D 




i tan~* 


Vs/r - V, 

s - v» ■ 
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If .V » 68.2 and r «*= 2 the values of the pure imaginary parts of the two 
expressions for D will be nearly the same and thus the periods will also be; 
but the real part in the second case wiU be about — whereas in tlie first 
it is Vaf» twice as muchJ This explains why Soper found numeri¬ 
cally about 0.80 instead of about 0.58. 

We have therefore seen that the damping on the "instant hypothesis" 
is determined (approximately) by the logarithmic decrement Ap/4m in¬ 
stead of zero as stated by Soper and by Ap/2m on the "hypothesis of dis¬ 
tributed infectiousness." We have further seen that the damping is 
modified by replacing derivatives by increments. The rough equations 
given in an earlier paper* for the stepwise calculation of an epidemic with 
recruits, when applied to a variety of hypothetical cases, appear to give no 
damping and, as the theory indicates damping, those equations presum¬ 
ably have actually eliminated the lag to which damping would be due. 
However, it must be admitted that the phenomenon of recurrent measles 
epidemics gives no clear evidence of any damping. This creates something 
of a difficulty with the theoiy in respect to the prediction of damping and 
throws some doubt on the reality of periods; it is possible that measles 
simply dies out and then returns and under such a hypothesis there wpuld 
seem to be no reason to expect either definite periods or damping to be ob¬ 
servable by comparing successive epidemics. 

^ Soper, H. E., ^*The Interpretation of Periodicity in Disease Prevalence/' Jour, Roy. 
Skais^. Soc.t Lofidon, 92, 34-61 (1929). 

• If o «■ Ar/m and the root for r2? be X + * Y we have to solve X — cos F— 

sin F 4- « - 0, F —Fe*^ cos Y^-Xe""^ sin F»0aud the solutions are of the 
form X a [1 4- Ci a 4* c* a* 4* . * •)» *• [1 + di a 4* dj a* 4* .. .]■ The 

viUttc of a for measles is a small number; if m be 6V* years of recruits to the susceptible 
population and r be half a month, ct ■■ * A**. 

»See these Proceedings, 28,361-367 (1942) and 31,24-34,109-116 (1946). 

^ The value of al> may be written as a power scries in pAalm, If we set 


pAa _ 1 

m 2 

AD" »«|^1 + Q 


. AT JL 1 ^ _ 

'^24a*' “6“^24a>’ “ ^ 48fl» 1920a*' 

M - ?£.)«.] -Ilr* + (Iat -Ilm + l>)r* 


this second approximation will give an estimate cd the accuracy of the first approxima¬ 
tion when definite values of <r, t, p, v4, w ore assumed. As o <« r -h ir/2 we must have 
r/a varying from 0 to 2 as tr/r varies from 0 to ». Soper really assumed <r - 0, t u 
fortnights for measles. 

• The new-casc-ratc (of becoming mfectioua) at time I, viz., A - dS/dt, can be re¬ 
garded as the sum of the products of 5 by the product 






-(-*- 1 ) 1 ; 


contribute by the cases which become infectious at the time $ previous to f, where the 
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contact rate is r » l/m. The expression is capable of two interpretations, viz., (a) the 
contact rate remains constant but of the number of cases which become infectious at 
the time ^ only the fraction remain infectious, which seems to be Soper’s hy¬ 

pothesis and which accords with the way in which the carrier condition in diphtheria falls 
off with the time, at least after the initial iiifectiveness (see Statlybrass, C, O., Principles 
of Epidemiology, pp. 302 and 617); (b) the cases which become infectious at time f all 
remain infectious but the contact rate r falls off as jji the first interpretation 

r is the average period of infectiousness, in the second it is the period required for the 
infectiousness to fall off to the fraction l/e of its initial value; in the first we should 
speak of the diminishing incidence of the infectiousness, in the second of its diminishing 
intensity. 

• See, for example, Wilson, E. B., Advanced Calculus, p. 461, Exs. 17,18. 

^ If the root for i> is — X -f* i Y, the damping in time is and if X be divided by 2 
the damping in the same time, being is the square root of There is, 

however, a further di.stinction which must be borne in mind. The differential equa¬ 
tions are in terms of « « log {C/A). If C/A is near 1 so that the epidemic is infinitesi¬ 
mal, it is not the case-rate C which is directly subject to damping, but the part of it 
which exceeds A as log(C/.4) is practically equal to (C — /I )/A, If Cis really near to A , 
the value of C is practically not damped appreciably. With A *» 2200, Co « 6600, 
Soper’s calculation gave him a second peak of Cx ■- 6168 which is the fraction 0.783 
of the first, and may be taken as a sort of damping factor—very likely the sort an epi¬ 
demiologist would thitik most natural. However, to compare with the theory of the 
infinitesimal epidemic one would have to take ua log (6600/22(K)) « 1.099 and Ui » 
log(6168/2200) « 0.8544. The ratio of 0.8644 to 1.099 is 0.777 which is very near to 
0.783. The theoretical value for the infinitesimal epidemic is 0.684 but when A — 1 
replaces D as an operator the theoretical solution gives, not 0.684, but 0.764 which cer¬ 
tainly is as near as could be expected to the value 0.777 Soper found. 

Of course, an epidemic with Ca/A ^ 3, tio ^ 1.099 can hardly be considered infinitesi¬ 
mal; the period will doubtless have increased somewhat (avS Soper actually found in his 
calculation) and the theoretical damping will presumably have been somewhat modified. 
It should be noted that with uo « 1.099 we have, if we neglect effects of damping, from 
the equation ui — «o ** 0 between the trough and crest «<,, the value ut « 

— 1.72; the value.s *+• 1.1() and — 1.72 are so far from symmetrically situated with respect 
to 0 as to indicate a major departure from the simple harmonic deviation of the 
infinitesimal oscillation. Indeed it can no longer be expected that the damping as 
estimated by the fraction that one crest is of the preceding one and the fraction that one 
trough is of the preceding one should be the same. A satisfactory approximate solu¬ 
tion of our equation (3) of a previous paper* 

« td fU(l-r/i)-uU+r/t)/t (i _ ^(t+rA)) 

l-r/i tn 

would be required probably to discuss periodicity and damping in the case of finite 
epidemics. 


du ^ 

dtt^T/9 dt 
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TOPOLOGICAL METHODS IN THE THEORY OF FUNCTIONS OF 
A SINGLE COMPLEX VARIABLE. I. DEFORMATION TYPES 
OF LOCALLY SIMPLE PLANE CURVES* 

By Marston Morse aot) Maurice Heins 
Institute kor Ai>vANCRt) Study 
Communicated July 25, 1946 

i. Canonical Curves.—Titlt I refers to the first of a series of four papers 
by the authors under the general heading of “Topological Methods in the 
Theory of Functions of a Single Complex Variable.” An abstract of Paper 
II will follow this abstract. 

In the study of nieromorphic functions one comes most naturally to 
locally simple sensed closed plane curves and deformations of these curves 
through families of sensed curves which are uniformly locally simple. A 
closed curve g is locally simple if for some sufficiently small positive constant 
e each point P of g is an interior point of a simple subarc of g whose end¬ 
points Px and P 2 satisfy the condition 

\PyP\ > e \P^\ > e. 

A set of closed curves whose points P satisfy the preceding conditions for 
one and the same e will be termed uniformly locally simple. A curve may 
have infinitely many multiple points and be locally simple, and there are 
continuous families of locally simple closed curves which are not unifonnly 
locally simple. 

We admit deformations through continuous families of uniformly locally 
simple closed curves. * 

A first theorem is that any locally simple sensed closed plane curve g can he 
admisnhly deformed into a curve obtained by tracing a sensed circle 

X ^ cos 0 y “ sin d (LI) 

n times, n — ^1, 2, or into a figure eight, C^. Moreover g can be de¬ 

formed into but one of these canonical curves. 

In particular the figure eight, C^, traced m times can l>e admissibly de¬ 
formed into C°. 

If a locally simple curve is given as the locally 1“1 continuous image of 
the circle (1.1) in the form 

w ^ /(0) {w ^ u + iv) 

then as B increases from 0 to any continuous branch of the function 
arc [/(^ + e) - /{$)] (0 < e S eO 

will change by an integral multiple 2pir of 2?r, independent of e provided ex 
is a sufficiently small positive constant. The integer p is called the angular 
order ot g. 
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It is apparent that the angular order of an admissible curve g is invariant 
under any admissible deformation of g. It is shown that an admissible curve 
of angular order p can be admissibly deformed into the above canonical curve 
C®, including the figure eight when p ^ 0. 

A polygon t is locally simple if no edge has more than one end-point in 
common with the succeeding edge of the polygon. A continuous variation 
of a circular sequence of vertices representing a polygon will define an 
admissible deformation of tt if successive vertices are botmded from each 
other and if successive edges have at most an end-point in common. We 
admit the addition or removal of a finite number of vertices on edges of a 
polygon at a finite number of moments t of a deformation. 

The first approach to the preceding theorems is by way of lemmas by 
virtue of which any locally simple sensed curve can be admissibly deformed 
into an admissible polygon ir. It is then shown that v can be admissibly 
polygonally deformed either into a triangle traced n times, n » *1, ^*2, 
..., or into two triangles with a vertex in common forming a figure eight. 
The proof is by induction with respect to the number of multiple points. 

2, Products of Deformation Types* —^The class of admissible curves 
admissibly deformable into an admissible curve g will be denoted by (g) 
and termed a deformation type T* Each deformation type includes a 
sensed regular curve. With the aid of such regular curves the product 

nn «(gi)(g,) 

will be defined. Let hi and h% be regular sensed curves in (gi) and (g*), 
respectively, which are positively tangent at a point P, Let hih^ be a 
closed curve obtained by cutting hi and ht at P, to form arcs h^ and 
respectively, tracing h\ then A*", and joining the final end-point of to 
the initial end-point of h\ We define TiTj as the deformation type (AiAt) 
and show that this type depends only on Ti and T*, and not on P or the 
choice of hi and Aa in the types Ti and Ta. 

It is shown that the product TfTt is commutative and associative. 

For n positive or negative let g” denote g traced n times. For « « 0 
let g* denote a curve of the type of (g)(g“‘^). With these definitions it is 
shown that 


(g0(r)« 

where r and m are arbitrary integers. It must be clearly understood that 
the operation ( )*" is a priori utterly different from the operation of tracing 
gm times. 

It follows that the defomuMon types form an Abelian group with respect 
to the product operation, wUh the type cf Ihe figure eight the identf actor* This 
group is isomorphic with the additive group of integers. 
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S, The Order q ,—^The order q(w) of a sensed closed curve g with respect 
to point w not on g is well defined. 

// g is locally simple^ it is shown that the order q(w) possesses an absolute 
bound independent of points w not on g. 

An admissible deformation none of whose curves intersects a fixed point 
0 will be called an O-deformation. It will be convenient to take O as the 
origin in the «»-plane. 

We need canonical curves with respect to O-deformations, given p and 
q. To that end let C be the sensed unit circle previously defined. Let Cj 
be a similarly sensed circle of radius 1/4, tangent to C at («, v) = (1,0). 
Let 

(g ^ 0, r 5^ 0) (1.2) 

denote the curve obtained by first cutting C and Ci at (1, 0), starting with 
the point (1, 0), then tracing C q times in the sense indicated by the sign 
of q, next tracing Ci similarly r times, closing the curve at (1, 0). The 
curve Cl shall be taken interiorly or exteriorly tangent to C at (1, 0) accord¬ 
ing as q and r have the same or different signs. The resulting curve will 
be locally simple and regular. It is observed that the curve (1.2) has the 
order q with respect to w = 0 and the angular order p. 

There exists an admissible curve g with prescribed order q and angular 
order p. A principal theorem follows: 

Let g be an admissible curve of order q relative to the origin and of angular 
order p. Let the following cases be distinguished 

Case I q ^ 0 p -- q 9 ^ 0 
Case IIg5*^0 ^ — g==0 

Case III ^ » 0. 

Then g admits an O-deformation into a curve in Case I, ct curve of the 

form O in Case //, and a curve of the form C^ in Case 11 L No one of these 
canonical curves wUh the orders (/>, q) admits an O-deformation into a canonicM 
curve with a different pair of orders. 

The relation of this deformation theory to the theory of meromorphic 
functions will become clear in Paper II. 

• Morse, M., and Heins. M., "Topological Methods in the Theory of Functions of a 
Single Complex Variable: 11. Boundary Values and Integral Characteristics of Interior 
Transformations and Pseudo-harmonic Functions. III. Causal Isomorphisms in the 
Theory of Pseudo-hartnonic Functions." Papers I and II are to appear in the Annals 
of Mathematics. 

Morse, M., 'The Topology of Pseudo-harmonic Functions." Completed but not 
yet submitted for publication. This paper obtains the basic topological relations A 
upon which Paper 11 is based. Paper HI requires the use of Infinite groups, and obtains 
relatiOna A as a special case. Relations A can be obtained of themsdves more simply 
and are so obtained its the present paper. 



303 


MATHEMATICS: MORSE AND HEWS 


pkoc. n. a, a 


TOPOLOGICAL METHODS IN THE THEORY OF FUNCTIONS OF 
A COMPLEX VARIABLE. IL BOUNDARY VALUES AND 
INTPIGRAL CHARACTERISTICS OF INTERIOR TRANSFORMA¬ 
TIONS AND PSEUDO-HARMONIC FUNCTIONS* 

By Marston Morsk and Maurice Heins 
Inbtitutk for Advanced Study 
Commutiicated July 26, 1946 

i. Interior Transformations .—The objective of the authors is to find 
out what properties of meromorphic functions are essentially topological 
in character, and by the introduction of appropriate topological concepts 
and methods to extend and simplify the present theory. To that end it is 
natural to replace the class of meromorphic functions by their topological 
generalizations, the interior transformations, studied by Stoilow,^ Why- 
bum® and others, and the class of harmonic functions by a similar topo¬ 
logical generalization termed by us pseudo-harmonic functions. . The point 
of the present series of papers is by no means the generality obtained In 
this way but rather the insight and control of the theory, and the new 
problems and results which are brought out. 

Let w « F(t) ^ const, be a transformation of a neighborhood N in the 
/-plane of a point to into a neighborhood No of Wq (possibly the point at 
infinity) where F(t) is anal)rtic at to or has a pole at to. Let / == tp(z) map 
So onto to and N homeomorphically onto a neighborhood Ni of so. Then 

^ F{^(z)) ^f(z) 

will be termed an interior transformation of Nx into No. The point So will 
be termed a zero or pole of f{z) if to is a zero or pole, respectively, of F(/). 
and the order of So as a zero or pole of f{z) will be taken as the order of to as 
a zero or pole of F{i). If the inverse of F{t) has a branch point of the mth 
order belonging to the pair (/p, Wp) the inverse of f{z) will be said to have a 
branch point of the wth order belonging to the pair (so, Wo). 

We shall be concerned with a limited connected region G in the 3-plane 
bounded by v Jordan curves 

m - (^1 . 

Without loss of generality these curves can be taken as circles. We shall 
admit transformations v> « /(«) of G (the closure of G) into the extended 
w-plane such that w « f{z) is an interior transformation of some neighbor¬ 
hood of each point of G and is continuous on G at each point of (jS). Such 
a function/(*) will be called an interior transformation of G. 

The ‘"integral characteristics*' of f{z) are as foUows: n(0) the number 
of zeros oif{z) on G; »(«») « the number of poles of/(«) on G; m the 
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munber of ramification points with antecedents on G of the inverse of/(z), 
These points are counted with their multiplicities. 

The order g of a sensed closed curve g in the u^-plane with respect tf> 
te “ 0 is well defined provided g does not pass through w = 0. If g is 
locally simple in the senvSe of Morse and Heins, I (these Procekdiktgs, 
preceding article), the angular order p of g is well defined. A basic theorem 
follows. 

L If w - f{z) is meromorphic on G and continuous at each point of 
if the images gt of the positively sensed boundary curves Pi are locally simple 
and do not intersect the origin^ then 

n(0) + »(oo) - fA ^ 2 - V + Xq - '^p (1.1) 

summing over the boundary images gi. 

Examples exist in which the equality in (1.1) is excluded. StoUow*’ ^ has 
considered the case of one boundary curve whose image is a Jordan curve 
and has mistakenly affirmed that 

n(0) + n(o>) — ju « 1. 

For the Stoilow case p ^ q ^ 1, so tliat the right member of (1.1) is 1 but, 
as stated, the inequality need not hold. 

II, //, however^ one adds the hypothesis that the transformation w = f{z) 
is 1-1 in some neighborhood relative to G of each boundary point of C, then 
{LI) becomes an equality. 

The theorem witli the equality has been proved by us for the ease of 
interior transformations, tlie relation (J.I) in I only for meromorphic func¬ 
tion. The proof of I depends upon the lemma that the antecedents of 
points of ramification cluster at no boundary curve Pi whose itnage g< is 
locally simple, and this has been proved only when w === /(z) is meromorphic. 

A generalization of a theorem of Rad6® is given among various applica¬ 
tions. 

2, Pseudo-harmonic Functions— M f{z) is an interior transformation of 
a neighborhood N of Zo without pole at soi then Rf{z) = U{x, y) will be said 
to be pseudo-harmonic on N. In case f{z) has a zero or pole at So but is not 
identically zero, then 

log]/(*)! = (2.1) 

will be said to be pseudo-harmonic on N except for a logarithmic pole. 
Functions V{Xi y) will be admitted on G which are pseudo-harmonic on 
some neighborhood of each point of G except for logarithmic poles and which 
are continuous on G at points of (/3), 

Saddle points of U{x, y) on G^are similar to saddle points of harmonic 
functions. To treat the boundary values we begin with Boundary Condi- 
iion A by virtue of which the function defined by U on (^1) has at most 
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a finite number of points of extremum. It is seen that the locus U c 
at a given level c consists of a finite number of closed arcSi or arcs which tend 
to definite points of (/9). Neighboring an interior point or a boundary 
point which is not isolated at the level c, the regions *‘below c'* alternate 
wJth the regions *‘above c** in a well-defined manner* The muUiplicUy 
of a saddle point P is one less than the number of these “sectors** below c 
neighboring P, The interior or saddle points of positive mtdtiplicity to¬ 
gether with the points of relative minimum of U are called the critical 
points of U, 

Set M ^ the number of logarithmic poles of £/, 5 ^ the number of 
saddle points of 17 on G, s = the number of boundary saddle points, 
m =* the number of points of relative minimum of i/, counting the saddle 
points with their multiplicities. Then 

M-S^2-v + s-m. ( 2 , 2 ) 

It is noted that t/(r, y) may be without partial derivatives both on G and 
Gt and that if these partial derivatives exist they may be null on (/S), 
Under such conditions the classical alternatives to our evaluations, such as 
the Kronecker integral index, are undefined and therefore inapplicable. 

Boundary Conditions P.—There is a special evaluation of r — m on the 
right of (2.2) when U is of class C' on a neighborhood of (^3) and has a non¬ 
null gradient X on (j8). These conditions are termed Boundary Conditions 
B, and do not imply that U is differentiable in general on G, 

To proceed one covers the points of {0) at which X is normal to {0) and 
entrant into G, by a finite set fl of non-intersecting open arcs which exclude 
from their closures each jwint of {0} at which X is normal to {0) and exeunt 
from G. 

Let X{P) be the projection of X onto the tangent to {0) at the point P 
on O). 

The Vector Index J of {0 ).—Let h be any arc of Q. If A is a curve 

an index 0 is assigned to h. If ft iis an arc of Q not a cturve 0u an index 
1 is assigned to ft. To each end-point P of A at which X(P) is entrant rela¬ 
tive to ft an index 1 will be assigned. To other end^pmnts 0 will be as¬ 
signed. 

The vector index Ji of U on 0i is defined as jEo — Pu where Po is the sum 
of the indices of end-points of arcs of 0 and Ex is the sum of indices of the 
arcs of Q. To {0) will be assigned the vector index 

J ** 

A jirsi theorem is that J is independent of the choice of the covering tt among 
admissibk coverings. Then one readily proves that 
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for the most general pseudo-harmonic function satisfying Boundary Condi-- 
lions B, In the special case in which Boundary Conditions A and B both 
hold, J equals the number of points of mcmmum of at which X is entrant 
minus the number of minimum of at which X is entrant. 

3. Comparison 7'heorems for Harmonic Functions .—We be^fin with the 
case where U{x, y) is harmonic on the unit circle + y^ ^ 1 and continuous 
on the boundary. If u{r, represents U in polar coordinates, it is found 
that when the boundary values u{l, 0) =» p{6) are of class C' and p'iB) 
satisfies a Holder condition, then u^(\, 0) exists, and 

ur{i. 0o )= ^ r r d» [if p'{0o) =0], 

COSO J 

A boundary point 6 is called entrant if Urih B) < 0 otherwise exeunt. The 
importance of these distinctions has already been indicated. 

A function p(B) of the above sort will be tenned R-admissible if it has at 
most a finite number of relative maxima and minima occurring at isolated 
points between which p\B) is never 0. 

If p{B} is in admissible, has N absolute minima and N absolute maxima 
and no other extrema, then the harmonic function with boundary values 
p($) has just N — 1 saddle points on the region r < 1. 

In any case the number S of saddle points on r < 1 is at most iV — 1. 
If p(B) is i?-admissible and has 2N points of extremum and if the corre¬ 
sponding function u(r, (?) has 5 < iV — 1 saddle points on r < 1, and no 
differential critical points on r » 1, it is possible to successively modify 
p(d) on arbitrarily small neighborhoods of the extremum points so that 
p(9) remains i?-admissible and none of its extremum values and points are 
changed, while the number of saddle points of u (r, B) on the region r < I 
assumes each integer from S to — 1, inclusive. 

If p(B) is i?-admissible., it is possible to admissibly modify p{d) on an 
arbitrarily small neighborhood of any one of its points of relative minimum 
(maximum) so tlrnt the resulting harmonic function has no critical points 
on the region r < 1. 

Various other comparison theorems are given for hannonic functions 
with and without logarithmic poles. 

* Morse, M., and Heins, M., “Topological Methods in the Theory of Functions of a 
Single Complex Variable: I. Deformation Types of LocaUy Simple Plane Curves, 
II* The present paper. Ill, Causal Isomorphisms In the Theory of Pseudo-harmonic 
Futtcticms." Papers I and H are to appear in the Annalx of Mathematics. For an, 
abstract of Paper I see these PaooEEOfNOS, Jl, 299-301 (1945), 

Morse, M., ''The Topology of Pseudo-harmonic Functions.” Not yet submitted for 
publication. 

* Stoilow, S., (n) ”Du caractfi x topobgique d'un th4or4me sur fonctions mero 
snorikhes,'* C i?, de VAcad. des Sci\ de Paris, t9(tt 261-253 (1930), {b) Legms sur les 
principps tapdagiqms de h tkSarie desf&nctions analytigues, Ports, 1938. 
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* Whybuni, G. T., Analytic Topology^ New York, 1942. 

® Rad6, T., '‘Zur Thcoric tier mehrdeiitigen koiiformen Abbildurigen,” Acta Szeged, 
1, 55-*04 (1922). 


ABSOLUTE SCALAR INVARIANTS AND THE ISOMETRIC 
CORRESPONDENCE OF RIRMANN SPACES 

Bv T. Y. Thomas 

Dbpartment op Mathematics, Indiana University 
Communicated August 13, 1945 

Let be a Riemann space (defined by a positive definite quadratic 
differential form). Denote by fi, . . . , Ip with 1 g /? g » a set of absolute 
scalar differential invariants of R„, These invariants determine absolute 
scalar functions I\{x), , . . tlp{x) of the coordinatesof i?„ with 
functional matrix 

d/, d/, 


Idlp dip 

jdx* djc" 

If this matrix has rank p at all points of Rp the scalars lu • • ^ /parefunc¬ 
tionally independent, and if the functional matrix of every q > p scalar 
invariants has rank not exceeding p the above scalars /i, , . . , /p (whose 
functional matrix does not vanish over Rn) are said to constitute a funda¬ 
mental set of scalar invariants of Rp. In the following wc deal with condi¬ 
tions for the isometric correspondence of two Riemann spaces on the 
basis of their absiffute scalar iiu-^ariants. The discussion is of a local nature 
so that the term Riemann space as here used is identical with the concept 
of the neighborhood of a point of a Riemann space when the im Grossen 
viewpoint is adopted. The method depends primarily on the functional 
independence of scalar invariants rather than on the order of the differen¬ 
tial invariants from which these scalar functions are derived. Differen¬ 
tiability requirements on the components gafiix) of the fundamental tensor 
of Rn are immediately obvious from the differential invariants employed in 
any instance and will not be stated explicitly. 

A space Rn having a fundamental set of invariants lu . . . , /p with p g 
1 will be said to be of category p. Obviously p cannot exceed «. In par¬ 
ticular if all scalar differential invariants of Rn reduce to constants as func¬ 
tions of the coordinates we said that /?„ is of category 0. 
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If /?„ is of catcf^ory />, where 0 ^ p ^ (ml is iv isometric cottespondence 
with an R^, then Rn is of category p. For if /> = 0, Rn is a space of constant 
curvature* Hence Rn must be of constant curvature and from this fact it 
follows readily that all scalar functions I(x) of arc constants. Hence 
Rn is of category 0. In general the 1) independent scalars lu ^ Ip 
of Rn will be carried into p independent scalars /j, of R^ by the cor¬ 

respondence; hence Rn cannot be of category q < p. Similarly if there 
were q > p independent scalars in Rn these w uld yield q > p independent 
scalars in contrary to the hypothesis that Rn is of category p.’ 

Let /i, be a fundamental set of scalar invariants of a space Rn of 

category n. For k fixed, the quantities I tea (partial differentiation with 
respect to x!^) will be the components of a vector invariant of the space and 
hence the quantities Ijn — will be absolute scalar invariants. 

Denoting by and the corresponding scalars for a space Rn a necessary 
condition for the isometric correspondence of R^ and Rn is the consistency 
of the scalar equations 


- Ij{x). Tj,{x) - I Ax) (1) 

where j, ^ — 1, . . . , w. Let ...» x**) be a solution of (1). 

Then tlie will be differentiable functions; this follows from the 

theorem on the solution of implicit equations and the fact that the deter¬ 
minant j/jtal ^ 0 over Now from the first set of equations (1) we have 

ij.m = /„(*) 

From these relations and the second set of equations (1) we find 

Since \lka\ 5 ^ Oit follows that tlie^^racket exprassion in the above equations 
must vanish. The solution x** = x**{x) of (1) thus yields a (non-singular) 
isometric correspondence between Rn and Hence a space Rn of category 
n having a fundamental set of scalar invariants ii, ...tin can he put into iso- 
metric correspondence with a space Rn if* dnd only if^ the equations (I) re¬ 
lating the coordinates a:® and 3?* of these spaces, admit a solution = a:®( 3c). 
// this solution exists it automatically gives the isometric correspondence. 

In what follows we limit our attention to spaces Rt, If Rt is of category 
2 the above result shows that five absolute scalars of suffice for the 
solution of the problem of the isometric correspondence between R% and any 
other space Rt, Now suppose that is of category 1 and let J be the 
single independent scalar invariant of JRi, i.e., the matrix |ld//dx"'ll has 
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rank 1 over Ri (in j)articular / may be Llie Gaussian curvature K of 
Then form the vscalars Ji = and /* — where the are the 

components of the second covariant derivative of J. 

Lemma, A space /?» of category 1 havifig the f undamental scalar invariant 
J admits coordimtes ac, y (covering any point P of R^) for which J ^ x and 
the line-element has the form. 

(is^ = p{x)dx'^ + q{x)dy’\ ( 2 ) 


We can suppose dJ/dx^ 5 ^ 0 at any point P of where x\ are the 
coordinates of a suitably chosen system. Then » J(x\ x'^), — x^ 

defines a non-singular transformation of a neighborhood of P. Let 
by this transformation. Now consider the equation 


Q\tt 


i>v 

dn^ 


tv 


+ 


tv'^ 


= 0. 


(3) 


Since 6^' 9 ^ 0 this equation admits a solution v{ri\ ij*) defined in the neigh¬ 
borhood of P, such that tv/dn^ 9 ^ 0 (see the discussion in C. Caratheodory, 
Variationsrechnung und partielle Differentialgleichungen erster Ordnungy 
1935, p. 24). Hence the transformation u ^ v ^ is non- 

singular and if v) relative to the «, v coordinates, then 0 

by (3) where the indices 1 and 2 refer to the variables u and r, respectively. 
Hence kn — 0 . Also J ^ u and hence J\ = — /(u) since Ji is function¬ 

ally dependent on J by hypothesis. Since — l/Aii it follows that 
hn = p(u). We now have 

/a - ~ (4) 


where we have used the F’s to denote the Christoffel symbols relative to the 
u, V system. 

New = 0. Taking a = /3 »= 7 « 1 the resulting equation shows 
that rJi is u function of u alone. Since Jt is a function of u alone, it now 
follows Uiat the quantity in the right member of (4) is a function of u 
alone, i.e., 

= ~ |>(«). (6) 

or, 

* pCu)^(u) » 

Ott 

when we substitute the expression defininig the Christoffel sjmibol Fm Asd 
replace the by their values in terms of the k^g in (5). Integrating the 
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latter equation we see that ^ has the form kn » g(u)r(v). Then making 
the transformation 

X ^ u,y ^ J*\/r(^ dv 

we obtoin the form of the line-element given by (2), and J » x. This 
completes the proof of the lemma* 

Now consider another space of category 1 . A necessary condition 
for the isometric correspondence of Ra and is that the three equations 
/ «= J, 7i /i and =* /a admit a solution 3 ^ *= jtf (x\ x^) where J, Jx 
and /s denote the scalars in which correspond to the scalars 7, J\ and 
in i? 2 . We assume the existence of this solution. Since 7i 5 *^ 0 in R^ 
it follows that Jx ^ 0 in Hence J is a fundamental scalar invariant 
for Rt. Now suppose P P by the correspondence 5 ;" »= ac®), In¬ 
troduce the coordinates y in the neighborhood of the point P as given by 

the above lemma for the space R% and the corresponding cotirdinates y 
in the neighborhood of P for the space R% relative to which we have 

J ^ X, ^ p(^)dx^ + q(x)dy'^. 

The above solution af « x^{x\ x^) implies the existence of a solution x » 
x{Xt y), y »» y{x, y) of the equations 7 = /, 7i — /i and Jt » 7* relative to 
these new cobrdinates. But from 7 =* 7 we have x ^ x. Also the rela¬ 
tion 7 i »* Ji yields ftom which we deduce gn(x) = guW 

or p{x) = p(pc). Then from J 2 — 7j we find s 

«”f}. + l»»fi = «»rl, + (6) 

Since g" depends on x alone it follows that r}j depends on x alone. Simi¬ 
larly for r}i. Also from the relations = g*', |a = gii and * = Jc we 
obtain ru(*) «=» ru(x). Hence ( 6 ) reduces to f’Ti, = On simpli- 

fying, this latter relation becomes 

1 ^ 1 ^ 

qdx 

Then using the fact that x — x and integrating we have q « C?q where C is 
a constant. 

From the relations p{x) ~ p(x), q{x) = 0<lix) and x ^ x wa see im¬ 
mediately tfiat the transfoniiation % == x, y — Cy + d where d is a suitable 
constant gives an isometric correspondence between the neighborhoods of 
P and P, Understanding that the lexm Riemann space is identical with a 
suitably restricted neighborhood in accordance with the local viewpoint 
the result obtained can now be stated as follows* A Riemann space Ri of 
oMegory I with fundamental scalar invariant J can be put in isometric cone- 
spondmce wUk a Riemann space Rt if, and only if, JR* is of category 1 and 
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the three scalar equations J ^ ^ J% and » Ja admit a solution 5* » 

jc®) relating the coordinates of to the coordinates of }?j. 

Since a Rietnann space of category 0 has its Gaussian curvature K »* 
const, we can immediately state the following result, A Riemann space 
Ri of category 0 can be put in isometric correspondence vdth a Riemann space 
R 2 if, and only if, Ru is of category 0 and K ^ K where K and K ate the Gaus¬ 
sian curvatures of R 2 and Rz, respectively, 11 has already been observed that 
the categories of two Riemann spaces in isometric correspondence must be 
the same. The remainder of the proof consists in showing that two Rie¬ 
mann spaces of the same constant curvature can be put in isometric corre¬ 
spondence and this is a well-known result. 

We leave open the problem of the extension of these results to Riemann 
spaces Rn where n > 2, Another problem, worthy of serious study, con¬ 
cerns tlie investigation of the isometric correspondence of Riemann spaces 
in Uie large (for example, open and compact spaces) on tire basis of their 
absolute scalar invariants. 


BERNOULLI'S NUMBERS AND CERTAIN ARITHMETIC 
QUOTIENT FUNCTIONS 

By H, S. Vandiver 

Department of Pure Mathematics, University op Texas 
Communicated July 0, 1945 

In another paper^ the writer established a congruence involving Ber¬ 
noulli numbers, which can be extended, as we shall now show, to the 
generalized Bernoulli numbers of the first order. Such a number, h), 
is defined as the number obtained by expanding (gb 4- hy in full by the 
binomial theorem and substituting bjt for i* where bk is obtained by the use 
of the formula (b + lY = t > 1, and the left-hand member is expanded 
as before and 6* is substituted for 6*. Let p be an odd prime. Then 
^ — 1 has the form me, with c even. Now consider the expression 

i:(l ^ (<ip + ^ N (mod p*), (1) 

p 

where p ranges over all the values such that p" sa 1 (mod * Any term 
in this expression reduces to unity, modulo p*, if p is such that 

dp + 1 0 0 (mod p). (2) 

For each p that does not satisfy (2), the corresponding term of (1) is di¬ 
visible by p*. In the relation sc* 1 (mod p*), the c incongruent soluticms 
modulo p* are also incongruent modulo p. Hence, AT in (1) is the number 
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of incongruent solutions p, modulo in (2) and hence equals 1 or 0, ac¬ 
cording as d® s 1 (mod p) ot ^ 1 (mod p). Expansion of (1) gives 


AT ss c — 2c XI 




modulo p*. and this may be written 


2{p - 1) 
kc 


c 


)■*■ 

^ Am-^k)c /2(p — 1)\ 
k^i + k)c)' 


Set d ^ ga + h and multiply through by (ga + fe)", with n 0 (mod c). 
Using the value of N noted above, we have, after letting a range over the 
integers 0, 1, 2, . . p — 1 and adding, 

E (g' + ft)” S3 -2c Ej S,c+n{g, ft)(^^f. + 

ct '>)+p) 

modulo p*, where 

s,(g, h) = e‘ (ga + ft)* 

a-O 


and r ranges over the integers in the set 0, 1, 2..— 1 with (gr + hY 
« l(mod p). It can be shown, as follows, that for i even and ^ > 3 

Si(g, h) as pbi(£, h) (mod />*). (4) 

As noted in another* (relation (6), page 576 of the first reference) paper, 

g(i+DSiig, h) -^E (g;J; J) (f. 

which gives 

Si(g, A) - E ft)P PY- (6) 

,-o W fl + 1 

Fora > 1 

pt-t. > 2)*-* ^i + 2(a“i)-2a-isa + i. 

Hence each term of (5), beyond the second, is divisible by p*, since the factor 
p cannot occur in the denominator of any fractional part oftener than in 
the numeratm. But the second term will also be divisible by p\ fm- * is 
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even and A) is an integer.* This leaves (4). For e to be even in (4)^ 

n mtist be even^ and the limitation /> > 3 will be met; because if ^ » 3, 
then, as — 1 «= cm, c ^ 2, but n 0 (mod c). Using (4) and dividing 
(3) through by p, we obtain, modulo p, with c and n even, 


E (gr + hr 




+ 




Reducing the binomial coefficients, modulo p, as on page 58 of a previous 
paper, ^ we obtain modulo p, 

Ukr + h)- 

' -^^ _2ci: (- l)*‘6*.+»(«. h) + 

p »-J 

C E {-mkc + h) + cZ A). (7) 

ik-l *-1 

Now use the relation* 


6.+,_,(g, h) _ 

. . . .—— _ sats 

j + - 1 


b.j g. h ) 
s 


(mod p) 


where g ^ 0 (mod p) and for 5 0 (mod which latter limitation is 

here complied with since n 0 (mod c). We may tlien write, modulo p, 
with g 0 (mod p), 


Ugr + hr 

^ - cZ (he ^ h) ^ 

P k^t 

c t h) - 2c t b^+,(g. h) 

kc ^ n fcMi 


~cn 53 

k~l 


bMe+»{ft,h) 

kc + n ’ 


This gives 

Thborrm I. If p is an odd prime xoitk p — 1 ^ me, c even, and g 0 0 
(mod p), then 

jC (f^ "i" *—» b (e h) 

S -^- ^-cnE (mod p) (8) 

p k-t he -r n 

for n even and not divisible by e, where the summation on the left extends over 
ail integers r in the set 0,1,2, .. .,p — 1, such that (gr -f- by ml (mod p). 

For the special case g « 1, A « 0 this is Theorem I of the pirevious‘ paper, 
and we shall now proceed to find another congruence involving M(c, n, p), 
that symbol being defined as the left-hand member of (S) for this spedial' 
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case* In another* the writer defined a repetitive set modulo / as a 
set of integers 

n, ra, (9) 

where / is any integer and r< < /, such that there exists an r ^ 1 with 


rn, ffa, 

being congruent in some order to (9) modulo /. Hence* for i «= p, the 
integers r in the set 1, 2* ..., p — 1, which satisfy 1 (mod p), form a 
repetitive set modulo p witli any such r I as multiplier. As the writer 
proved, the set of integers 


yaP + ''a. 

n . ^ 


a 


1 , 2 , 


c 


where 

y^ ^ (mod r); 0 S y« < r 

P 


is a permutation of (9). Hence 

f- (yji-tli)’ s £ fS + »/. E r ‘ (mod #>») 

fl \ r / a * 


or 


(r" — l)M{c, », />) as n E (mod p). 


( 10 ) 


If 


y. - - (mod r), 0 S y. < f. 


then for the special case c ^ p — 1 (10) gives 
n E yn®"”' (»”" ~ 1) X 


and it follows that 


«—1 


P-l 

amtl 


l}bn 


(mod p). 


( 11 ) 


for » 0 (mod p — 1). 

Let# «< cs4-«,0< e< c, whererrangesovertheveJuesO, 1,.. .,m — 1, 
and let r belong to the exponent c modulo p. (11) gives on addition 

('■ - ‘)(’S - 2 S J-.,*?*- + E E y^*-' (mod p) 

\j-o cs +«/ t «j •> «. 

(12) 
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where a\ ranges over the ft's satisfying ^ 1 (mod p) and at over the a*s 
satisfying 5 ^ 1 (mod p). 

We have 

5] aY+‘~'^ = aj-' (1 + Oi + of + .... + = (mod#>). 

J 

and 

t ~J ’ ss 0 (mod p) 

since oS 1. Hence, the right hand member of (12) reduces modulo p to 

lZ»»yo.or’ 

Multiplication by — ctf gives 

-ceCr- - l)("£ 5 : (13) 

V»o cs -re/ a, 


(1 + + 0 ? + .,.. 


But we also have (10). Since r belongs to the exponent c modulo p, and 
0 < c < c, and 


r + ^ -- 1 


— (mod p) 
s 


for ^ 0 (mod p — 1), comparison of (13) and (10) also yields the above 

noted special case of Theorem I for g »» 1, A 0* 

It is not clear how the argument used in this second proof of Theorem I 
of the former* paper can be extended to give a proof of Theorem I of the 
present paper, since if we attempt this extension it seems necessary tt> 
employ a relation in another paper^ (last separate congruence on page 123) 
and that relation was proved under a number of restrictions which would 
not apply in the statement of our general theorem* 

* These Proceedings, 31* 65-^0 (1946), Theorem I. On page 65 of this paper on the 
second line above (4). insert the factor (—1)** in the right-hand member. The relation 
(4) is subject to the condition n ^ kn. On page 66, second line, read "are at most only 
(p 3)/2” in lien of "are only p — 1/’ In the first line above relation (6), insert 0 after 
the second congruence sign. In the eighth line above relation (7)/read o < p in lieu of 

a < (p — 1). On page 69, fourth line above relation (14), read Sr* in lieu of Sr* In 

r r 

connection with the last formula on page 60, add the condition (»(» -f- r), p) ** l» 

* These numbers were considered by the writer in Duke Matk. Jour., 8, 676-684 
(1941), and also in Trans. Am. Math. Sac., SI, 612-510 (1942). 

»These Procbbdxnos, 28, 326<1942), relation (8) forj^y. 

« Bull. Am. Math. Soc., 46 , 122 (1940). 
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THE TOTAL DIPFERENTIAL EQUATION FOR THE 
EXPONENTIAL FUNCTION IN NONXOMMUTATIVE NORMED 

LINEAR RINGS 

Bv Aristotle D. Michal 
California Institute of Technology 
Coramuiiicated June 30, 1945 

A nontiediinear ring^ is a normed linear space (say with real multipliers) 
over which there exists an associative (but not necessarily commutative) 
function AB (additive and continuous in each variable) with values in 
the space. We shall assume the existence of a unit element I and assume 
that the space is a complete normed linear space (Banach space). We need 
not normalize the modulus oi A B and take it as the number 1, nor need 
we normalize the norm of the unit element I and take it as the number 1. 
Examples of normed linear rings are sets of square matrices, quaternions 
and more generally any (real) associative algebra topologized with a norm 
topology in a variety of possible ways. Important infinite dimensional 
examples abound in the theory of integral equations and functionals. 

The exponential function in a normed linear ring is defined by 

= + ^ + ~ +... + .... 

Since \\AB 1| < w |^4 H ||J3 ]|, where m is the modulus of the bilinear function 
AB, it follows that the exponential function in a normed linear ring is an 
entire analytic function.^ The object of this paper is to characterize the 
exponential function in a normed linear ring by a total difTerential system 
in Fr&het differentials. More specifically, this characterization is em¬ 
bodied in the following theorem. 

Theorem. The non-linear total differential system in Frichet differentials 
of Junctions z{A) with arguments and values in a normed linear ring N 

s(0) =» I, the unit of N, 

has a unique entire analytic solution given by the exponential function z(A) =» 
e* in N. 

Let 

e(/l) »» y)s<(.l){8<(.4), a homogeneous polynomial of degree i) 

be an entire analytic solution of (1). Clearly «d(A) » J and by calculation 
ai(.i4) ■* A, z»{A) « A*/2l In this and in what follows, a theorem by the 
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author* oa term by term Fr&rhet differentiation of a power series in normed 
linear spaces is used. The following recurrence formula holds for w > 2 
and for all A, hA € N: 

{n + l)P^^^(AM.- M.8A)^fo^{6Az^iU) + ^n((l-OA)dA + 

Hziiil - ^)A)6Azj{^)m ( 2 ) 

where Pn^iiAu At, . .., An-^^i) is the polar of the polynomial z^^x(A). The 
truth of the theorem follows after some calculation with the aid of the 
recurrence relation (2). 

The ideas that led the author to Uie differential system (1) for the par¬ 
ticular case in which the normed linear ring N is a matric ring are discussed 
in the author's paper, “Differential Equations in Fr&het Differentials 
Occurring in Integral Equations/’ these Proceedikos, 31, 252-'258 
(1946). 

The characterization of other elementary functions in a normed linear 
ring N, such as sin A and cos A , can also be effected by total differential 
systems in Fr&het differentials. Similar results can also be given for 
normed linear rings without a unit. One can, for example, study the 
properties of the function defined by the expansion 

•^+ 2 ! + 37 + ■ ■ 

It should be pointed out that the differential system (1) is not of the 
type for which Michal and Elconin have given existence and uniqueness 
theorems.* 

* A search through the literature seeuis to reveal that the first systematic study of 
normed linear rings (non-Hilbert variety) was made by Martin, R. S., and Michal, A. 
D., in “Some Expansions in Vector Space/* Joar. Math. Purex tt Appl., 13,69-91 (1034). 
This paper was presented before the Ixjs Angeles 1932 national meeting of the American 
Mathematical Society. The author has made an extensive use of normed linear rings 
in his studies on general differential geometry. See Michal, A. D,, “General Differential 
Geometries and Related Topics,** Bull. Amer. Math. Soc,, 45, 529-663 (1939), where 
earlier references are Included. See also Michal, A. D., and Mewborn, A. B., “Abstract 
Flat Projective Differential Geometry/’ Acta Mathematicn, 72, 269-281 (1940). For 
problems in inathematical analysis, besides those treated in the Michal-Martiti paper, 
the reader is referred to Michal, A, D,, and Hyers, D. H., “Second Order Differential 
Equations with Two Point Boundary Conditions in General Analysis," A met. Jour. 
Math,, 58, 64t5-660 (1936); and to Michal, A. D., and Elconin, V., “Completely In- 
tegrable Differential Equations in Abstract Spaces/* Acta Matkematica, 68, Tl-107 
(1937). The lost paper also considers brieffy some questions on ideals in normed linear 
tings. In recent years many Important contributions have been made to the theory 
of nonned linear rings by many authors in Russia as well as in America. The Rusriatt 
mathematician I. Oelfand is especially to be mentioned in thb connection. See his 
paper in R$c. Maih, (Mat, Sbornik}^ 51, 3^24 (1941). For commutative normed jllaear 
rings, see Lorch, E, R., Bull Am$r, M[<Uh. Boc,^ SO, 447-463 (1944). 
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* Cf. Mkhal-Martin paper, loc. cit. 

* MicHali A, D., ^ Theorem on the Frichet Differentials of Power Series in Nor mod Linear 
Spaus (unpublished). 

* Cf. Michal-Elconin paper, loc. cit. 


UNIVERSAL RATIONAL FUNCTIONS 
By E. T. Bell 

Department of MATHBMATicfi, Caufornia In.stitute op Technology 
Communicated July 17, 1945 

1. Positive in all that follows shall mean greater than zero. The coeffi¬ 
cients in all rational functions considered are integers (actually all positive 
in the examples given). 

According to a customary definition, a form F is universal if» for integer 
values (positive, zero or negative) of all the variables in F, F represents all 
integers, positive, zero or negative. Another type of universality, as in 
Waring’s problem, requires that a form represent all positive or zero 
integers for positive or zero values of the variables. Thus the sum of four 
squares is universal in this sense, but is not universal if zero values of the 
variables are excluded. A further type restricts the universality to some 
proper subset C of all the integers, for example, cubes. 

We shall call the rational function F/G, where F, G are forms with 
positive integer coefficients, and F/G is in its lowest terms, universal, if, 
for positive integer values of all the variables in F, G, F/G represents all 
positive integers. If F/G for positive integer values of the variables 
represents all integers in the subset C, F/G will be called universal for C. 
The universal rational functions considered here also represent all negative 
integers when negative integer values of the variables are admitted. These 
particular universal rational functions therefore represent all integers 
except zero for integer values of the variables different from zero. A point 
of interest, however, is that positive integer values of the variables suffice 
for the representation of all positive integers. 

2. An example of a universal rational function in four variables r, y, 
is 

where «is an arbitrary constant positive integer; 

in six variables x, y, x, u, v, w, is lunversal for squares, where m, n, s are 
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arbitrary constant positive integers. In 2s variables Xu * * yu ...» 

with the w,, arbitrary constant positive integers and 

* 

F{xi . x..yt. ...y.)^n *.-<+1 + H 

s s 

Gixu >.^,x,,yu ..., y*) ^ n + n 

••I im\ 

F/G is universal for squares. With s > 1 and 

jr —1 s —1 

F ^x,n + y,n 

iml 

f—1 j—i 

G ^y^ll + XtU 

* /-I 1-1 

F/G is universal. For even integers, 

3cV^ + yV + zH^ + 3w^u ^ 

xr + ys + zt 

is universal. For fourth powers, (:r® + u^Hu)/{x + w) is universal. 
Illustrative of an infinity of universad rational functions F/G in which 
each of F, G is a binomial, xhv’^iy^ + zw)/(x^ + «^) is universal. 

3. The foregoing examples suggest that universal rational functions 
are much more easily found or constructed than are universal forms. That 
this is so, is evident from the remark that an elementary monomial repre¬ 
sents all positive integers for positive integer values of the variables: the 
monomial . . ..r/*, in the 5 independent variables Xu ..., x,, is elementary 
if at least one of the positive integers aj, . .., is 1. Without loss of gener¬ 
ality, we shall assume ai < ^ < ... < a,; (ai, , a,) is then the ifjdftr 

of the monomial. 

If F/G is universal, F = nG, where n is an arbitrary positive integer, has 
a solution for positive integer values of all the variables yi, . ..» y< in F, G, 
Suitable F, G are found by representing n as an elementary monomial, say 
n = ... »!*', of index (ai, ,.., Uj). For a given index, the total number 

of such representations is readily determined as a combinatorial function 
of the exponents in the prime decomposition of n. The representation of 
n in F/G is then of the type 

yi ^ Miinu .. n»), i - 1, . •^ 

where the Mi are monomials in »i, ..,, n,. 

Write F/G ^ F(yi, .. •» y*). From what precedes, it follows that 

R{zi, ..., Zi)R{Wu .. .* Wi) « R{txWx, .. ZtWi) 

has an infinity of solutions in monomials Zu • *., Zu tOu • *$ For if 
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n « wi®* . w/s m = Wi**!.are representations of the arbitrary 
positive integers n, w in a monomial of index (Oi, ..., a,), their product is 
represented as (wiWi)**!.. .(n,w,)®« in a monomial of the same index. If 
Zi «= Mi{nu .. I Wi), W( — Mi{mx, ..w,) represent n, w, respectively, 
in jR, 

ZiWi =K , n,w,) 

for the representation of nm in R, 

It follows also that if Rixy^ ..., ati) is a universal rational function, and 
Ru . . ., are any universal rational functions in any variables, then 
R{Rij ..., 72,) is a universal rational function. For each variable denotes 
a positive integer, and hence each is representable in any universal rational 
function. 

Appropriate F, G may be constructed indefinitely from the disjunction 
(logical product) and conjunction (logical sum) of simple multiplicative 
diophantine equations. If the totally distributed form of the disjunction 
or conjunction can be written as F « MG (or as (7 =* MF), where M is an 
elementary monomial, and M, G (or M, F) have no common factor, then 
F/G (or G/F) is universal. The solution of F/G — n (or of G/F — n), 
where n is an arbitrary positive integer, is then obtained by expressing n 
in the form M. If F « MG (or G =* MF) was obtained by disjunction, the 
values of the variables are found by solving any one of the equations in 
the disjunction; if the equation was obtained by conjunction, the equations 
are solved simultaneously. Since in either case the solutions are the 
general solutions, given in a necessary and sufficient number of independent 
integer parameters, the corresponding M represent all positive integers. 
The first example in the preceding section was constructed from the dis¬ 
junction of xy^ = w”, yz^ — wx^; the fifth, from the conjunction of xr ~ 
yr » jGf = wu. Both may be considerably generalized. 
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STRUCTURE OF THE SALIVARY GLAND CHROMOSOMES OF 

DIPTERA 

By Hans Ris and Helen Crouse 

RoCKttPBLLBR InSTHTTB FOR MbDICAL RbSBARCH, NBW YORiC« AND DbPARTMBKT 
OF ZodLOGYp UWVBRSITy OF PBNXSVI.VANU * 

Communicated September 4, 1945 

The giant chromosomes of the Diptera constitute ideal material for 
studies on chromosome structure and chemistry and for cytogenetic analy¬ 
sis because of their tremendous size and obvious pattern of longitudinal 
differentiation. So far it has been impossible to take full advantage of 
them, however, because they have not been fully understood in terms of 
the structure of mitotic chromosomes. 

In the literature we find three types of interpretation of the banded 
appearance of the giant chromosomes: (1) The chromosome is composed of 
several helically coiled threads. The gyres of this coil appear as bands. 

(2) The chromosome is formed of a bundle of completely relaxed chronio- 
nemata which originated eudomitutically; because of somatic synapsis 
homologous chromomercs join to form bands.^'^’ (3) The chromosome con¬ 
sists of a large number of chromonemata which are submicroscopic and 
therefore invisible. The visible structures do not cenrespond to chromo- 
meres or chromonemata but originate in a different manner.® 

None of these hypotheses is wholly satisfactory. The first one has been 
discredited: because it is impossible to interpret the bands of the mature 
giant chnimosomes as gyres of a simple large coiL On the other hand, 
many investigators have seen coils in the giant chromosomes, and bands 
and coils have even been found to occur simultaneou^y in the same 
nucleus.A satisfactory interpretation of the giant chromosomes 
must take this evidence into account. 

llie second hypothesis has been adequately criticized by Metz. It can¬ 
not account for the vesiculated appearance whidi the giant chromosomes 
often show, nen* for the length of ^e chromonemata unless some growth of 
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the chromosome is assumed i« addition to uncoiling. This theory, never¬ 
theless, is accepted today by most cytologists because it allows a uniform 
interpretation of chromosome structure based on the chromomere hypoth¬ 
esis. Recent work on plant and animgl chromosomes, however, has shown 
that the chromonema is uniform and not a series of chromatic granules 
on an achromatic thread.The chromomeres are misinterpretations of 
coiled structures or points of overlap of chromonemata. Therefore, since 
mitotic chromosomes are not composed of true chromomeres, it seems 
doubtful that bands can be inteqjreted as aggregates of chromomeres. 

The third hypothesis, assuming submicroscopic chromonemata, places 
the giant chromosomes in a class by themselves since the component 
chromonemata are visible in all other types of chromosomes. 

The purpose of this paper is to suggest an interpretation of the structure 
of gidnt chromosomes which is in harmony with the latest knowledge of 
chromosome structure in general (meiotic chromosomes of Tradescantia 
and the grasshopper, lamp-brush chromoscjmes of the frog oocyte^** ^•) and 
which can account for the apparently conflicting observations of differ¬ 
ent investigators. Proof of our hypothesis rests on a detailed study of the 
development of the giant chromosomes. This work is in progress. 

According to our hypothesis the salivary chromosome (Sciara) consists 
of a definite number of chromonemata which axe coiled in a complicated 
fashion. The coiled threads can be seen most clearly in regions where the 
banded organization has been disrupted (so-called puffed regions). These 
regions occur at definite loci along the chromosomes of the larva and be¬ 
come increasingly prominent in the pupa as histolysis sets in. Figure 1 
illustrates our interpretation of such a puffed region. Along each chromo¬ 
nema the gyres of a narrowly pitched helix (''minor coil") can be seen. 
The chromonemata do not run parallel to the length of the chromosome 
but proceed in an irregular manner, weaving back and forth across the 
width of the chromosome. Chemical agents which are known to uncoil 
the mitotic chromosome (KCN, NaHCOi, hot water) can transform 
normally banded material into a similar mass of threads. These observa¬ 
tions suggest that the banded chromosome is composed of coiled chromo- 
nemata. It will now be demonstrated how the coiled chromonemata can 
form bands. 

Chromosomes from untreated medium aged Sciara larvae are best suited 
for this demonstration. At this stage of development four chromonemata 
can be followed in each homologue. Figure 2 represents our interpretation 
of two successive bonds in terms of coiled chromonemata. It can be seen 
that the chromonemata are thrown into wide gyres ("major coil") as they 
proceed along the length of the chromosome. In region A they are running 
vertically, and therefore in opticiti cross section give the appearance of a 
granular band (Fig. 3). From here eadi dhromonema can Imi traced as it 
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runs horizontally across an interband region B* Because of the major 
coil, the chromonemata of the interband region alwajrs run diagonally as 
most investigators have observed. Only in greatly stretched areas do they 
run parallel to the long axis of the chromosome. The much lighter appear¬ 
ance of the interband regions we explain as follows: (1) the chromo- 
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Diagrammatic representation of the structure of salivary gland chromosomes In a 
medium*agcd larva (Sciara). Only one hotxiologuc is drawn. 

Fig. 1. Puffed region with bands disrupted. 

Fig, 2, The course of the chromonemata through two consecutive bands, (The 
minor coll is omitted.) 

Fig, S, Appearance of the same region at a medium focal level. 


nemata run vertically in the band regions and horizontally in the inter- 
bands; consequently, much more li^t is absorbed in the bands; (2) one 
usually focuses on a longitudinal optical section of the chromosome, for 
h«re the bands are clearest In such a section, however, more chromo- 
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nemata are in focus in the band than interband regions; (3) the salivary 
chromosomes are usually examined in smear preparations. Smearing 
stretches the chromonemata disproportionately in the interband regions, 
for the bands, where the chromonemata run transverse to the chromosome 
axis, resist stretching. In sectioned material stained by the Feulgen reac¬ 
tion we find that chromonemata are much more conspicuous in the inter- 
bands, Region C in figure 2 illustrates how a solid (i.c., non-granular) band 
could arise. Here we follow the chromonemata into the next gyre of the 
major coil. As they dip down, running from left to right across the chromo¬ 
some, the impression of a continuous line rather than separate granules is 
produced (Fig. 3). The wavy border of such bands is caused by the minor 
coil of the chromonemata. Because the individual threads of region C 
proceed at different levels, filling out most of the cross section of the 
chromosome, this region looks like a solid disc (i.e., threads at all levels). 
Sometimes in chromosomes of medium aged larvae several gyres of a two- 
stranded helix can be seen within one homologue.^^®* This appearance 
can best be understood if we assume that the four chromonemata are closely 
appressed in pairs, forming the wide gyres of the major coil. When these 
threads have separated laterally, a banded structure is produced as has 
been shown above. Such an interpretation makes it possible to understand 
how different regions on the same chromosome may appear as gyres of a 
helix or as typical bands. 

Several authors have observed that the bands often look like rings in 
cross section through the chromosome instead of solid discs. Our hypothe¬ 
sis could account for the apparently contradictory observations. When 
the chromonemata are closely appressed and proceed in a common helix, 
the gyres of the major coil appear in optical cross section as rings. When 
the chromonemata have come apart, however, the gyres of the major coil 
fill the entire cross section of the chromosome, and the bands now look like 
solid discs. 

In old larvae the banded chromosomes have the same structural char¬ 
acteristics, the only difference apparently being the greater number of 
threads brought about by endomitosis. 

If the chromonemata in these giant chromosomes have both minor and 
major coils, as appears to be the case, they must have grown enormously 
in length. Such a growth of chromonemata is, however, not restricted to 
the banded chromosomes. A comparable increase in length occurs, for in¬ 
stance, in the ‘*lamp-brush’’ chromosomes of certain odeytes where recent 
studies^® have shown that the characteristic loops are actually the gyres 
of the major coil of the chromdeiema and contain in addition the minor coil* 
In contrast to this great increase itk Hsagth, the chromonetna seems to re¬ 
main approximately constant in diameter. Growth is thus restricted to the 
long axis of the chromosome. Some authors have suggested that the 
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longitudinal growth occurs mainly in “nongenic*^ material of the chrome- 
nema. Since giant chromosomes are always found in cells which are es¬ 
pecially active physiologically, and since no visible differentiation into 
alternate "genic’’ and "inert” regions is visible, it seems to us more likely 
that the genes themselves increase in mass. Heterochromatic regions 
which have been shown to contain few genes (Drosophila) do not exhibit 
in tlie salivary chromosomes longitudinal growth comparable to that of 
euchromatic regions. This is in agreement with the view that the genes 
themselves grow rather than the inert, non-genic material. 

The extensive cytogenetic work on Drosophila has shown that the 
bands in the giant chromosomes can be correlated with definite gene loci. 
If the bands are due t<i specific coiling, an interesting relationship between 
the coiling and the specific molecular structure of the chromonema becomes 
apparent. This complex coiling pattern of the giant chromosomes could 
be an expression of the longitudinal differentiation in the gene string. The 
detailed correspondence of coiling and gene specificity poses an interesting 
problem for investigation. 

Cooperhas pointed out that the increase in number of strands in a helix 
causes it to uncoil. This, however, is true only as long as the component 
threads remain closely appressed in a common helix. It no longer holds if 
the chromonemata can separate laterally, as appears to be the case in the 
giant chromosomes. 

It is generally believed that somatic as well as merotic synapsis is the 
consequence of a complete uncoiling of the chromosomes. If this were 
true, it would constitute a serious objection to our assumption that the 
somatically synapsed giant chromosomes consist of coiled chromonemata. 
However, the demonstration of a typical helix in synapsing meiotic chromo¬ 
somes of Tradescantia and the grasshopper^®- invalidates this objection. 
The chromosomes are coiled when they synapse in meiosis, and they are 
coiled when they synapse somatically in young dipteran larvae. 

It is generally assumed that the chromonemata within one chromosome 
are held together by tlie same forces that result in synapsis of homologues. 
This assumption is unjustified. Rather, it appears that the chromo- 
neraata within a chromosome are held together in the same fashion as the 
coiled chromatids of ordinary prophase chromosomes. It has been sug¬ 
gested^* that achromatic material binds the chromatids together. Experi¬ 
ments with hypo- and hypertonic solutions on salivary chromosomes'** 
seem to confirm this hypothesis. In hypotonic solutions the chromo¬ 
nemata separate, and bands disappear. This can be reversed in isotonic 
medium. With hypertonic Ringer the chromosome shrinks in diameter, 
and the bands appear more distinct. All these facts can best be explained 
by a reversible swelling and shrinkage of an achromatic substance between 
the coiled chromonemata. 



626 


GENETICS: EISANV CEOUSE 


Proc, N. a . 8. 


The most puzzling appearance of the salivary chromosome is the so- 
called vesiculated condition. This can occur at localized regions in differ¬ 
ent developmental stages of the Sdara larva. In certain physiological 
states all the giant chromosomes of larvae in the same culture may be 
vesiciilated. Under other conditions the banding pattern completely dis¬ 
appears and the chromosomes look like masses of faintly staining coiled 
threads (ghost chromosomes). Appearances similar to these can be in¬ 
duced experimentally in normally banded material. Immersion for a few 
seconds in 1 M NaCl causes the chromosomes to become vesiculated. Pro¬ 
longed treatment with the salt solution produces typical ghost chromo¬ 
somes. We interpret these phenomena in the following manner. Around 
each chromonema tliere is a Feulgen-positive substance^ which, under cer¬ 
tain conditions, can come off the threads and form chromatic connections 
between chromonemata and between chromosomes (chromatic coating^®). 
Such connections between the coiled chromonemata of the giant chromo¬ 
somes give the appearance of vesiculation. As was shown by Mirsky and 
PolHster,®^ nucleoproteins can be dissolved from chromosomes with 
1 M NaCl. The vesicles observed in the giant chromosomes after short 
treatment with the salt solution we believe to be caused by the initial dis¬ 
solution of this substance. Prolonged treatment completely dissolves these 
nucleoproteins; ghost chromosomes and a basophilic cytoplasm result. 
This basophily of the cytoplasm is. likewise characteristic of untreated ghost 
cultures. 

Summary ,—On the interpretation presented here the giant chromo¬ 
somes of dipteran larvae consist, like mitotic chromosomes, of a number of 
helically coiled chromonemata. The chromomeres in the giant chromo¬ 
somes are misinterpretations of coiled structures, as has been demon¬ 
strated for meiotic and mitotic chromosomes. It is shown here how the 
appearance of bands and interbands may be caused by complex coiling of a 
bundle of chromonemata. The chromonema itself is uniformly Feulgen- 
positive. The giant size of these chromosomes would then be due to: (1) 
great increase in length of the chromonema (loqgitudinal growth of indi¬ 
vidual genes); (2) increase in the number of chromonemata by endo- 
mitosis; (3) lateral separation of the coiled chromonemata. 
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THE SPREAD OF AN EPIDEMIC 
By Edwin B. Wilson and Jane Worcester 
Harvard School or Public Health 
Communicated September 11, 1945 

The Frost-Soper theory of the rise and fall of an epidemic in a population^ 
can at best represent only a part of the phenomenon of epidemics, for they 
spread from population to population as well as from individual infectious 
cases to susceptible individuals within a population. The fundamental 
hypothesis or law, namely, 

C{i) - rS{t)C{t - r) (1) 

where C is the new-case rate, 5 the number of susceptibles, r a factor of 
proportionality and r the time lag between infection and infectiousness 
may be very naturally extended to represent what hypothetically might 
happen between two populations S and 5' of susceptibles by writing 

C(/) - rS{t)C{t - r) + r^S{T)C{t - r), (2) 

a{t) « r*S\i)C{t - r) + - r). (20 

It would indeed be only natural to argue that the new-case rate C among 
the susceptibles S shoidd be the sum of what it would be due to the in¬ 
fectious rate within 5 and of a similar terra due to the infectious rate in the 
other population of which a number of infectious individuals proportional 
to the total number within 5' come in contact with the susceptibles S. 

It may first be observed that if the two susceptible populations S and S' 
were merely ideal subdivisions of one and the same population So so that 
S » pSot S' « qSo, P + a * aud C » pCo, C == gCo, the rate of inter¬ 
mixture of the infectious C{i — r) with the susceptibles S or S' being the 
same as the rate of intermixture of the infectious C{i — r) with 5o, and the 
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same for C'(^ — r), we should have r = ^ and the two equa¬ 

tions would become 

/>Co(t) == Co(/ r) + fp(lS^{f) Co(t — t), 

qCo(t) = rq*^Soit) Co(t — t) + rpqSoit) Coit - r). 

Each of these equations is equivalent to 

Co(/) = rSoit)Co(t — r) 

which is that of the whole epidemic within the whole population of sus- 
ceptibles. 

If, however, one should at any instant actually separate the population 
5o of susceptibles into two parts S = PSq^ S' = qSo and the infectious cases 
C(i(t — r) — pCoit —• r), C'{t — r) — qC^^Q — r), imagining that the rate of 
intermixture of each set of infectious cases with its corresponding set of 
susceptibles has not been thereby changed but that the intermixture of the 
infectious C(t — r) with susceptibles S'(t) and of C'{t — t) with S(t) has 
been completely stopped by this separation one would have r ^ r' but 
r" — r'" — 0 and the two equations for the two separate epidemics must 
relapse to the form 

C(l) -= rS(t}C(i - r) and C'(i) = rS\t)C{t ~ r). 

As the values of S{t) and C{t — r) are initially/)5o and pC^iJl — t), the value 
of the new-case rate C{t) has been multiplied by the factor p^ instead of by 
p and C{t) has been multiplied by q- and the total new-case rate C{t) + 
C'{i) has initially been multiplied by p^ + g* which at most is equal to V 2 - 
The subsequent course of the two epidemics, each being regulated by its 
own equation, will not result in the total subsequent number of cases being 
the fraction p'^ + g^ of the value of the total number which would have 
occurred if the separation had not been made, but may be something very 
different,^ The principle, however, that one tends to break up an epidemic 
by separating the susceptibles into smaller groups even if the intimacy of 
intermixture of the infectious and the susceptibles within each group is not 
reduced is well known. 

It is obvious that any argxxment which would lead to equations (2) and 
(2') for the regulation of an a priori epidemic in two intercommunicating 
populations would immediately generalize into the formula 

Ci{t) = Siif) 23 ri^C${t t), i = 1, 2, . . . , w, (3) 

3 - 1 

for any one of n intercommunicating populations* If there are no new sus¬ 
ceptibles coming into the population C « --dS/di and the integral 


log St{t) - 5 - r) -- Ki, 


i « 1, 2, * . (4) 
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may be obtained at once and, given the value of and of 5<(4) and 
Si{U “ t) at the start, one can compute step by step all the n epidemics 
in the populations. It would seem that to consider intercommunicating 
populations under such an a priori law would be one step toward realism 
beyond the assumption of the simple mass law for a single population. 

We shall take as an illustration two x>opulations 5 == 2000, 5' = 1200, 
f 2 = = 0.001, r" ~ r'" ~ 0.0001, so that the rate of intermixture of 

infectious from one population and .susceptibles of the other is only one- 
tenth tlie rate of intermixture of the infectious of either population with 
that population. We start with the next value of 5 as 1098 and of 5' as 
unchanged at 1200 to determine the constants. If we use x = 0.001-5 and 
x' = 0.0015' we have 

log rr + 1 = .Vt + 0.1 x'r — 1.42785, 

log x'r 1 - 1 = x'r + 0,1 Xt — 1.21768. 

In successive generations the cases in the first and second populations and 
in the total are given in the first three columns of table 1. 

From tjie above calculation made with the law of mass action but with 
allowance for a smaller rate of contact between the two populations than 
within each population, we may consider three theoretical epidemics, 
either that in the first or that in the second or that in the total population, 
and this is, in a simple idealized form, just what is actually done in the dis¬ 
cussion of epidemics of infectious disease where the health officer may be 
interested in part of a pojmlation as well as in the total. If we consider, as 
Soper did, that the ratio of case rates at the center of successive incubation 
periods may be approximated by the ratio of the cases during those suc¬ 
cessive periods, we may obtain from the values of 5 (not given in table 1) 
and from the cases as given* values for m on the assumption that /> «= 1 
(in our previous notation); these values of m are given in the last three 
columns of table 1 for the ej>idemics defined by the respective first three 
columns. 

What is observed from the table is tliat the three epidemics are quite 
typical but that if any one of the three be used to determine the. value of 
w, assuming p = 1, the value of m is not constant; for the epidemic in the 
first population m decreases throughout (the infectivity measured as the 
reciprocal of m increases), for that in the second population m increases 
throughout (the infectivity decreases), and for that in the total m increases 
to a maximum and then decreases (the infectivity decreases to a minimum 
and then increases). If, relying on the simple equation C{t)/C{t - r) = 
S{t)/m one should take as the value of m the number of susceptibles when 
C{t) = C{t — t), estimating the case rates as best he could, he would find 
something like Wj == 986, mn =« 830, Wtot, 1880. If one should get the 
value of m/p from the ratio of total cases squared to eight times the peak 
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cases he would find something like these three respective values: 1050» 
520, 1590. With the values of m found previou^y he would then estimate 
pi =« 0,94, pii =« 1.6, ptot. — 1*2. Thus he would infer that p « 1 did not 
satisfy the relations. If these values of p were used to compute m the re¬ 
sults would be different from those in the table.* 


TABLE 1 

A Tbborbtical Epipbmic in Each or Two Intbrcommunxcatino Populations 
AND in thr Whole Population with thb Values or Sofbe’s m for Each 


CASBB X 

CAMS K 

TOTAL 



Mtot. 

2.1 

0.0 

2.0 

• « « 

•»« 

« ♦ * 

4.0 

0.2 

4 2 

1001 


1623 

8.0 

0.8 

8.7 

993 

*.. 

1647 

16.9 

1.9 

17.8 

989 

.. .’ 

1666 

31.5 

4.1 

36.6 

988 

543 

1678 

60.8 

8.6 

69.4 

987 

574 

1593 

1X2 3 

17.8 

129.6 

986 

693 

1617 

190.3 

32.8 

223.2 

986 

616 

1660 

277.2 

67.3 

• 334.6 

986 

648 

• 1780 

319.9 

87.8 

407.8 

985 

698 

1824 

274.0 

111.7 

385.7 

974 

765 

1899 

174.7 

113.9 

288.6 

951 

830 

1900 

80.9 

94.0 

183,9 

918 

893 

1841 

41.5 

66.6 

107.0 

876 

930 

1776 

18.7 

40.6 

69.3 

836 

950 

1732 

8.5 

23.4 

32.0 

796 

961 

1706 

4.0 

13.0 

17.0 

787 

969 

1693 

1.9 

7.0 

8.9 

*.. 

973 

1686 

1.0 

3.7 

4.7 

• • * 

973 

1681 

O.C 

2.0 

2.4 

«.. 

979 

1678 

0.2 

1.0 

1.3 


.,, 

,, 

0.1 

0.6 

0.7 


... 

«. ■ 


From such a simple hypothetical example one may infer that even if 
epidemics in single homogeneous populations when isolated should be 
accountable by the law of mass action with ^ = 1, epidemics in groups of 
intercommunicating populations could not be so accounted for. As any 
real population is in fact not homogeneous but at best must be considered 
as formed of parts with different rates of intermixing of infectious and sus- 
ceptibles both as within and as between parts, there is ample justification 
for generalizing the law of mass action to other values of p than 1 as an 
empirical law if thereby the observed relations are notably better repro¬ 
duced. 

We may observe that if populations are intercommunicating the whole 
question of periodicity becomes more complicated than in a single homo- 
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geneous population. If we take equations (2) and (2') and replace C by 
A “ dS/di where A is the rate of accession of susceptibles we have 



For the steady state to be possible in each population with 5 — w and 
5' “ m* it is necessary that 

A « m{rA + and A' - m\r^A^ + r'" A), 


For an infinitesimal disturbance one has 5 = #m(1 + u). S' ^ m'( I + 

The symbolic form of the linear equations regulating the infinitesimal 
epidemics is therefore 

[D — nnDe~^^ ■+■ rA + r"A']u — r"m'De~'''^u' — 0 
mDe^^^u + [D - + r'A' + r'" A]u' - 0. 

The periods (and dampings) will thus be had from the equation 

[D ~ rmDe^^^ + r A +r"A'] \D — + r'A' + r'"A] — 

r"r'"fnm'D'^c'^^''^ » 0. 

The simplest approximation to make would be to assume - 1 — rD. 
This would lead to a biquadratic equation for D and thus normally to a pair 
of periods with different periodic times. Presumably the damping would 
be neglected. It is well known that the superposition of a pair of periodic 
tenns may make a very irregular resultant variation. 

Now, the variation of measles over the different wards of a city or over 
the different suburbs of a large metropolitan area is such, on the record, as 
to show both some degree of independence of the disease in the different 
sections and some degree of interdependence between sections.® While the 
general theory, whether of rise or fall or of periodicity, built upon some 
simple empirical law may tlirow much light on the observed phenomena, no 
such theory can be expected to fit them exactly. It seems to be indicated 
that one must study in detail the laws of spread, whether in the field or in the 
laboratory, before he can be finally satisfied witli the theoretical discussion 
of epidemics. 

1 Wilson, E. B., and Burke, M. H., these Procebdinos, 28, 361-367 (1942); 29^ 
43-48 (1948); and Wilson, E. B., and Worcester, J., Ibid., 30, 37-44 and 264-269 
(1044); 31, 24-34,109-116,142-147, 203-208,394-298 (1945). 

• If we take an epidemic starting with 2000 susceptibles and f *- O.OOl so that the 
next number of susceptibles is 1998, it being assumed that there are no new susceptibles 
coming into the population, the rule for successive generations is log xr + j « xr -1.30786' 
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where xr •• 0.0015r. The epidemic then goes ou with these successive values of 5, the 
cases being the differences between the values of 5o, 

5 « 2000.00, 1998.00, 1994.01, 1986.08, W0.40, 

Cases 2.CK). 3.99, 7.93, 16.68,, 

If the calculation be carried on indefinitely we should have a final asymptotic S =« 406 
and total cases of 1694. If, however, the population be cut in two at the point reached 
and we consider St =» 985.20 susceptibles with 7.84 infectious cases and t « 0.001, the 
number of new cases would be 7,72 with + j =* 977.48 so that log xr - i »» acr -* 
1.00797 would be the equation to use in the stepwise calculation. The argument could 
also be given in this form: The new number of cases if the separation had not been made 
would have been 30.66; with the separation it should have been cut in half to 15.33 and 
for each half it would have been 7.66; theji taking St == 985.20, + i ** 977.64 we 

should determine log xt + i ^ xt —1.00792 for the stepwise calculation. Probably the 
best value oi xt ^ * would be between 0.97748 and 0.97764 and the best value of the 
constant between 1.00797 and 1.00792. To get the best new equation for each half of 
the epidemic, particularly in cases wheie the separation is made when the ratio of new 
cases to susceptibles is higher than in this example and where the two modes of calcula¬ 
tion would differ more seriously, would require very careful analysis involving eKpansioji 
into series in the time so as to distinguish adequately between cases and case rates. If 
the calculation of the example just taken be made with the second equation obtained 
the total nuinber of cases in each half after the time of separation is 105 instead of 1566 
for the whole after the corresponding time; it will be noted that 2 X 105 ■■ 210 is 
decidedly less than p* -f- « Vs of 1566. In fact the separation has stopped the 

epidemic so completely that the number of cases decreases from the time of separation, 

• There are a variety of formulae which may be developed for getting the ratio of two 

ordinates in tenns of successive areas. The one used by Soper is perhaps the simplest. 
As, however, the epidemic case-rate curve for a single population much resembles the 
sech* curve we might consider that for the ratio C(t — -f r/2) one could fit a 

sech* curve to C from t 3t/2 to f 4* 3r/2 using iC-, Kt and iC+ os the cases in the 
intervals / — 3r/2 to / — r/2, t — r/2 to / + r/2, and t 4* r/2 to / -f- 3r/2. The simple 
resulting formula is 

C{t - r/2) m(t + r/2) 

C(t 4- r/2) “ S{1 4- r/2 “ AV Kt 4 A- 

and it has been used for the actual calculation of m instead of Soper’s. The difference 
between the two is, however, tolerably small. 

* We might, as in a previous article, keep p constant and compute the variation of m 
throughout the epidemic, or we might keep m constant and compute the variation 
of or finally we might let both m and p be determined from successive pairs of data. 
In using data from actual epidemics we found a great deal of scattering in the successive 
values of m and p but apparently a tendency for m to decrease throughout the epidemic 
and for p first to decrease from large values and then to increase to large values. If wc 
make the corresponding calculations on these theoretical epidemics wc find that m re¬ 
mains practically constant throughout the major course of the epidemic (at the ends 
enough places were lost to make the figures unreliable) and the value of p decreases 
throughout the epidemic whether this be that in either part of the population or that in 
the whole. We have assumed there are no recruits to the susceptibles, for without this 
assumption we cannot get exact integrals; clearly when there are recruits, as there 
probably are in real epidemics, they may wdl make a considerable difference with calcu- 
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lations when the number of new cases is less or only slightly greater than the number of 
^new susceptibles during each incubation period. 

• Wilson, E. B., Bennett, C., Allen, M., and Worcester, J., Troc. Amer, Phil, Soc,, 80, 
367'-476 (1939). See particularly Appendix 11, Localness of Measles, 469-476. 


A TOPOLOGY FOR THE SET OF PRIMITIVE IDEIALS IN AN 

ARBITRARY RING 

By N. Jacobson 

Dkpartmbnt of Mathbmaiics, Johns ?Iopkins Univkrsity 
Coturminicatcd July 11, 1945 

1. In a recent paper we have called a ring SI primitive if SI contains a 
maximal right ideal ^ whose quotient 3:31 = 0.^ In general if 3 is any 
right ideal 3‘ 21 totality of elements b such that xb e 3 lor all xin 31. 
3:31 is a two-sided deal and if 31 has an identity, 3:31 is the largest two- 
sided ideal of 31 contained in 3* The primitive rings ajjpear to play the 
same rdle in the general structure theory of rings that is played by simple 
rings in the classical tlieory of rings that satisfy the descending chain 
condition for one-sided ideals. Corresponding to the Wedderburn-Artin 
structure theorem on simple rings satisfying the descending cliain condition 
we have the theorem tliat if 31 is a primitive ring 9 ^ 0, 31 is isomorphic to 
a dense ring of linear transformations in a suitable vector space over a 
division ring. 

We shall call a two-sided ideal © in 31 a primitive ideal if 93 5*^ 31 and 31 — 
S8 is a primitive ring. It is known that if 81 is not a radical ring then 81 
contains primitive ideals. Moreover, in this case the intersection 1133 of 
all the primitive ideals in 91 coincides with the radical 5R of 91. In par¬ 
ticular if 91 is semi-simple, IliS = 0. If 91 is a ring with an identity, 91 is 
not a radical ring. Hence if S is any two-sided ideal 9 ^ 21 in 91, 31 — S 
contains a primitive ideal 93 — S. Since 91 “ 93 ^ (91 “ 6) — (93 
95 is primitive in 81. Thus if 91 is a ring with an identity any two-sided 
ideal S 21 can be imbedded in a primitive ideal. 

Any commutative primitive ring is a field. Consequently any primitive 
ideal in a commutative ring is maximal. On the other hand, in a non- 
commutative ring there may exist primitive ideals that are not maximal. 
For example, the ring 8 of all linear transformations in an infinite dimen¬ 
sional vector space JR over a division ring is primitive. Hence (0) is a 
primitive ideal. However, 8 contains as a proper two-sided ideal the set 
g of finite valued linear transformations in SR, 
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A simple ring is either primitive or a radical ring. In particular any 
simple ring with an identity is primitive. These remarks imply that a ^ 
maximal two-sided ideal S such that 81 — ® is not a radical ring is primi¬ 
tive. If 8( is a ring with an identity, any maximal two-sided ideal in 8 
is primitive. 

In this note we shall define a topology for the set of primitive ideals of 
any ring. The space determined in this way appears to be an important 
invariant of the ring. We hope to discuss its r61e in the general structure 
theory in greater detail at a later date. 

2. Let S be the set of primitive ideals in the ring S. 5 is vacuous if 
and only if 81 is a radical ring. If A is a non-vacuous subset of 5 we let 
Da denote the intersection of all the primitive ideals S3 e A. We now de¬ 
fine the closure A of A to be the totality of primitive ideals ® such that 
S S It is clear that 

1. A ^ A, 

2. A « A. 

We wish to prove next that 

3. A’VB = a V 5.* 

Proof, LetiBe A V 5, say S3 € A. Then S3 S Da- Hence S5 S Da a — 
Dc where C = A V JB, Thus S3 € A V 5. Suppose next that 58 « A~ v 5. 
Then S3 ^ Da and ^ D^. We consider now the primitive ring 81 — S3* 
The two-sided ideals (Da + S3) — S3 and (D* + S3) — ffl are 0 in 81 — 
Hence tlie product [(Da + S3) — S5][(3)^ + S3) — S3] 0.® It follows 

that Da®/? % S3. Hence also 3)a A ^ S3 and so ffl € A v 

For the vacuous set oj we define 

4. w = CO. 

The properties l‘“4 show that S is a topological space relative to the closure 
operation A A. In the special case of a Boolean ring this topology is 
due to Slone,* It has also been introduced by Gelfand and Silov in com¬ 
mutative nonnecl rings.® We shall call the topological space S the structure 
space of the ring 21. 

If S3 is a primitive ideal in 81, S3 is a point in S, The closure of the set 
{S3) is tlie totality of primitive ideals(5 such that® fe Hence if {©i} = 

( S32 ) This shows th4t 5 is a Jo-space. In general S is not 

a Ji-space. For we have seen that there exist primitive rings 21 that are 
not simple. If 21 is a ring with an identity of this type and SB is a proper 
two-sided ideal in 21, S3 can be imbedded in a primitive ideal E. Then 
{(0) 1 contains S 3?^ 0. The subspace M of S of primitive ideals that are 
maximal is clearly a Ji-space. If 81 is commutative 5 — M is a Jx-space. 
However, even in this case S need not be a 2V (or Hausdorff) space. An 
example of a normed ring of this type has been given by Gelfand and 
Silov,® A simpler one is the following: 
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Example. Let 81 = / the ring of ijotegers. The primitive ideals are the 
prime ideals (p). Since the intersection of an infinite number of prime 
ideals is the 0-ideal, ^5 = S for any infinite set -4. If -4 is finite, A ^ A. 
Hence the open sets ^ ^ S are the complements of finite sets. Any 

two open sets <a have a non-vacuous intersection and so the Hausdorff 
separation property does not hold. i 

3. Let 8li be an arbitrary two-sided ideal in 81 and let Si denote the 

closed set in S consisting of the primitive ideals 83 of 21 that contain 8li. 
If 83 € 5i tlien — 8li is a primitive ideal in 8[ — Si and any primitive ideal 
in 81 — 81 1 is obtained in this way. The correspondence 83 83 — 8li is 

(1 — 1) between the subspace Si of 5 and the structure space T of the ring 
21 8Ii. Since this correspondence preserves intersection it is a homeo- 
morphisni between Si and 7\ 

Suppose in particular that 8Ii = 9? the radical of ?I. Then every primi¬ 
tive ideal of 31 contains Hence Si = 5, and we see that the structure 
space of 31 is homeomorphic to the structure space of the send'simple ring 
81 - SR. 

We return to tlie general case in which 2(i is arbitrary and we now con¬ 
sider the open set Sf of primitive ideals that do not contain 3Ii. l^t 
S € 5i'. Then (S A 2li is a two-sided ideal ^ 31i in 2li and 21i — ((S A 31i) ^ 
(E + 3Ii) — S. 3'he latter ring is a two-sided ideal in the primitive ring 
21 — S. Hence it is primitive.® Thus S A 3li is in the structure space U of 
the ring 8li. Let A be a subset of Si and let 6 € A A 5/ so that E is in 
the closure of A in the subspace 5/. If T>a is the intersection of the primi¬ 
tive ideals in A then S hut £ ^ JIi. Let B be the subset of U of 
ideals 8 A 8{i where 83 « -4. The intersection of all of these ideals is the 
ideal lu A 2(i. Since (£ A ?[i) ^ (®x A 8ri), S a ?fi is in B. Hence the 
mapping that we have defined between 5/ and the subspace of U is a con¬ 
tinuous one. 

4. Let [FJ be a set of closed sets in the spaced. As before let 
denote the two-sided ideal of elements common to all the 83 t F^. Sup¬ 
pose that the intersection IIF„p^ w and let 83 be a point in this intersection. 
Then 83 ^ for all a. Hence 83 contains the two-sided ideal 
generated by the The converse follows by retracing the steps of this 
argument. We therefore have the 

Lemma 1. //{/'«! is a set of closed sets in 5, UF^ if and only 
can be imbedded in a- primitive idexil. 

If S is a ring with an identity any two-sided ideal 5*^ 8t can be imbedded 
in a primitive ideal. Hence we have the 

Corollary. If 81 is a ring with an identity and {F^} is a set of closed sets 
in S then UF^ 7 ^ ay if and only if ^ 3* 

If 81 has an identity and *= 81, 1 » di + ... + where d, e T),-,. 
Hence also « 81. The corollary therefore shows that if IIF„ = w 
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then there is a finite set of closed sets such that UFt — co. We therefore 
have tJic following 

Theorem 1. The structure space of a mg with an identity is bicompact. 

Suppose now that ?1 is a senii-siniple ring. Let SI be decomposable as a 
direct sum 0 Sla of the two-sided ideals SIi 5^ 0. Let Si be the closed 
subset of S consisting of the primitive ideals S containing the ideal Hf. 
Since ?l — Sli ^ ?l 2 a serai-simple ring, Si 9 ^ o). Similarly ^2 9 ^ to. Also 
the semi-simplicity of 2( — SL implies that is the intersection of all the 
S3 in Si. Since ?Ii + % — ?l the lemma implies that Si A S 2 — w. Now 
let ® be any primitive ideal in 91. We assert that either ® ^ 9Ii or ® g JL. 
For otherwise 9l< + ® > The ideals (9L + ®) — ® are 9 ^ 0 in the 

primitive ring ?t — ®. Since [(% + ®) ®][(?l 2 + ®) ” ®] = 0 this 

is impossible. We have therefore proved our assertion. Evidently it is 
eqxiivalent to the relation 5i V ^2 = S. Thus is disconnected into the 
two components Si and 52. 

Conversely suppose that 5 = 5 i v 52 where the 5^ are closed sets 5 *^ w 
such that 5] a 52 = as. We assume also that 91 has an identity. Let 

?!< = Then 9h + ‘iU — 9L Since 91 is semi-simple 9li A 9 I 2 — = 

0- If 9L = 0, 5 = — Si contrary to 5i to and S 2 9 ^ A part of our 

result is the following 

Theorem 2. If 91 is a semi-simple ring with an identity, 91 = Sh 0 Sb 
where the 91/ are two-sided ideals 9 ^ 0 if and only if 5 is not connected, 

5. If S* is a completely regular bicompact space and @ is the ring of real¬ 
valued (complex valued) continuous functions on 5' then it has been shown 
by Gelfand and Silov that the structure space 5 of @ is homeomorphic to 
5^^ If 5^ is a bicompact totally disconnected space and @is the ring of 
continuous functions on 5' having values in the field of residues mod 2, 
then by a result of Stone’s the structure space of ® is homeomorphic to 5\* 
We conclude this note by giving another example of this type based on an 
arbitrary totally disconnected bicompact space 5' and an arbitrary division 
ring^'^ 

We consider any decomposition of 5' into a finite number of components 
(non-overlapping open and closed sets) 5'< and we choose corresponding 
elements «Jf'. We define a function f{x) by setting= kt for Xt in 
5'<. A function of this type will be called a finite decomposition function. 
The totality ©of these functions is a ring under the ordinary operations of 
addition and multiplication. © contains the subring St of constant func¬ 
tions, isomorphic to and @ is commutative if and only if S' is commuta¬ 
tive. The constant 1 acts as an identity in ©. Since 5' is totally dis¬ 
connected, for any two points a 9 ^ b in S' there is an f(x) < © such that 
/(a) 9 ^ f(b). Let 21 be any subring of @ having this property and con¬ 
taining It. We shall sketch a proof of the fact that the space M of maximal 
two-sided ideals of 21 is homeomorphic to S\ 
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Lemma 2. 7/ is a closed subset of 5' and a is a point e F' then there 
exists a function <p{x) € 21 such that <p{y) = 0 for all y but (^) ^ 0 , 

Our assumptions imply that for each y € F^ there is an /i, € 21 such that 
fy{y) — ^ hutfjf(a) 7 ^ 0. The set Z^ify) of iseros of fy is open and the totality 
of these sets covers F\ Let Z'ify^)^ ..., Z'(fy^) be a finite subset of these 
sets covering F\ Then <p{x) — fyfx) .., fymi^) required properties. 

If a c 5' we let 23a denote the totality of functions g{x) e 21 sucli tliat 
g(a) = 0. It is easy to see that 23a is a maximal two-sided ideal in 21 and 
that 21 23a ^ Our conditions imply that ii a b tlien 23a ^ 23;^. 

Lemma 3. If 23 is a two-sided ideal ^ 2t, then there exists a point a such 
that g{a) = Ofor all g«23. 

Let Z\f) be the set of zeros of /. Z'(f) is closed. If the lemma is false, 
the intersection ITZ'(/) for all / « 23 is vacuous. Hence there is a finite, 
number of functions/i, in 23 such thatnZ'(/d = co. Hence if a is 

any point of 5' at least one of the functions /< does not vanish at a. Let 
k^ij ...» km* be the non-zero values taken on by /< and form tlie function 
= (JiM ““ hu)(fi(x) - k 2 i) .. - (fi(x) - knii) and^(x) = .. 

iprix). Then ^(x) 323 0. The form of ^(x) shows that 0 = ^(.v) ^ k + 
g(x) where k ^ 0 and g(x) € 23. Hence 23 contains a constant function 

0 and 23 = 2t contrary to asumption. 

This lemma shows that 23 ^ 25rt for some a. If ® is maximal 23 = 23a- 
Thus the correspondence a -”> 23tt is (1 — 1 ) between 5' and the sj)ace M 
of maximal two-sided ideals in 21 . 

Let F' be a closed subset of 5' and let F be the corresponding set in M, 
The inteTsection - n23o for all a c F' is the set of functions / such that 
f{a) = 0 for all a € F. Let 23i> be a maximal two-sided ideal containing 35^!*. 
If & c F' there is a function </> such that <t>(a) = 0 for all a in F' but <f>{b) ^ 0. 
Then e but i 23^, contrary to 236 ^ Hence 6 € F' and % e F. Thus 
F is closed. Conversely let F be any closed set in M and let F' be the 
corresponding set in S\ It is easy to see that F' is the set of points y such 
that/(y) = 0 for all / in Thus F' is the intersSection of closed sets and 
is therefore closed. Hence the correspondence a is a homeomorphism. 

Theorem 3. Let S' be a totally disconnected bicompact space, lit' a division 
ring and 21 a ring of ^'-valued decomposition functions such that ( 1 ) 21 con¬ 
tains the constants and ( 2 ) if a 9 ^ b in S', then 21 contains a function f such 
that f(a) 9 ^ f(b). Then the space M of maximal two-sided ideals of M is 
homeomorphic to S'. 

If j?' is commutative, M — 5. It is an open question whether or not 
this is true in general. However, it is clear that M ^ S since the inter¬ 
section of the set of maximal two-sided ideals is ( 0 ). 

Theorem 3 shows that two rings 21i and 21* of the type considered are not 
isomorphic unless the spaces 5/ and Si are homeomorphic. Since the 
division ring is isomorphic to 8 [< — 23f for any maximal two-sided ideal 
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58< in Sfit the isomorphism of 2li and implies that of and If 
8(< « the complete ring of finite decomposition functions then the con¬ 
verse holds. Hence necessary and sufficient conditions that 0i and ®s be 
isomorphic are that S\ and ^ 2 ' be homeomorphic and that it/ and ^ 2 ' be 
isomorphic. 

' “The Itadical and Semi-simplicity for Arbitrary Ritigs,” Atner. Jour. Math., 67, 
3rKK320 (1945), The results that we state without proof in this section can be found in 
the above-mentioned paper. 

* We use the notations V and A , respectively, for the logical sum and logical product 
of a finite number of sets. 

* Too, cit. in reference 1, p. 316. 

“Applications of the Theory of Boolean Rings to General Topology/’ Trans. Amer. 
^^ath. Soc., 41, 37.5-181 (1937). 

* “Ober verschiedene Methoden der Einfuhring der Topologie in die Mengc der 
maximalen ideale eines normierten Ringes/’ Math. Shornik, 51, 25--39 (1941). 

* Ix>c. ck. in reference 1, p. 313. 

^ Loc. cit. ill reference 5, pp. 27-39. 

* Loc^ cit. in reference 4, p. 3^. It is assumed here that the field of residues mod 2 
is endowed with a Ti-topology. This means that each point is both open and closed. 


CONVERSE OF PTOLEMY^S THEOREM ON STEREOGRAPHIC 

PROJECTION 

Bv Edward Kasner and John De Cicco 

Departments op Mathsmatics, Columbia University and Illinois Institute 

OF Technology 

Communicated August 22, 1946 

1, The Problem. —^The famous theorem of Ptolemy on stereographic pro¬ 
jection states that the perspectivity of a sphere from a point of the sphere 
upon a plane perpendicular to the diameter of the sphere determined by 
the given point is confonnal. The question naturally arises as to the 
existence of any other surfaces for which there exists a perspectivity upon a 
plane which is conformal. We prove that there does not exist any other 
surface with this property (except for the obvious case of a'parallel plane). 
Our result may be stated as follows: 

Theorem. If a perspeciivUy of a surface from a fixed point to a fixed plane 
is confonnal, then the surface must be a sphere; furthermore, the sphere must 
pass through the fixed point and have its center on the perpendicular from the 
fixed point to the fixed plane. 

Thus the only perspective conformalities upon a plane ate Ptolemy’s 
stereographic projection of the sphere (or the limiting case of the plane). 

2 . Beginning of the Proof of the Theorem .—^Let {x, y, z) denote cartesian 
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coordinates of a point and let p « bz/bx and g bz/by. Then (^, fit ■“ 1) 
are the direction numbers of any normal to a surface. 

We shall take the origin as the center of perspectivity and s = c 0 as 
the given plane. Thus {X, F, c) are the cartesian coordinates of any point 
in the given plane. Let the equation of the unknown surface be 2 : « 
fix, y). 

The perspectivity from the given point (0, 0, 0) of the surface (x, y, z ^ 
f(^f y)) upon the given plane (X, F, c) is given by 


-Y 


cx 

y 

z 



The differentials of this point transformation are 


( 1 ) 


dX 


-[(s - xp)dx - xqdy], dY == -- [-ypdx + (g — yq)dy]. (2) 


The Jacobian J of our transformation is 


J = 


2 ‘ 


[(g - xp) (g ~ yq) - xypq] 



(g - xp - yq). 


(3) 


The vanishing of the Jacobian shows that z — f{x, y) is a homogeneous 
function of first degree, according to Euler’s theorem on homogeneous func¬ 
tions. 7'his means that the surface cannot be a cone with vertex at the 
origin. Thus since we require regions to correspond, the plane z — 0 and 
any cone with vertex at origin must be omitted from consideration. 

By equation (2), it is found that the linear element dS in the plane z c, 
is given by 


dS^’»dX» + dY* 


Is® — 2xzp -f (ic* -f y^)p^\dx^ + 

2( -s (y/> + * 3 ) + {x^ + y^)M\ dxdy 
-h {s® — 2 yzq +(** + y*)2*|dy®. 


• (4) 


On the other hand, the linear element of the surface z = /(*, y) is given by 


ds' - (1 + P^)dx^ + 2 pq^y -f (1 + q^)dy\ (5) 


Since we require that the perspectivity of the surface z = f{x, y) upon the 
plane z “ c, be conformal, the scale <r ” dS/ds is independent of direction. 
Hence from equations (4) and (5), we must have 


«* — 2*z/> + (** + y*)P* 
l+P* 


-zjyp -f xq) -f (x* -b y«)pg ^ 

Pa 

2 * — 2 yzq -f- (** + y®)2* 


Subtracting z® from each ratio of this proportion, we find 
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p{~- 2xz + (x^ + — z^)p] __ "^^(yP 4- xq) + (jc® 4. y — z^)pq _ 

I + pq 

q[-2yz + (x^ + - 2^)g ] ^ 

I + 

Let M and N denote the quantities (linear in p and q) 

M — --2xz + (x' + 3^2 _ N — —23^2: + 4- 3>2 _ 

The equation (7) may be written as 

pM __ qM + pN qN 
T + p^ 2pq T + 

»?. The Special Cases^ Real and Imaginary.—If p or q is zero^ then both 
are zero, and we have a parallel plane as a solution. For if p ” 0, then 
qM == 0. If g 5*^ 0, then M — -~2xz = 0 which is impossible. Hence from 

— 0, follows the fact that g ~ 0 which proves our statement. The argu¬ 
ment when g — 0 is vsimilar. Henceforth we may assume that neither p nor 
g is zero. 

If the quantity p ^ then the quantity g =« ^1 [or if p ^ ^ then 
g « sfc i) and the solution of equation {9) is an imaginary plane through the 
origin which is excluded from consideration since the perspectivity (I) is degen¬ 
erate in this case. Let us suppose that p «*= i. From equation (9), we find 
‘-2gAf = 0. Since g 5*s 0, it follows that M «= —2xz + i{x^ + y- z^) 
«= 0, This yields the imaginary planes z ^ ix ^ y, which are solutions of 
equation (9). However, this is excluded since the perspectivity (1) is de¬ 
generate in this case. A similar argument will prove our statement for 
p =s —torg “ 

Let us suppose ^ — 1, From equation (9), we find immediately that 
«= 0 and hence either M « —2xz + -f y^ — = 0(ir I + g^ = 0. 

Now the condition M — —2xz + + y^ — ^ 0 yields a contradiction; 

for the partial derivative g from this is g = y/(x + z) and from = 0, 
we find it to be g *= y/x. The equality of these expressions yields the 
contradiction yz “ 0. Hence when p «= 1, we must have 1 + g® = 0. 
This gives the imaginary plane^ z ^ x ^ iy^ which are omitted since the 
perspectivity (1) is degenerate. The argument is similar when /> — — 1 or 
g = This completes the proof of the preceding italicized statement. 

Henceforth we may assume that neither p nor q assumes any of the five 
values 0, ^i, ==*= 1. 

We shall consider as our final imaginary case, the condition /)^ + g^ = 0. 
This leads to the imaginary planes z «« a{x * iy) through the origin, which are 
omitted from consideration since these make the perspectivity (i) degenerate. 
A solution of this partial equation of first order is z « /(«) where u ^ x + iy 
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(the case where z ^ f{v) where v ^ x — iy, is similar). Hence z — f(u), 
P ^ fu> 9. ^ ip ^ ifu* The equations (0) theti become 

M ^ iM + N ^ iN 
i + ““ 2ip^ 1 - 

because p 0. Since p ^ =*= i, :fc these equations are equivalent to the 
single condition 

i(p2 - l)M - (p2 + i)N = 0. (11) 

Substituting equation (8) into this and simplif 3 ring, we obtain 

{uv — 2 *)P + tj) =0, (12) 

Since z and p are both functions of u only, this identity in v leads to the 
single condition ufu{u) — f{u) 0. This yields the solution z ^ au ^ 
a{x + iy), which is an imaginary plane through the origin. As stated above, 
this must be omitted from consideration as it makes the perspectivity (1) 
degenerate. Henceforth p and q cannot be any of the five numbers 0, 
1, and they must not satisfy the relation = 0. 

4. The General Case .—The equations (9) are now equivalent to 

g(p2 - l)M = p(p2 + \)N, p(q^ + \)M - g(p2 + DAT. (13) 

The determinant of these equations in M and N is — (p^ + 1) (p^ + q'^). 
Since this cannot be zero (as we have already treated these various cases), 
it follows that both M and N are zero. Hence from equation (8), we find 


+ y® 


+ y^ 


The Pfaffian, dz == pdx + qdy, may be written in the form 

2xzdx + 2yzdy — (x^ -f ^2 _ z^)dz = 0. (15) 

This can be made exact by dividing by z{x^ ^ yi ^ The complete 
integral is 

y^ + — const, z. (16) 


These are spheres passing through the origin and with axis as the s-axis. 

This completes the proof of our converse of the theorem of Ptolemy on 
stereographic projection. We have shown that the sphere is the only sur¬ 
face admitting a perspective conformality. 

Elsewhere we shall discuss the possibility of two surfaces (neither one 
plane) admitting conformal perspectivity, a much more difficult problem. 

5. Other Characterizations by Scale Curves .—The authors have given 
other characteristic properties of this stereographic map by means of scale 
curves. These are defined by the <r = dS/ds «= const. In any conformal 
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map upon a plane, there arc »^ scale curves. It develops that the most 
famous maps, namely, Mercator projection, steret>graphic (Ptolemy) and 
Lambert projections, have certain common diaracteristic properties. 

The only conformal maps of a sphere upon a plane with isothermal scales 
are the Mercator projections (with straight scales), and the Ptolemy 
stereographic and Lambert projections (with circular scales), followed by a 
similitude in the given plane. 

If a> ^ geodesics^ of the sphere are mapped conformally uix)n a plane such 
that they are represented by straight lines, then the maps are stereographic 
(Ptolemy), or Lambert projections (with circular scales) or Mercator pro¬ 
jection (with straight scales). There does not exist a conformal map such 
that all the <» ^ great circles are mapped into straight lines of the plane. 

The only map with straight scales is the Mercator projection whereas 
the only maps with circular scales arc the stereographic and Lambert maps. 
Mercator’s cartogram straightens out the loxodromes.. This is possible 
not only for the sphere but also for any surface of revolution. We have 
shown that no further extension is possible. 

‘ Kasner and De Cicco, **Ovals Should Be Used to Map Airplane Ranges,** Sdmee 
News Leuer, 200 (March 25,1944). 

* Kasner and De Cicco, *‘Scale Curves in Confcnmal Maps,” these Procbsdincs, 
30,162-164 (1944). 

* Kasner and De Cicco, "Scale Curves in General Cartography,'* Ibid,, 30, 211- 
215 (1944). 

* Kasner and De Cicco, "Geometry of Scale Curves in Conformal Maps," Am, 
J0ur. JlfoM.,67,167-166 (1945). 

* De Cicco, "(informal Maps of Surfaces with Isothermal Systems of Scale Chirves/' 
/6id.,67(1946). 

< In our preceding paper, "The Laplace Equation in Space/' published in the August 
PaocBBDXKos, theorems 4 and 5 should be ommended by replacing the Liouville inver¬ 
sion group by the shnilitudc group. Thus while inversion in the plane preserves iso¬ 
thermal families of curves, inversion in space does not preserve isothermal families of 
surfaces. Conformality is necessary but not sufficient in three (or more) dimensiaQs. 
This apparently has not been noticed before^ 

y Suito^, ”Un Theorema sobra Stepresentaclon Confonne," BoUUn MiUemaHca 
Rosario, 20-40 (1945). Many of the results of this interesting paper were given hy 
Kasner in previous papers on differential elements (1906) and the invaxient theory of 
hom angles (1912-1943), and In the papers by Kasner and De Cicco on cartography. 
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A NEW EYE COLOR MUTANT IN THE MOUSE WITH 
ASYMMETRICAL EXPRESSION 

By L. C. Dunn 

Department of Zo6logy, Columbia Universitv 
Communicated October 5, 1945 

Most hereditary variations in the paired structures of animals with bi¬ 
lateral symmetry express themselves equally on both sides of the body. 
Exceptions to this rule are of interest as potential material for revealing 
new relationships in the mechanism of development. One such exception 
has been found recently in which an eye color mutation in the mouse fre¬ 
quently expresses itself differently in the right and left eyes. 

The observations began while we were studying a case of heterochromia 
iridis which had been noted in a single animal in our .stocks. This animal, 
a brown agouti pied female with a normal brown left eye and a much 
lighter rose- or ruby-colored right eye proved to be a somatic mosaic with 
no demonstrable change in the germ cells since we found no eye color 
variations in 6 Fi and 31 Fa offspring from this female. In searching for 
other possible occurrences of this type of variation we found that Dr. C. H. 
Danforth of Stanford University was maintaining a stock of silver mice 
with heterochromia iridis^ a frequent condition being one eye ruby, the 
other pink. Dr, Danforth kindly sent us several animals from this stock 
which we tested by crossing with our heterochromic female. The Fi con¬ 
sisted of normal black-eyed animals only, indicating that the two occur¬ 
rences of heterochromia were not due to the same germinal change. In F 2 , 
some animals with ruby eyes like those in the Danforth parent stock ap¬ 
peared, indicating segregation of a recessive ruby mutation. 

We then turned our attention to the ruby mutation which had not been 
described previously. It proved to be a simple recessive to normal, out- 
crosses to wild type producing only wild type eye color in F\ and 179 wild 
type (dark-eyed) and 54 ruby-eyed in F%, The new eye color was easily 
scored at birth, the eyes of newborn mutants lacking the iris pigment ring 
of the wild type and resembling the unpigmented eyes of the mutants pink, 
pallid and albino. 
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The F 2 mutants obtained above contained the ruby gene (r) in com¬ 
bination with agouti and with black. Black agouti-ruby superficially re¬ 
sembles brown agouti since the black base of the fur is reduced to dark 
sepia while the yellow tip is only slightly reduced in intensity. Black-ruby 
is dull dark sepia or dark slate. Ruby obviously aJffects black hair pig¬ 
ments in the same direction but to a lesser extent than the mutants pink 
and pallid, while yellow which is unaffected by the latter mutants is some¬ 
what reduced by ruby. Of the ruby animals nearly all showed ruby on 
both sides, but a few showed the heterochromia of the ruby grand¬ 
parent. 

These effects all resemble those of a mutation reported by Sd and Imai.^ 
According to Grtineberg* (p; 42), who has had the Japanese text of this 
paper translated, the evidence shows that the ruby mutation of S6 and 
Imai was an allele of pink, the order of dominance being P >►/>'■> /?. I 
have also examined a translation of this paper* and agree with Griineberg 
that the evidence for aUelism is conclusive. Consequently our ruby was 
tested by a pink-eyed agouti stock. Pi was normal dark-eyed; P 2 con¬ 
sisted of 56 nonnal, 24 ruby-eyed and 28 pink-eyed. This is a sufficiently 
dose approach to 9:3:4 ratio to suggest that our ruby and pink assort 
independently, the double recessive pp rr being pink-eyed. A number of 
Ps pink-e)red animals were tested. While most of them proved to be pp 
Rr, a few were pp rr. A double recessive stock of pink-eyed animals pp rr 
was prepared of which the members were indistinguishable in eye color or 
coat color from the normal pink-eyed stock. Linkage relations of the 

FR Ft 

new ruby with pink were tested by matings X pp rr and X pp rr. 

pr pK 

The former produced 36 dark-eyed {PR) and 87 light-eyed {pR, Pr and pr) 
3 roung; the latter, 35 dark-eyed and 91 light-eyed. Combining these, the 
recombinations, 128, constituted almost exactly half of the 249 gametes 
tested, indicating free assortment of p and r. 

Since two phenotypically indistinguishable but independent pink-eye 
mutations have been recorded in the mouse, it occurred to us that the 
Japanese investigators may have employed the />* (pallid) allele in their 
tests. We therefore tested ruby by p^A This produced only wild type 
offspring (38 observed) indicating that r is not a mutation at the p* locus. 
Similar tests by albino likewise gave no evidence of allelism of r and c*. 
We may therefore assume that r marks a new locus in the mouse. 

For reasons of interest in this laboratory we tested r for location in the T 
(Brachyury) chromosome. The tests produced the following results: 

^ X ++ gave 100 ++, 114 -|- T, 124 f+, 100 r T. This fits an 

assumption of independent assortment (p -> 0.3) and indicates that the r 
locus is probably not in the T chromosome. 
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Returning now to the as 3 nnnietrical expression of the new mutant we 
have noted that in the original stock as received from Professor Danforth, 
53 animals carefully examined showed the following eye color distribution, 
as compared with rubies extracted from outcrosses to non-ruby stocks: 


BOTH MYM 
rxttx 

6 
1 

* These were recorded as left eye dark ruby, right eye light ruby. 

* These were recorded as right eye dark ruby, left eye light ruby. 


Original stock 
Extracted ruby 


BOTH BVna JtUBY 
22 
60 


LBBT BVB KUBY 
BICHT BYB riNK 

. 11 + 5“ 

4 


LBFT BYB PXNK 
RIOBT BYB KUBY 

5+6^ 

3 


While it is clear from tliese observations that asymmetry in eye color is 
frequent in the original stock (26 asymmetrical out of 53 carefully observed 
for this character), it is not evident that the asymmetry is due to the ruby 
gene, since after extraction from outcrosses the same ruby gene showed 
only about 12 per cent (7/57) af5)nnmetry. The original stock was silver 
black pied (aa BB sisi ss). After outcrossing this to black agouti {AA BB 
SiSi SS)f black and tan (a'o* BB SiSi SS) and pink-eyed black stocks {aa 
BB pp SiSi SS) the asymmetry of extracted ruby-eyed animals showed no 
relation to ^4, a* or a, nor to the Si^si alleles. However out of 7 asym¬ 
metrical rubies, 5 were pied. Since the total number of pied^animals ob¬ 
served in segregating generations was 9, we have proportions of'asym¬ 
metrical ruby-eyed as 5/9 among pied and 2/48 among non-pied. The 
difference between these proportions is highly significant (/>=«< 0.001). 
It is probable therefore that the asymmetrical expression of ruby is greatly 
enhanced by pied spotting. This is to be taken as a preliminary indication 
only, since extended and systematic studies of other factors influencing 
asymmetrical expression have not been made. 

In the present data there is some tendency for the left eye to be darker 
than the right, but the observations are too few to provide a test of this 
point. It is apparent that the expression of the ruby mutation depends 
upon an equilibrium which is influenced by both genetic and develop¬ 
mental factors which deserve further study. 

The ruby mutation of S6 and Imai was similarly quite variable in density 
of eye color and this appeared to depend on other (unanalyzed) genetic 
factors. The Japanese authors also noted heterochromia iridis frequently 
in the ruby-eyed stock. They believed it to be genetically influenced but 
because of the weakness of such animals were unable to analyze it. 

The mutation of S6 and Imai and that described here are the only two in 
mice in which heterochromia has been observed. This fact and their other 
similarities render them phenotypically almost identical yet they appear to 
be mutations at different loci. The only alternative to this is to assiune 
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that the pink mutation with which S6 and Imai’s ruby proved to be allelic 
was a third mutation, different from the p and of American and Euroi>ean 
stocks. This is unlikely since the original pink mutation was introduced 
into Europe from Japan. 

* Made by Toshi Miyazaki of Columbia University. 

t Kindly supplied by Jackson Memorial Laboratory. 

^ S6t M,, and Imai, Y,, "On the Inheritance of Ruby Eye in Mice,'^ Japanese Jour. 
Genet., 4, (1926). 

■ Grfineberg, H., The Genetics of the Mouse, University Press, Cambridge, 1943, 412 
pages. 


ON NON-LINEAR PHENOMENON OF SELF-ROLLING 
By N. Minorsky 

David Taylor Modbl Basin, Washington, D. C. 

Communicated October 4, 1945 

Recently developed methods of non-linear mechanics offer interesting 
applications to a mnnber of problems which have been known for a long 
time but which have remained unexplored so far. A typical problem of 
this kind is the so-called self’rolling of a ship provided with an antirolling 
stabilizing system. It is well known that, if the phase of the control action 
is reversed, the ship, originally at rest in still water, begins to roll with 
gradually increasing roll angles until the amplitude reaches a stationary 
value after which the self-rolling continues indefinitely. Although the 
physical nature of this phenomenon is sufficiently clear, it is impossible to 
determine the stationary amplitude from the linear theory for what even¬ 
tually limits the amplitude is precisely the action of the various non- 
linearities which are generally left out in a simplified linear theory. 

The differential equation of rolling in still water is 

IS + at'S + + Dh(e) - 0 ( 1 ) 

where 6 is the angle of roll, D is the displacement of the ship, I is the virtual 
moment of inertia about the longitudinal axis through the center of gravity, 
ai' and Oj' are the so-called Fronde’s coefficients of resistance to rolling 
(bilge keels, skin friction), and h{6) is the lever arm of the restoring couple. 
For small angles of roll h{d) ^ hid where hi is the initial metacentric height 
assumed to be constant. For larger angles one can approximate the 
quantity Dh{d) by an expression of the form 


Dhie) « cfd - 


(2) 
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which means that the restoring couple decreases for large B, The coeffi¬ 
cients Cl' and Cz' depend on the form of the hull and can be computed for a 
given ship, ‘ 

The stabilizing moment 5 in general is a certain function of 6. In prac¬ 
tice one endeavors to obtain a linear law S = id, where i is a constant. In 
reality owing to the usual form of the characteristic of the stabilizing power 
plant it is found' that the stabilizing moment for larger 6 increases less 
rapidly than according to the above simple relation and can, therefore, be 
approximated also by an expression of the form 

S = bi'6 - bz'6K ( 3 ) 

The coefficients bi' and b/ can be detennined from the characteristic of 
the equipment. Since we are interested here in self-rolling, we have to add 
— 5 on the left side of equation (1). The differential equation of self- 
rolling will then be 

IS + ai'6 + oa'd* - hi'S + + Cx'B - Cz'B^ - 0. (4) 

Dividing by/and setting C\/I = (^i^yai/1 — au oj'/J = Oa, etc., this 
equation becomes 

6 -f- <jt>i^B =“ (bi — (ii)S — — bz6^ d" " f(Bt d). (5) 

This is the non-linear differential equation of our problem. We will 
assume that the upper bound of the non-linear function /(d, d) is small so 
that the non-linear motion specified by equation (5) remains in the neigh¬ 
borhood of the linear motion corresponding to /(d, d) = 0. This assump¬ 
tion is justified in practice since it is observed that the self-excited station¬ 
ary oscillation is practically sinusoidal. Owing to this assumption it is 
possible to apply the so-called method of the first approximation^ and 
solve the problem. 

We shall leave out the case when bj -- at ^ a < 0 as no self-rolling is 
possible in this case and will consider only the case when a > 0, that is, 
when the linear term biS due to the stabilizer outweighs the linear teim ai6 
of the Froude resistance to rolling. One ascertains this from the theory of 
Poincard,® viz.: a = 0 is a bifurcation point; for a < 0 the singular 
point of equation (6) is a stable focal point; for a > 0 it is an unstable focal 
point which means that the amplitudes begin to increase from rest. 

In order to obtain the stationary amplitude do we look for a solution of 
the form d =« do sin where do is an amplitude (not necessarily stationary) 
and ^ OH)/ + ¥? is the so-called lotal phase. The quantities do and ^ are 
determined by the differential equations 



a48 


ENGINEERINO: N. MINOItSKY 


I^oc. N. A. a 


^»=n(0tt)=too 2,r0o«oX* 






The condition for a stationary amplitude is 

^(5a) “= 0, 


( 8 ) 


In carrying out these calculations attention must be paid to the term 
aarf* in equation (5). In the integration between 0 and 2 t, this term, for 
obvious physical reasons must be written as When all integrations 

are made, condition (8), upon the cancellation of the unstable solution 
do *“ 0 reduces to the following 

+ V»^*4a>o*do ““ otcoox = 0. (9) 

The stationary amplitude do is given by the positive root of this equation, 
viz.: 


do 


16 <H 
Gttcoo h % 



1 + '^’^ 


abz 

ah 


-]• 


( 10 ) 


From this expression it follows that for a < 0 there exists no positive 
value for do which means that the self excitation is impossible. This 
follows also from the theory of Poincar4 as was just mentioned. For very 
small positive value of a we have 




3 iroe 
8 tooa^ 


( 11 ) 


Hence, for a relatively small intensity of the self-rolling control, the 
stationary amplitude increases in proportion to a. If a remains fixed in 
that range, the stationary amplitude is in an inverse proportion to the 
coefficient Oa- The frequency correction Wi is obtained from equation (7). 
Carrying out the indicated integrations one obtains 

0(^«) - (12) 

CWo 

where do is given by equations (10) or (11). It is seen thus that the non¬ 
linear stationary frequency is somewhat lower than the corresponding 
linear undamped frequency <wo. The frequency correction on depends on 

do. 

If the non-linearities {a% for the ship and h for the stabilizer) are known, 
equation (10) permits determining do. If, however, Ot is unknown and the 
stabilizing equipment is available, by observing h and computing it is 
possible to determine the Froude constant a%. 
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* Minorsky, N., “On Mechanical Self-Excited Oscillations}' Proc. Nat, Acad. Sci., 30, 
308-314 (1944). 

* Kryloff, N., and BogoUubofF, N., “Introduction k la Mdcanique non Un^aire," Kieff 
(1937); also free English translation of S. Lefschet 2 , Princeton University Press (1943). 

* Potncar^, H., **OeuvreSt'* Parts, Volume 1; also D. Taylor Model Basin report No. 
534 (1944). 


EFFECTS OF EXPOSURE TO ULTRA-^VIOLET LIGHT ON 
SUBSEQUENT DARK ADAPTATION* 

By Ernst Wolf 

Biological Laboratories, Harvard University 
Communicated October 15, 1945 

It has been shown that ultra-violet light below 365 mju affects t1|e visual 
mechanism in baby chicks by raising the threshold for recognition of flicker. 
For the return of the threshold to its normal level many hours are required.^ 

For the human eye it is known that the course of dark adaptation can be 
modified by previous exposure to different levels of intensity* and to 
selected portions of the visible spectrum of the same photic intensity.* 
The influence of the ultra-violet component of light has thus far not been 
taken into consideration. With data on effects of ultra-violet on the 
chick's eye available, its dark adaptation was studied after previous ex¬ 
posure to lights of varying ultra-violet content. 

Preceding dark adaptation measurements, chicks 4 to 12 days old are 
exposed singly to three 260 watt mercury vapor lamps (GE type H-5), 
while confined to a cylindrical wire mesh cage, but free to move with access 
to food and water. The lamps are mounted at eye level, equally spaced 
outside the cage and surrounded by a reflecting surface. The illumination 
at the center of the cage is 880 millilamberts as measured with a Weston 
photoelectric photometer. Lamp housings permit the insertion of filters 
for selection of specific spectral regions. For exposure to the light a stand¬ 
ard period of 10 minutes is chosen. 

With the completion of light exposure the chick is transferred rapidly into 
a cylindrical glass cage and brought into the apparatus for testing re¬ 
sponses to flicker.* Flicker is produced by a cylindrical system of equally 
kpaced dark vertical bars, rotating around the animal. At threshold 
level of light intensity the chick responds with a movement of its head, 
following the direction of the stripe motion through an angle of 45 to 90^ 
and returning abruptly to its initial position (head nystagmus). In deter¬ 
mining the level of dark adaptation at any given moment it is important 
that the width of the bars be big enough to be seen at minimum intensities. 
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In our case the visual^angle of each bar measures 36° at the center of the 
glass cage. Flicker recognition also depends upon the velocity of passage 
of the bars in front of the eye and must be slow at threshold intensities. 
The speed chosen is therefore the slowest possible at which precise re¬ 
sponses occur, and this is about 1 to 1.5 flicker per second. The first test 
is made one minute after cessation of illumination and the threshold 
intensity for response recorded. Then the chick remains in complete dark¬ 
ness and the tests are repeated every minute up to 10, then every two 



TIME IN DARK ~ MINUTES 
FIGURE I 

Relations of threshold intensities of ULumination and time of dark adaptation for the 
eye of the baby chick, after exposure to white light (880 milHlamberts) for 10 minutes. 
Two series of measurements, each containing six individuals, are represented by different 
symbols. 

minutes up to 20, and every 2.5 minutes up to 35 minutes of dark adapta¬ 
tion, For each dark adaptation curve plotted the averaged readings of six 
individuals are taken to smooth out individual deviations. 

Detrimental effects of ultra-violet light on visual threshold, as describeS 
previously,^ showed that wave-lengths below 365 mM raise the threshold, 
whereas longer waves have no effect. For a normal dark adaptation curve 
it is therefore necessary to filter out from the exposure Ught any portion 
of the ultra-violet that might have an influence upon its course. A filter 
with the designation XY 91 VO of the Polaroid Corporation which trans- 
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mits only wave-lengths above 400 mix and does not produce any noticeable 
changes of hue in the visible was selected to provide the exposure light for 
our standard curve. 

In figure 1 the mean values of threshold intensities for response are repre¬ 
sented. The curve has the general form of a dark adaptation curve typical 
for a visually duplex vertebrate eye (cf. human eye). In darkness the 
sensitivity increases rapidly in Hie beginning, then more slowly, until it 
reaches a relatively steady level after about 35 minutes, when the experi¬ 
ment is broken off. Due to the presence of rods and cones in the retina of 
the chick's eye, the curve shows a break dividing the process of adaptation 
into a cone and a rod component. The break, sharply indicated in the 
graph, because of the fact that the point at 16 minutes may equally well be 
fitted to either segment, would not be so sharp, if all individual readings 
were plotted; the transition would rather be rounded off. The fact that 
the break occurs after about 16 minutes of dark adaptation is of interest 
in so far as for the human eye (large visual field and white exposure light) 
the transition occurs much earlier,* There is also a considerable difference 
in relative extent of the cone and rod range. For the human eye, after light 
adaptation to intensities of the same order of magnitude, the cone range 
covers 1.5-2 log. units, the rod range 3 log. units. In the chick the cone 
range is 3 log. units, whereas the rod range is only 1.5. The relative par¬ 
ticipation of the two groups of receptors is roughly the reverse in the chick 
from that in man. These facts are in accordance with morphological 
differences between the human and the chick's eye. The retina of the chick, 
as in most diurnal birds, is predominantly a cone retina with the inter- 
spersion of relatively few rods, whereas the human retina has, besides the 
high concentration of cones in the fovea, relatively few cones distributed 
among the peripheral rods.® 

Knowing the course and extent of dark adaptation of the chick’s eye 
after exposure to ordinary light free of ultra-violet, we are in a position to 
add to the exposure light certain ranges of the ultra-violet spectrum by the 
use of different absorption filters. The range between 300 and 400 is 
of particular interest. A series of filters with cut-offs at different wave¬ 
lengths in this region provided previously a differential influence^ and is 
used here for a study of similar effects on the course of dark adaptation. 
The filters are in their order of transmission: Corning 774 (heat-resisting 
clear chemical glass), AO crown glass 1045, ordinary plate glass, AO Cruxite 
1794, Corning 3850 (greenish Nultra), AO Calobar C-1827, AO 2614, 
Corning 3389 (Noviol shade A), XY 91 VO of the Polaroid Corporation 
and Corning 9863 (red-purple Corex A). The transmissions of these filters, 
determined with a Beckman spectrophotometer, are given in figure 2. 

With Corning 774 (jacket of the GE H-5 lamp as furnished by the manu¬ 
facturer) in front of the mercury vapor arc during light exposure, it is 
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found that in subsequent dark adaptation tests for the first 10 minutes the 
course is identical witl> the standard curve given in figure 1. From the 
point of cone-rod transition on, where we would normally expect a con¬ 
siderable drop in threshold intensities, only a slow decline is apparent and 
we arrive very soon at a steady level so that after 35 minutes in the dark 
it is about 1.3 log. units higher than the normal. Due to the presence of 
the ultra-violet in the exposure light, the state of dark adaptation is there¬ 
fore only one-twelfth of the normal at the termination of the tests. 

A gradual reduction of the extent of the ultra-violet band from 290 to 
360 by crown, plate glass, Cruxite and Coming 3850 affects the course 
and final threshold of dark adaptation in correspondence to the elimination 
of the shorter wave-lengths. At 35 minutes the difference in threshold 
intensity from the normal is for crown about 1.1, for plate glass 0.6, for 



FtOURS 2 

Spectrophotometric transmifisions of filters used for addition of different ranges of 
ultra-violet to the white adapting light. 


Cruxite 0.3 and for Coming 3850 0.2 log. units. All curves would, of 
comse, after hours reach the same low level as our standard curve in figure 
1, depending upon the velocity of recovery from the effect of the ultra¬ 
violet. 

Exposure light which does not contain any wave-lengths shorter than 
365 m/i results in dark adaptation curves which are identical with our 
standard curve. Coming 3389 has a cut-off at higher wave-lengths than 
Xy 91 VO, and the experimental readings are found practically identical for 
both. AO Calobar which transmits about 1.5 per cent at 365 and AO 
2614 which begins to transmit at 380 mM are both tinted glasses and have 
therefore a lower transmission in the visible compared with the colorless 
filters thus far considered. For Calobar the maximum transmission at 
535 m^ is 55 per cent, for AO 2614 at 625 mtx about 20 per cent. Both re¬ 
duce therefore the brightness of the exposure light. The effect of this de¬ 
crease is noticeable when following the individual points along the curve; 
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they are consistently on the low side. The final thresholds for both filters 
fail closely within the scatter range of the normal curve. It may therefore 


i 


TIME m CWRK MINUTES 
FIGURE 3 



The course of dark adaptation of the eye of the baby chick, measured after preceding 
exposure to white light containing different ranges of the ultra-violet spectrum. In 
proportion to the increase of the ultra-violet component below 366 m** the final dark 
adaptation thresholds are raised to higher intensities, indicating a reduction in potential 
dark adaptation by the ultra-violet. Light containing wave-lengths above 366 tnp 
does not produce such effects. 


be assumed that any ultra-violet above 366 mpt, has no effect upon the 
course of dark adaptation. 

Of particular interest are the results with Coming filter 9863 in front of 
the exposure light. This filter transmits only a small portion of the far red, 
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a small amount of violet, but almost as much of the effective ultra-violet as 
Corning 774, During exposure to light the chick receives a dim purple 
light which causes adaptation to a lower brightness. In subsequent tests 
this becomes apparent in the fact that the first threshold readings fall about 
0.9 log. units below those with white light. And since the ultra-violet 
cojnponent transmitted by this filter is almost equal to that of Coming 774, 
the ensuing curve has a shape quite different from all others, so that its 
final threshold values are nearly as high above the normal as for Coming 
774. An equivalent ultra-violet effect is therefore obtained under exclusion 
of the visible. 

The data are presented in figure 3. Each symbol represents the mean of 
readings on six individuals in each series. It should be noted that for better 
separation of the curves in this graph the ordinates are twice as high as in 
figure 1, 

Considering the change in the course of dark adaptation due to the 
presence of different amounts of ultra-violet in the exposure light, it is 
noteworthy that the cone segment of the curve is unaffected, while beyond 
the transition to the rod segment the ultra-violet effect becomes apparent 
in varying degree. An analysis of the retinal pigments of the chick shows 
that the cones possess highly absorbing pigments, whereas the rods are 
pigment-free.^ On this basis it may be assumed that the ultra-violet acts 
primarily on the rods, whereas the cones are protected by their pigments, 
and hence the pronounced effect on the rod segment of the dark adaptation 
curve. 

Since no data on the influence of ultra-violet light upon the dark adapta¬ 
tion of the human eye are available at present, we might on the basis of 
physiological similarities of vertebrate eyes assume that similar differences 
in final dark adaptation thresholds should be expected in human observers, 
depending upon their exposure to ultra-violet previous to test. It should 
not be surprising to find differences among subjects of different occupa¬ 
tions, indoors or outdoors, or at various latitudes and elevations, particu¬ 
larly if we assume, as we probably may, that the action of ultra-violet is 
cummulative. 

Summary .—^The course of dork adaptation in baby chicks is studied 
after exposure to white adapting light containing different amounts of 
ultra-violet radiation between 280 and 400 Exposure light of wave¬ 
lengths longer than 365 m^ results in uniform dark adaptation curves. 
Any addition of ultra-violet below 365 m/x prevents complete adaptation, 
raising the final threshold considerably above the normal level. The 
difference between complete and partial dark adaptation due to exposure 
to the short waves is proportional to the extent of the ultra-violet spectrum. 

* This research was supported by a g;raut of the American Optical Company. 

^ Wolf, E,. these Peocbboinos, SI, 236 (1945). 
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CARBON DIOXIDE UTILIZATION IN THE SYNTHESIS OF 
ACETIC AND BUTYRIC ACIDS BY BUTYRIBACTERIUM 

RETTGERI 

By H. a. Barker, M. D. Kamen* and Victoria Haas 
Division of Pi.ant Nutrition, Univbrsity of Caufornia, BaRKBUBY 
Communicated October 9, 1946 

Buiyribacteriwn rettgeri causes a modified butyric acid type fermentation 
of lactate, the main products being carbon dioxide and acetic and butyric 
acids. ‘ This fermentation is remarkable because of the low yield of carbon 
dioxide and the high yield of fatty acids. In the usual t)rpe of butyric acid 
fermentation, such as is carried out by Clostridium saccharobutyricum,* for 
example, not less than one mole of carbon dioxide and not more than one 
mole of Cj derivatives (acetic acid, butyric acid X 2, etc.) are formed per 
mole of triose. B. rettgeri, however, prodtices only 0.4 mole of carten 
dioxide and up to 1.2 moles of Cj derivatives per mole of lactate. These 
unusual yields suggest that this organism utilizes part of the carbon dioxide 
produced from lactate for the synthesis of fatty acids. This possibility 
has been investigated using the long-lived radioactive carbon isotope, C**, 
as a tracer to follow the transformations of carbon dioxide, with the results 
reported below. 

Expenmenlal, —^To investigate the possible conversion of carbon dioxide 
into fatty acids, B. rettgeri was allowed to grow in a medium containing 
lactate and C*Oa. (C* indicates carbon labeled with C‘«.) The sub¬ 
strate used and the products formed were estimated quantitatively and 
the content of each compound was determined. 

A basal medium of the following composition in g. per 100 ml. was used: 
sodium lactate 0.5--2.0, Difco yeast extract 0.3, yeast autolysate 0.3, 
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(NH 4 ),S 04 0.05, KstHP 04 0.1, KH 2 PO 4 0.4, MgS 04 . 7 H 30 0.02, cysteine 
hydrochloride 0.05, FeS 04 . 7 H 30 0.0005, pH 6.2, A sterile solution of 
labeled sodium carbonate was added to the basal medium after autoclaving 
to give.a final pH of 7.Q-7.6. After inoculating with B, rettgeri, strain 32, 
samples were removed to determine the initial lactate and carbon dioxide. 
An Oxsorbent seal was then applied to remove oxygen. Cultures were 
incubated at OO-SS^C. until growth ceased and the products of the fer¬ 
mentation were estimated quantitatively, separated and their contents 
determined. The separation of the fatty acids was accomplished by the 
distillation procedure of Schicktanz, et al^ The method of determining 
activity has already been described.^ 


TABLE 1 

The Fermentation of Lactate in the Presence of C *0» 
(Experiment 1) 


COKTOOND 

mM/10 ml. 


TOTAL CTS./MXN. 

Lactic acid, decomposed 

0.463 


. . . 

Carbon dioxide, initial 

0.115 

33,800 

3.890 

Carbon dioxide, final 

0.298 

4,800 

1,430 

Acetic acid 

0,252 

2.470 

620 

Butyric acid 

0.177 

6,350 

1,120 


The results of a typical experiment are given in table 1. It can be seen 
that approximately 63% of the was lost from the carbon dioxide during 
the fermentation of 0.46 mM of lactate per 10 ml. Of the total lost, 
about 25% and 46% was recovered as acetic and butyric acids, respec¬ 
tively. In another experiment the corresponding values were 26% and 
63%, while, in addition, 1% of the was recovered as caproic acid, 7% 
as trichloracetic acid insoluble cell material and 3% as unidentified non¬ 
volatile compounds. The total recovery of transformed varied from 80 
to 90%. 

The distribution of in the acetic acid was determined by the de¬ 
carboxylation of tlie barium salt as previously described* after the purity 
of the product was established by a Duclaux distillation- The data given 
in table 2 show that both methyl and carboxyl groups contain the isotope, 

TABLE 2 

Distribution of in Acetic Avid 
(The figures give the percentage of the total C** in each atom) 

CAKaOH ATOM BXFT. 2 MtFT. 3 

Carboxyl 56,6 - 2 67 *1 

Methyl 43.6- 2 43 -1 

though the amount is not the same in the two positions. The carboxyl 
group contains significantly more than the methyl group. 
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The approximate distribution of C** in but 5 rric acid was determined by a 
combination of two methods: (1) the oxidation of the ammonium salt 
with hydrogen peroxide as described by Wood, et and (2) the de¬ 
carboxylation of barium butyrate. 

Wood, et aLt have shown that the acetone fonned in the HaO^ oxidation 
of butyric acid is derived from the alpha, beta and gamma carbon atoms. 
By further oxidizing the acetone with alkaline iodine solution, iodoform 
and acetic acid are formed. The iodoform originates from the alpha and 
gamma positions in butyric acid and may be used to determine the average 
activity of these two carbon atoms. The acetic acid originates from the 
alpha or gamma and beta positions. When the molar activities of the 
iodoform and acetic acid are known, the activity of the carboxyl carbon in 
acetic acid, which is equivalent to the beta position in butyric acid, can be 
calculated by difference. 

Decarboxylation of barium butyrate was used to determine the activity 
of the carboxyl carbon. The reaction was carried out at about 400®C, 
Control experiments with carboxyl-labeled butyric acid, prepared by Gri- 

TABLB 3 

DlSTRinUTlON OF C“ IN BUTYRIC AciD 
(Experiment 3) 

iPsitcii!NrAO» or 


CAABON ATOM TOTAl. 

Carboxyl 39.3 

Alpha and gamma (average) 30.8 

Beta 29.9 


guard synthesis,® showed that approximately half (actually 52%) of the 
carboxyl activity appeared in the barium carbonate formed by decarbox¬ 
ylation. The reaction is therefore reliable for quantitatively determining 
the amount of in the carboxyl group of the feniientation but 3 nic acid. 

The results presented in table 3 demonstrate that all four positions in 
butyric acid contain carbon derived from carbon dioxide. As in acetic 
add, the distribution of C'Mn butyric acid is not entirdy uniform. The 
carboxyl carbon atom contains significantly more than the atoms in 
other positions. The appearance of more in carboxyl carbon relative 
to alpha and gamma carbon was to be expected, since butyric acid is prob¬ 
ably formed (see bdow) by a condensation of two molecules of acetic add 
or derivatives thereof,^ and the methyl group of the acetic acid from 
which the alpha and gamma carbon atoms would be derived, contains less 
than the carboxyl group. On the same basis, the beta carbon atom of 
butyric add should have the same content as the carboxyl group, 
which IS not in accordance with the observed result, A possible explana¬ 
tion for this apparent discrepancy is that the reported content of the 
beta carbon atom may be in error. Due to the fact that this value is calcu- 
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lated by difference from the data for acetic acid and iodoform derived from 
the oxidation of acetone, it is probably less reliable than the values for the 
other carbon atoms. 

Having demonstrated the conversion of carbon dioxide to fatty acids 
and cell material, it seemed desirable to determine the total quantity of 
carbon dioxide formed per mole of lactate decomposed. It is obvious that 
the total carbon dioxide production (COj total) inust exceed the observed or 
net carbon dioxide production (CO 2 ob».) by the amount used for S 3 mthetic 
reactions (COj u«ed)i » 

CO2 total — COjobs. + COsusej. (l) 

The carbon dioxide used and therefore the total carbon dioxide produced 
can be calculated from data, such as is presented in table 1, showing the 
decrease in content of the carbon dioxide during the fermentation of a 
known amount of lactate, if it is assumed that the formation of carbon di¬ 
oxide from lactate is the only process causing a dilution of the C*Oi. 
More specifically, it must be assumed that no exchange of occurs be¬ 
tween carbon dioxide and any of its reduction pro<lucts such as acetic and 
butyric acids. 

The absence of such exchange was verified by an experiment in which 
lactate was fermented in the presence of acetic acid labeled in both the 
methyl and carboxyl groups; the carbon dioxide was unlabeled. After the 
fermentation, no (2 =*= 3 cts./min.) could be detected in carbon dioxide, 
while about 57% of the C'* was present in butyric acid (445 ^ 10 cts./ 
min.). Incidentally, this result also proves that butyric acid is formed 
from acetic acid. 

Another assumption involved in tire calculation is that the carbon di¬ 
oxide inside and outside the cells is in isotopic equilibrium at all times. 
No direct test of the validity of this assumption has been attempted. If 
isotopic equilibrium does not exist, the content of carbon dioxide inside 
the actively metabolizing cells will be lower than that outside. Such a 
condition would result in a loVi^ering of the calculated total carbon dioxide 
production since the utilization of C *02 and hence its dilution would be less 
than anticipated. 

The calculation of CO 2 used and CO 2 total follows the method developed 
for the acetic acid fermentation caused by Clostridium thermoaceiicum^ 
with the exception that the quantity V representing the carbon dioxide 
concentration throughout the fermentation is variable instead of constant. 
At any instant, more carbon dioxide is being produced from the decomposi¬ 
tion of lactate than is being used in synthesis; consequently, a net increase 
in carbon dioxide concentration is observed. Let x be the quantity of 
C *02 per unit volume at any time during the fermentation, and Xf de¬ 
puting the inHial and gnd concentrations^ V will Gow represent the 
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total concentration of carbon dioxide (C^O^ + CO 2 ) present at any time. 
For every mole of carbon dioxide observed to be produced (CO 2 oba.) as a 
result of the breakdown of lactate, A moles of CO 2 + C*02 are converted to 
acetic acid. The decrease in C*02 concentration (*- A^c) is given by the 
expression 

{AAV/V+ AF)*x. (2) 

The differential form of this relation 

-dx/x = A dV/V (2a) 

is integrated between the limits Xi and X/for x, and F< and F/ for F. where 
Vi and Vf denote the initial and filial observed concentrations of carbon 
dioxide. 

Thus 

- f,rdx/x = In xjx, = A J^Y'dV/V A In (3) 

or 

A = log :r,/x//log F//F(. (3a) 

Using the data of table 1 where F< - 0.115 mM, F/ = 0.298 mM, Xt =* 

3,890 cts./min., X/ ^ 1,430 cts./min., and the lactate decomposed is 0.463 
mM, 

A ^ log 2.72/Iog 2.59 = 0.435/0.413 rr 1.05 

and CO 2 total = 0,395 mM + 0.395*1.05 niM == 0.81 mM/mM lactate. 
In three other experiments the values of A ranged from 0.91 to 1.02 and the 
values of CO 2 total from 0.62 to 0.81, The lower values were obtained from 
experiments in which higher concentrations of lactate were fermented 
(1.0-1.3 mM/10 ml.). However, the data are too few to permit generali¬ 
zation concerning the relation between the quantity of lactate fermented 
and the functions in question. 

Although the above results demonstrate that much more carbon dioxide 
is produced than accumulates, nevertheless the calculated total carbon 
dioxide production appears to be significantly lower than one mole per 
mole of lactate that would be expected on theoretical grounds. This 
result may well be due to the fact that the carbon dioxide inside the fer¬ 
menting cells ih not in isotopic equilibrium with the carbon dioxide in the 
outside medium. It has already been noted that lack of isotopic equi¬ 
librium would lower the calculated carbon dioxide utilization and total 
production below the true values. 

From the data obtained in these experiments, the fermentation of lactate 
by B. retigeri can be fitted into the following simplified reaction scheme if 
we disregard the minor quantitative discrepancies noted above. 
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CH,CHOHCOOH + H,0 «= CH,COOH + CO, + 4H (4) 

2COj + 8H -= CHaCOOH + 2 H 2 O (5) 

2CHaCOOH + 4H «= CHsCHaCHaCOOH + 2 H 2 O (6) 

Reaction (4) represents the oxidation of lactic acid to approximately one 
mole each of carbon dioxide and acetic acid; the primary product may well 
be acetyl phosphate or some other C, compound convertible into acetic acid 
rather than the add itself. Reaction (5) represents the condensation and 
reduction of two moles of carbon dioxide to acetic acid; this reaction occurs 
in such a way that both the methyl and carboxyl groups are derived from 
carbon dioxide. Reaction (6) represents the condensation and reduction 
of two moles of acetic acid or some related compound to but 3 rric acid. 
Neither reaction (5) nor (6) goes to completion since they compete for the 
available hydrogen from reaction (4). The caproic acid which is produced 
in small yield may be formed by a further condensation of the same type as 
reaction (6), possibly involving butyric acid and a C, compound.^ 

In conclusion it may be pointed out that 5. rettgeri is the first non- 
sporulating bacterium and the fourth anaerobe** ® that has been shown 
to cause a total s)mthesis of acetic acid from carbon dioxide. 

The authors are indebted to Professor E. O. Lawrence and members of 
the stafiF of the Radiation Laboratory, and to Dr. T, H. Norris of the 
Chemistry Department for facilities used in the preparation of 
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POLLEN-TUBE GROWTH IN INTERGENERIC POLLINATIONS 
ON DATURA STRAMONIUM 

By Cabmen Sanz* 

Department of Botanv, Smith Collbqb 
Communicated October 15, 1945 

During the past 30 or 40 years, research in pollen-tube growth has been 
carried out by numerous investigators. Pollen has been successfully 
germinated on artificial media and in a few cases on stigmas of unrelated 
plants (Yasuda® and Eigsti®). The rate of pollen-tube growth has been 
studied especially in relation to self-sterility. In many cases the pollen 
tubes grew slower in self-pollinations of self-incompatible varieties, so 
that pollen tubes did not reach the ovary before the styles decayed. In 
other cases pollen-tube development was found to be the same in both self 
and cross pollinations. The rate of pollen-tube growth in incompatible 
interspecific crosses has frequently been shown to be slower than in the 
compatible crosses. In some of the latter cases, an acceleration in the 
speed of the tubes was observed as they approached the ovary. 

Studies of pollen-tube behavior following intergeneric pollinations have 
been carried out by several investigators. Yasuda® reports variation in the 
rate of pollen-tube growth in such crosses. He found faster tube growth in 
pollinations of Petunia violacea on pistils of Solanum Gilo than on those of 
Solanum Melongenat and also in pollinations of Callistegia japonica on 
Cucurbita maxima than on Helianthus annuus. Eigsti® reports normal 
growth of tubes of Reseda in styles of Datura stramonium. 

The present research deals with pollen-tube behavior following inter¬ 
generic pollinations of Datura stramonium. Flowers of this species, Line 1, 
were used as females. The line is presumably homozygous, having origi¬ 
nated from a duplication of the chromosomes of a haploid plant. In the 
following experiments, ten flowers were pollinated with pollen of each of 
the plants tested. All the experiments were made at a constant tempera¬ 
ture of 26^C. Precautions in pollinations were observed, and preparation 
of microscopic slides by dissection, staining and mounting of stylar tissue 
of the pistils was made according to the techniques used by Buchholz.^ 
By examination of these slides the extent of growth and behavior of the 
pollen tubes were determined. The number of normal pollen tubes and of 
abnormal ones (bursting or swollen) was observed and counted. An index 
for the speed of the normal-growing pollen tubes was calculated according 
to the methods used by Buchholz and co-workers.* On the basis of pollen 
germination and of the percentage of normal-growing pollen tubes, the 
species bdonging to the Solanaceae and to other families were separated into 
the fottowing classes showing: (a) no pollen germination; (6) most tubes 
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bursting; (r) about an equal number of tubes growing and bursting, and 
{d) most tubes growing. The classes {b), {c) and {d) above arc character¬ 
ized by the following percentages of normal-growing pollen tubes: less 
than 45%, from 45 to 65%, and more than 65%, respectively. 

Eighieen-Hour Test of Pollen-Tube Growth. —Styles of Datura stramonium 
were pollinated with pollen of 16 species of Solanaceae and 49 species of 31 
other families. The growth and percentages of normal and bursting tubes 
were studied after 18 hours. 

A classification of the tested plants into the four previously mentioned 
groups according to the pollen germination* and to the percentages of 
normal-growing pollen tubes on pistils of Datura stramonium is given in 
table 1. It can be seen that the pollen of members of the Solanaceae more 
closely approached normal behavior. Most interest, however, should be 
attached to those cases of unrelated pollens which fall into the two top 
classes having‘50% or more of nortnal-growing pollen tubes. 

Tests for More Extended Periods of Time. —To determine whether or not 
normal pollen tubes observed in tlie 18-hour test would reach the ovary if 
given more time, some experiments were carried out in which the pollen 
tubes were allowed to grow for 66 hours before examination. The results 
of these tests are included in table 2. It can be seen that in two cases the 
earlier speed was approximately maintained. In most cases, however, the 
speed of growth declined considerably. With some of the species, tests 
were carried out for longer intervals of time until the styles began to rot at 
the base (Petunia axillaris, BrowaUia speciosa, Freesia wisteria, Salpiglossis 
sinuata) . In all cases the pollen tubes were found to have stopped or to have 
practically stopped at some distance from the ovary. 

Attempts to Induce the PoUen Tubes to Reach (he Ovary.—Tetraploid versus 
diploid styles: In an attempt to discover a procedure to speed up the 
pollen-tube growth, tests were made with pollen of five plants on styles of a 
tetraploid Datura stramonium. Line 1, and the residts were compared 
with those of the diploid styles of the same species, as shown in table 3, 
Most of the tubes burst when pollen of tomato (Lycopersicum esculentum) 
was used on diploid styles, but most of them grew when tetraploid styles 
were used. In all but one of the other cases some alleviation of the bursting 
was noted but to a much less degree. In all five cases growth was slightly 
increased in the tetraploid styles. However, the most striking effect was 
seen in the prevention of bursting in tomato. 

Style splicing and style mutilation: Some methods to shorten the dis¬ 
tance that the pollen tubes have to dover en route to the ovary were tried* 
The style splicing technique, described by Buchholz and co-workers#*' * was 
used with some modifications. More promising results, however, were ob¬ 
tained with style mutilations. Pollinations were made inside vertical dits 
cut in the tops of the decapitated styles. When this technique was used 
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pollen tubes were induced to grow nearer to the ovary than in uncut styles. 
Pollen tubes of Freesia wisteria, of the Monocotyledoneae, were able to 


TABLE a 

Percentage and Growth of Normal Pollen Tubes Observed after 18 Hours, 
AND Observed and Calculated after 60 Hours 


pan- CAUCtr- 




CUNTAOB OROWTH OROWTH 
OP NORMAt. IN 18 IN 86 

LATBD 

OROWTH 

PAMILIKS 

nrBciBP 

TUUBR 

UOURR 

HOURR 

IN 00 
BOURR 

SoIa»ac«ae 

Browallia speciosa 

69.4 

7.1 

8,0 

26.6 


Brunfelsic calycina 

88.8 

13.7 

18,8 

49.3 


Brunjelsia nitida 

46.3 

19.7 




Capsicum grossum^ 

79.7 

2.7 




Datura stramonium 

86.1 

42.0 




Lycium halimiJoHum 

63.6 

14.6 




Lycoptrsicum esculentum 

27.1 

13.7 




Nicotiana. glauca 

94.6 

4.6 

16.0 

16.2 


Nicoiiana gluiinosa 

63.1 

9.0 




Nicotiana Langsdorffii 

90.9 

10.7 




Nicoiiana Tahacum 

87.1 

17.7 




Petunia axillaris 

62.2 

6.8 

10.0 

24.4 


Physalis ixocarpa 

47.4 

3.0 

6.0 

10.8 


Salpiglossis sinuata 

88.2 

18.6 

20.0 

66.9 


Solanum Melongena 

68.3 

7.1 

12.0 

26.6 

Other Dicotyledoneae: 





Campanulaceae 

Campanula carpatica 

74.6 

10.6 



Cucurbitaceae 

Cucurbiia maxima 

6.8 

1.8 



Oentianaceae 

Exacum affine 

70.9 

6.5 



Labiateae 

Siachys discolor 

74.1 

6.3 



Malvaceae 

Abutilon megapotamicum 

69.8 

6.8 



Primtilaceae 

Anagallis linifolia 

29.7 

7.6 



Ranunculaceae 

Cimicifuga cordifolia 

90.0 

2.4 

27.7 

27.8 


Ranunculus anemonoides 

83.8 

1.5 



Scrophulariaceae 

Digitalis ambigua 

84.6 

4.2 




Pentsiemon Digitalis 

90.7 

12.3 



Terntroemiaceae 

Camellia japonica 

32.0 

3.5 



Monocotyledoneae; 






Amaryllidaceae 

Narcissus Pseudo-Narcissus 

46,2 

0.6 



Irtdaccae 

Crocus hifiorus 

25.0 

0.6 




Freesia wisteria 

69.6 

6.0 

16.0 

25.2 


Gladiolus Lemoinei 

62.3 

6.8 



LUiaceac 

Hyacinthus myosotis 

64.6 

0.6 




Ttdipa Gesneriana 

71.6 

7.1 



reach ihe ovary, although they did not enter it. 

Pollen 

tubes of Petunia 


axillaris, Salpiglossis dnuata and BrcnvaUta speciosa grew closer to the 
ovary than on uncut styles examined when they began to rot at the base. 
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Summary,—In attempts to obtain intergeneric crosses, many barriers 
have been found which make these crosses unsuccessful. In this paper some 
of the barriers connected with pollen germination and with pollen-tube 
growth have been studied. All tests were made on stigmas and styles of 
Datura stramonium. 

The pollens of members of the Solanaceae germinated more successfully 
than those of other families (93% against 43%). The fact that the pollen of 
species belonging to such distant groups as the Monocotyledoneae germi¬ 
nated on stigmas of Datura stramonium appears to indicate that pollen 
germination is not determined exclusively by taxonomic relationships. 

On the average, the Solanaceae showed faster pollen-tube growth than 
members of other families (10.8 mm. against 5 mm.). However, in the 
latter group individual cases of relatively rapid growth of pollen tubes 
were found. 


PAMJI4SS AHD VPUdSm 

table 3 

pbrcbntaos 
OP NOSMAL 
TUS8S 

ORj^WTH 

PBRCBNTAOS 
OP NORMAJL 
TUBBS 

OROWTU 

2n 

4n 

4n 

Solanaceae 

Irycoperaicttin esculentum 

27.1 

13 7 

80 8 

15.3 

Petunia axillatis 

52.2 

6.8 

55.6 

10.3 

Pkysalis ixocarpa 

47.4 

3.0 

76.6 

3.8 

Salpiglossis sinuata 

88.2 

18.6 

84.7 

25.6 

Terntroemiaceae 

Camellia japonica 

32.0 

3.6 

37.4 

5.7 


The use of tetraploid styles increased slightly the speed of the pollen 
tubes and decreased the percentage of bursting pollen tubes, especially in 
tomato, thereby increasing the chances for the tubes to reach the ovary. 

Attempts to shorten the distance from the stigma to the ovary induced 
the pollen tubes to approach closer to the ovary. In one case the tubes 
arrived at the ovary, but in none did they enter it. 

* Contributions from the Department of Botany, Smith College, New Series No. 18. 
Article taken from a thesis submitted to the faculty of Smith College in partial fulfil¬ 
ment of the requirements for the degree of Master of Arts in Botany under the direc¬ 
tion of Dr. A, F. Blakeslee. 

' Biichholz, J, T., “The Dissection, Staining and Mounting of Styles in the Study of 
the Pollen-Tube Distribution,” Stain Technology, 6 (1), 13^24 (1831). 

* Buchholz, J. T., and Blakeslee, A. F., “Poilen-Tube Growth at Various Tempera¬ 
tures,'’ Amer, Jour, Bot, 14 (7). 358-369 (1927). 

* Buchholz, J. T., Doak, C. C., and Blakeslee, A. F.. “Control of Gametophytic Selec¬ 
tion in Datura through Shortening and Splicing of Styles,” Bull. TorteyBot. Club, 59 (3), 
109-118(1932). 

* Buchholz, J. T., Doak, C. C., and Blakeslee, A. F., “Results Obtained from Splicing 
Styles,” Amer. Naluf,, 68, 162-16S (1934). 
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Pollinated Reseda,*’ Amer. Natur., 71, (736), 520“521 (1937). 
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CYCLES IN MEASLES AND CHICKEN POX 
By Edwin B. Wilson and Olivr M. Lombard 

Harvard School of Public Health 
Communicated September 17, 1946 

Persons trained in mathematical physics or astronomy are apt to look 
for periods in oscillating phenomena and the methods of analysis (such as 
the periodogram) which have been developed by them for the determina¬ 
tion of unknown periods are presumably well suited to eliminate effi¬ 
ciently the random fluctuations of phenomena which do really have an 
underlying period of unchanging length and phase. It is somewhat doubt¬ 
ful whether epidemiological or economic phenomena have any important 
periodic components except the seasonal or other variations impressed 
upon them by major astronomical periods, and it is presumably better that 
the more general term cycle be used for their ups and downs. ^ 

In table 1 are given the reported cases of measles and of chicken pox in 
eleven cities for nineteen epidemic years.* For chicken pox the years are 
not the same for all cities. The epidemic year for these diseases is taken to 
run from September 1 to August 31. The number of turning points, 
as defined by Wallis and Moore,* is tabulated in the last row indexed TP, 
A downward or upward phase (W&M, p. 4) lies between two successive 
turning points and two successive phases form a cycle. The number of 
phases is thus one less than the number of turning points and the number 
of cycles is one-half of the number of phases. For measles the number of 
turning points averages 13.2, the number of phases 12.2 and the number of 
cycles 6.1. For chicken pox the number of turning points averages 12.9, 
the number of phases 11.9 and the number of cycles 6.0. The results are 
equivalent in view of the sampling errors. 

The number of phases of 1,2, 3,... years duration can be enumerated and 
compared with the number that should be obtained for eleven series of 
nineteen items by chance (W&M, p. 10). It will be observed that both 
diseases have more phases than would occur by chance on the average. 
The number of phases can be regarded as normally distributed (W&M, 
p. 32) about 10.3 with variance* 3.06 and the sum of eleven series should be 
distributed about 113.7 with variance 33.61 or standard deviation 5.80, 
whereas the actual deviation is 20 for measles and 17 for chicken pox. 
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The result is therefore very significant; the ups and downs of measles and 
chicken pox in successive epidemic years are more frequent than in a 
chance series. 


TABLE 1 

Reported Cases of Measles and Chicken Pox in Eleven Cities for Nineteen 
Epidemic Years. September 1 to August 31. ubginning on September 1 of the 

Year Given 


ysAJi 

CKtC. 

CLBV. 

OUTR. 

L. A. 


MONT. 

N. Y. 

PHIL. 

PITT. 

8, P. 

TO*.* 






Measles 






1921 

10.846 

5,838 

6,866 

165 

538 

2281 

41,478 

3,492 

3278 

303 

6.001 

1922 

15,878 

6.516 

4.004 

3,638 

10,941 

2264 

12,722 

26,406 

9220 

1,934 

2,834 

1923 

5.412 

2.302 

4.334 

6,051 

717 

1019 

35,3 U 

3.655 

855 

3,853 

1.454 

1924 

13,992 

500 

515 

899 

7,408 

3783 

4,571 

7,703 

7698 

220 

7,260 

1925 

5.324 

15,865 

16,620 

440 

4.242 

1223 

44,973 

13,032 

2087 

2,707 

2,191 

1926 

19,400 

206 

414 

11,064 

3,410 

2300 

1,731 

UlO 

2663 

3.951 

4,032 

1927 

1.202 

2,589 

15,321 

072 

101 

4562 

34.758 

15.609 

5073 

817 

2,360 

1928 

17.985 

11,266 

2,712 

604 

18,835 

2138 

3,100 

1,450 

1180 

186 

7,220 

1929 

1.131 

321 

15,153 

6.650 

437 

2445 

22.099 

4.920* 

5365 

7,558 

660 

1930 

12.126 

3,730 

787 

3,104 

4,977 

6450 

27,072 

15.705 

2274 

1,042 

1,688 

2931 

0,749 

15,097 

12,836 

456 

14.407 

4724 

8.634 

339 

6204 

3,775 

10.208 

1032 

8.875 

110 

9.310 

9,582 

143 

534 

37.953 

0,289 

170 

116 

132 

1033 

9.379 

3.693 

2.004 

1.14k 

2,500 

4000 

4.939 

19,514 

4388 

4,420 

78 

1034 

24,630 

7,872 

27,694 

1,540 

9,843 

9366 

27.782 

1,319 

9917 

1,454 

16,110 

1935 

641 

2,346 

737 

9.210 

321 

3372 

37,080 

11,609 

661 

7,837 

1,313 

1936 

3.995 

5,682 

1,220 

677 

371 

6524 

12,218 

785 

3256 

202 

3,707 

1937 

39.000 

0,975 

31,074 

1,110 

27,922 

1817 

34,624 

15,740 

7829 

145 

1,013 

1938 

672 

202 

741 

9,377 

158 

9401 

3.824 

t.211 

08 

10,435 

10.382 

1939 

2,169 

163 

4,047 

604 

3,284 

1691 

6,186 

2,760 

104 

149 

190 

TP 

14 

U 

15 

U 

12 

12 

15 

14 

14 

13 

14 






Chicken Pox 






1921 


. . 


,. 


539 

5.313 

3010 




1922 

3915 





577 

8,469 

2753 

2015 



1923 

6713 

3103 

3130 

3127 

2936 

794 

7,959 

5662 

2806 

1316 

2098 

1924 

4054 

3536 

3400 

2095 

1002 

596 

7,729 

3314 

2345 

1085 

1777 

1025 

4794 

1861 

2276 

1983 

3907 

1170 

6.506 

4634 

1340 

1040 

2565 

1926 

4462 

4000 

3742 

2197 

3449 

604 

10,117 

4651 

2405 

1511 

2390 

1027 

4128 

2149 

1882 

2569 

2729 

787 

6.195 

3307 

1190 

2566 

2781 

1028 

4766 

3887 

3005 

2523 

4028 

1565 

9.764 

4392 

1875 

894 

2454 

1929 

4977 

6101 

3108 

2306 

5534 

2802 

7.939 

3702 

1771 

1778 

4233 

1030 

4034 

6897 

4244 

2032 

4789 

2528 

0.734 

4903 

2608 

1658 

3256 

1931 

4104 

3623 

2440 

8950 

2898 

2147 

7,763 

3968 

1800 

2228 

1950 

1032 

6963 

7356 

4709 

2820 

7648 

8516 

12,403 

5937 

3841 

2201 

4160 

1033 

6200 

4665 

3168 

2754 

6611 

3667 

11,847 

4530 

2600 

2252 

2620 

1034 

5727 

5650 

3977 

3205 

3364 

4438 

10,905 

6474 

2703 

3336 

4051 

1035 

6453 

4615 

4135 

2025 

0003 

3193 

8,180 

4072 

1030 

1580 

4548 

1936 

6356 

4027 

4611 

8442 

5552 

4898 

13,112 

6771 

am 

2994 

4463 

1037 

6382 

4394 

3661 

3104 

3560 

3303 

10,852 

0387 

2037 

1946 

2450 

1938 

6010 

4132 

3333 

2847 

6002 

3862 

0,019 

5606 

2553 

2612 

3585 

1930 

7776 

4047 

3436 

2170 

5032 

5068 

12,069 

0465 

2894 

1957 

4629 

1940 

6090 

4328 

4141 

2996 

5834 




2888 

3516 

2572 

1941 


5062 

3006 

4270 

5807 





2092 

4141 

TP 

13 

14 

12 

9 

12 

10 

12 

15 

16 

16 

13 


* The cttieA are Chicago^ Cleveland. Detfuit. Loa Angelee. Milwaukee. Montreal. New York. Phila¬ 
delphia. Pittsburgh, San Francisco. Toronto. 


For a chance series there is a definite average duration of a phase (W&M. 
p. 10); with N ^ 19 it is 1.46. If we double this to get the average length 
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of a cycle we should have 2.92. The variance of the duration of phase is 
0.51. The average duration for measles calculated* from table 2 is 1.28 
and for chicken pox 1.31. This again shows that the oscillations are more 
frequent than they would be in a chance series. The differences 1.28 — 
1.46 == —0.18 and 1.31 — 1.4() = —0.15 are both significant statistically. 
It should be especially noted that a chance series would have a mean dura¬ 
tion of phase which would not be very different from the essentially equal 
values found for the mean duration in measles and in chicken pox; but our 
series involving eleven cities for‘nineteen years is long enough to show the 
significance of the difference between the observed mean and the theoretical 
mean. If we double the mean length of the phase to obtain a mean length 
of the cycle we find just over two and a half years for both measles and 
chicken pox. 

It is characteristic of chicken pox and measles that the seasonal variation 
in reported cases is great, there being very few reported during the summer. 
The amount of measles varies so greatly between epidemic years that the 
epidemic nature of the disease is apparent despite the large seasonal fluctua¬ 
tion ; but the variation of chicken pox from one epidemic year to another 

TABLE 2 


Frequency of Phase Durations 


DURATION 

1 

2 

3 

ADOVB 3 

TOTAL 

Measles 

98 

35 

1 

0 

134 

Chicken Pox 

99 

24 

8 

0 

131 

Choice 

' 73.3 

30.2 

8.1 

2.0 

113.7 


is small enough so that one might be tempted to infer that the disease was 
essentially seasonal and otherwise non-epidemic. It, of course, is quite 
obvious that the intensity of the epidemic waves is far more pronounced in 
measles than in chicken pox; tlie reality of the epidemic character of 
chicken pox is, however, reasonably clear if one judges by the deviation of 
the mean duration of phase from that due to chance or from the excess of 
the number of phases compared with chance. 

If table 2 for the frequency of phases of different durations for measles 
and chicken pox be treated as a contingency table and x* be computed, we 
find X* “= 7.5 for two degrees of freedom which would be formally significant 
—chiefly because of the relatively great differences in the numbers of 
phases of three years’ duration. Thus there seems to be a slight difference 
between the two diseases in that chicken pox has more three-year phases 
than measles and possibly fewer two-year phases (the items might well be 
correlated). 

Wallis and Moore (p. 39) state that their method is not very sensitive 
to a trend in the data; there is no doubt that there is trend in the reported 
cases from some cities but we have seen no evidence that the trend is suffi- 
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/---> --BX>»CTBD - — 

Measles 98 35 1 09.6 29.8 4.55 

Chicken Pox 99 24 8 07,4 29.2 4.45 

ciently marked to make its elimination important in the application of an 
insensitive test. If one proceeds to moving averages, thus reducing the 
amplitude of the variations, it is highly probable that the test might be less 
insensitive to some getieral underlying trend. We have, however, ventmed 
to set up the tables for two-year and three-year moving averages and 
to tabulate the frequency of phases of different duration (table 3). It will 


TABLE 3 

Frequency of Phase Durations in One-, Two- and Thrbb-Year Moving Averages 


DUHATION 

1 

2 

3 

ABQVB 3 

TOTAl. 

MSAN 




Original Data 

(Single Years) 



Measles 


98 

36 

1 

0 

134 

1.28 

Chicken 

Pox 

99 

24 

8 

0 

131 

1.31 

Chance 


73 

30 

8 

2 

114 

1.46 




Two-Year Moving Average 



Measles 


52 

41 

4 

1 

98 

1,53 

Chicken 

Pox 

39 

32 

7 

4 

82 

1.77 

Chance 


69 

28 

8 

2 

106 

1.46 




Three-Year Moving Average 



Measles 


79 

15 

9 

2 

105 

1.39 

Chicken 

Pox 

80 

7 

8 

5 

100 

1.42 

Chance 


64 

26 

7 

2 

99 

1.46 


be observed that for both moving averages in the case of measles the num¬ 
ber of phases approaches that due to chance more closely than for the 
original data; the number of phases in the two-year moving average for 
chicken pox is notably short of the chance mark. The average duration 
of phase is also close to the chance value in all cases except the two-year 
moving average for chicken pox. In the moving averages there tends to 
be an excess of long phases as compared with the chance distribution or 
with that of tlie original data—possibly a reflection of trends in the data, 
though we have been unable to convince ourselves that it is. There seems 
to be no clear indication that the actual frequency distributions for the 
two-year or three-year moving averages are closer to the chance distribu¬ 
tions than those for the single years.* Moreover, if the phenomenon is 
cyclic, rather than periodic, there is no obvious reason why the use of a 
moving average closer to the average length of the cycle, when the standard 
deviation of the length of a cycle is more than one-third of its mean, should 
be effective in bringing the frequency distribution close to those due to 
chance. 
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* Wilson, E* B., Quarterly Jour. Economics^ 48, 375-417 (1934); Science, 80, 193-199 
(1934). 

* Or. Mildred Wells, incident to a discussion of seasonal variation. Am. Jour. Hyg., 
40, 279^17 (1944), has collected reported cases of some of the children’s diseases by 
months in a large number of states and cities for twenty consecutive years and kindly 
sent us the figures. We have merely combined the monthly data into those for epidemic 
years. 

* Wallis, W. A., and Moore, G. H., A Significance Test for Time Series and Other 
Ordered Observations, National Bureau of Economic Research, New York, 1941, 69 
pages. We shall have to assume that this monograph is available to the reader, for we 
cannot take the space to reproduce the definitions and results wc used; it will be cited 
as W&M. 

* The variances actually observed between the eleven cities are 2.16 for measles and 
6.09 for chicken pox, their average is 3.62; their ratio is 2.30 which for 10 degrees of 
freedom in each is not significant. 

• Table 2 gives the total enumeration for the eleven cities. If the average duration 
is found for each city, we have as a grand average 1.29 for measles and 1.34 for chicken 
pox. (The average of the averages is not quite the same as the average for the total 
data because the number of phases differs.) The standard deviation of the eleven 
averages about their mean is for measles 0.14 (variance 0.019) and for chicken pox 0.21 
(variance 0.044). The chance variance of 0.51 for the duration of phase would give a 
chance variance of 0.047 for the average duration of phase for 11 cities; this is near 
the variance found for chicken pox but about twice that found for measles. If we 
estimate the. standard deviation of the means of eleven cities froni the observed standard 
deviations we have 1.29 ^ 0.042 and 1.34 * 0.063. If we use table 2 we find variances 
of 0.22 for measles and 0,34 for chicken pox which for averages of about 130 elements 
would indicate 1.28 **= 0.040 and 1.31 **= 0.051. Thus the results of working with the 
eleven observed means and with the overall distribution are consistent. The differ¬ 
ences 1.28 — 1.46 —0.18 ^ 0.040 and 1.31 — 1.46 « —0.16 ^ 0,051 are significant; 

if we use the values obtained by working with the eleven cities namely, 1.29 — 1.46 « 
— 0.17 0.042 and 1.34 — 1.46 =» —0.12 =*= 0.063 the result for chicken pox barely 
escapes significance. 

* We offer this as a statistical judgment only. W&M discuss significance tests at 
length with reference to x*- If the values of x* are computed from the four classifications 
of phase, viz., one, two, three and more than three years of duratioti, despite the small 
theoretical number 2 in the chance series, we find for measles 18, 13, 9 for single years, 
two-year, three-year moving averages and for chicken pox 12, 16, 23; measles seems to 
be improving, chicken pox worsening. 
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THE SYNTHESIS OF BUTYRIC AND CAPROIC ACIDS FROM 
ETHANOL AND ACETIC ACID BY CLOSTRIDIUM KLUYVERI 

By H. a. Barker, M. D. Kamen* and R. T. Bornstein 

Division ov Plant Nutrition. University or California 
Communicated October 29, 1945 

Unpublished investij^ations in this laboratory have shown that Clostrid¬ 
ium kluyveri can metabolize acetic acid and ethanol under anaerobic con¬ 
ditions producing butyric and caproic acids in accordance with equations 
(1) and (2), 

CHaCHaOH + CHaCOOH - CHsCHoCHsCOOH + H 2 O (1) 

2CIi,CH20H + CHsCOOH « CHs(CH2)4COOH + 2H20 (2) 

The relative yields of the two acids are detennined by the relative amounts 
of acetic acid and ethanol available. If acetic acid is present in excess, a 
considerable amomit of butyric acid is formed, while if ethanol is in excess, 
caproic acid is the main product. These relations suggest that butyric 
acid may be an intermediate in the synthesis of caproic acid from acptic 
acid. This is supported by the observation that ethanol and butyric acid 
can be converted to caproic acid according to equation (3). 

CHsCHaOH + CHsCHaCHaCOOH - CHa(CH2)4COOH + H 2 O (3) 

In the present investigation we have obtained positive proof for the con¬ 
version of acetic acid to caproic acid via butyric acid by studying the action 
of CL kluyveri on media containing synthetic fatty acids labeled with the 
long-lived radioactive carbon isotope C'*. In addition we have obtained 
various types of evidence which help to elucidate the mechanism of fatty 
acid synthesis from Cj molecules. 

Experimental Methods. —Carboxyl-labeled acetic, butyric and caproic 
acids were prepared from C*0% and methyl iodide, propyl bromide and 
amyl bromide, respectively, by the Grignard synthesis.^ 

The general technique of estimating the content of carbon dioxide 
and fatty acids has already been described elsewhere.* The barium salts 
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of the fatty acids dried at 100^ C. were used in the radio-assay. The indi¬ 
vidual acids were separated from mixtures by the distillation procedure of 
Schicktanz, et aL'^ The purity of each acid was established by Duclaux 
distillation. The methods used in locating in the individual carbon 
atoms of acetic and butyric acids have been described previously.^- ^ 
The occurrence of in tlie carboxyl group of caproic acid was deter¬ 
mined by decarboxylating the barium salt. Control experiments with syn¬ 
thetic caproic acid showed that this method yields 52 per cent of the car¬ 
boxyl carbon as barium carbonate. 

The bacteria were growti in media of the following composition in g. per 
100 ml.: ethanol O.ii-O.S, sodium salt of labeled acetic or butyric acid 
0.3 -().(), yeast autolysate 0.3, pH 7.2, phosphate buffer i//40, (NH 4 )aS 04 
0,1, MgS 04 - 7 H 20 0.01, FeS 04 . 7 H 20 0.0001, sodium thioglycollate 0.05, 


TABLE 1 

The Fermentation op CHtCHjOH and CH|C*00H by Cl. kluyveri 
Experiment 1 


COMPOUND 

mM 

CTS./MtN./MM 

TQTAL CTS./MIN. 

Before growth 

Ethanol 

ca. 1 . 1 



Acetic acid 

0.830 

18,900 300 

16J00 

Carbon dioxide 

ca. 0,2 



After growth 

Acetic acid 

0.395 

7330 160 

2895 

Butyric acid 

0.190 

18,200 300 

3670 

Caproic acid 

0.267 

24,500 =*» 600 

6300 

Carbon dioxide 

0.186 

20 A 60 

5 

Ethanol 

0.217 

200 50 

74 

Non-volatile cpds. 

... 


193 

Peraentage recovery of C*^. 



83 


traces of salts of Ca, Mn and Mo, distilled water. In some experiments 
sodium carbonate (0.025 g.,per 100 ml.) was added as a sterile solution 
after autoclaving the medium. Oxygen was removed by means of either a 
pyrogallol-potassium carbonate or an Oxsorbenl seal. The cultures were 
incubated at 32-^35® until growth ceased before being analyzed. 

Results .—^When Cl. kluyveri was allowed to grow in a medium containing ^ 
approximately equivalent amounts of ethanol and synthetic carboxyl- 
labeled sodium acetate, radioactive butyric and caproic adds were formed 
(table 1). The isotope was proved to be present in these adds, rather than 
in some assodated compound, by establishing the constancy of the specific 
activities of the barium salts prepared from different fractions of a Duclaux 
distillation (table 2). A little was also found in ethanol and unidenti¬ 
fied non-volatile compoimds, but no significant amount was present in 
carbon dioxide. It should be noted that there is no net production of 
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carbon dioxide in this fermentation. The recovery of in all forms after 
growth was about 83 per cent of that initially added as acetic acid. 

A particularly significant fact revealed by this experiment is the de¬ 
crease in the molar activity of acetic acid during the fermentation. At the 
beginning of the experiment the activity expressed in cts./min./mM was 
18.9 X 10^ while at the end the value was 7.3 X 10*. The simplest and 
most likely explanation for this reduction in activity is the oxidation of 
ethanol to inactive acetic acid or some closely related compound in equi- 
libriuTii with it. This would cause a dilution of the labeled acetic acid. 


TAMI.K 2 

Specific Activities of Uarium Salts of Butyric and Caproic Acids Prepared from 

Duclaux Distillations 


FRACTION 

Butyric acid 
0-20 ml. 
20 40 ml. 
40-110 ml. 
Caproic acid 
0 -20 ml. 
20-110 ml. 


Experiment 1 (total volume 110 ml.) 

cts./min./mg, of Bh salt 


47.5 

47.6 
46.4 

63.7 
62.2 


Another possible explanation for the decreatie in activity of acetic acid 
is that it is in chemical and isotopic equilibrium with the higher fatty acids 
formed from it and ethanol. This was tested by two experiments in one 
of which butyric acid labeled in the carboxyl group was added at the be¬ 
ginning of the fermentation; in the second experiment butyric acid labeled 
on all four carbon atoms was used. In the experiment with carboxyl- 
labeled but)T-ic acid (table 4), no could be detected in the final acetic 
acid» thus indicating that no exchange occurred between the carboxyl 
groups of butyric acid and acetic acid. In the second experiment with com¬ 
pletely labeled butyric acid, a little was recovered in the final acetic 
acid but it was less than 9 per cent of the amount to be expected if butyric 
and acetic acids were in isotopic equilibrium, and even this small effect 
may have,been due to a slight contamination of the original butyric acid 
by labeled acetic acid. An exchange of between acetic acid and the 
higher fatty acids can therefore be excluded as an explanation for the 
observed decrease in activity of acetic acid. 

A third possible explanation for this effect is an exchange of between 
ethanol and acetic acid as a result of reactions involving acetaldehyde or a 
similar compound as an intermediate. If such a reaction occurs, the 
residual ethanol should have the same molar activity as the acetic acid. 
Actually, the activity of the alcohol is of a lower order of magnitude 
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(table 1). Therefore an exchange of between acetic acid and ethanol is 
not consistent with the observed results. 

Whatever the actual mechanism of the dilution of the active acetic acid» 
the magnitude of the effect is about what would be expected if all the 
ethanol is oxidized to acetic acid while tlic latter is being converted to 
higher fatty acids. To calculate the expected decrease of acetic acid 
activity on this basis, let us assume that (1) the fermentation proceeds in 
two successive steps represented by equations (1) and (3), and that during 
the fermentation all the etlianol is first converted to acetic acid or some 
compound in isotopic equilibrium with it. In step 1, the formation of 
butyric acid from ethanol and acetic acid, let x = the amount of present 
in acetic acid at any time, Xq = tlie initial — the at the end of 

step 1, K = the amount of acetic acid present at any time, Fo the initial 
acetic acid, and F/ — the final acetic acid. Now during step 1, when a 
small amount (AF) of alcohol is oxidized to inactive acetic acid, the re¬ 
moval of active acetic acid by conversion to butyric acid will be equal to 
2 AF. The loss of from acetic acid is therefore 

-2AF/F - AV^x, (4) 

In the limit as AF approaches zero 

dx/x - 2dF/F. (4^) 

Integrating between the limits of Fo and F/, and Xo and Xi and changing to 
logic we get 

log xi/xa = 2 log F//Fo (5) 

or 

- xmVoy. (5a) 

In step 2 (equation 3), the conversion of alcohol and butyric add to caproic 
add, there is no change in the total quantity of acetic acid; F/ is therefore 
a constant. will neverthel^s be lost from acetic acid if, as is assumed, 
it is an intermediate in the utilization of ethanol. When a small amount of 
alcohol (A4) is used, the loss of from acetic add is 

-Ax: - A^/(F, + AA)^x. (6) 

In the limit 

—dx/x « dA/Vf. (6a) 

Integrating between the limits Xi ahd Xf, and 0 and A /, where .4/18 the total 
amount of alcohol used in step 2 

In Xi/Xf - 2*3 log x\/Xf « Af/Vf (7) 

or 

log Xf « log Xi — At/2.ZVf (7a) 
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When this niethod of calculation is applied to the data of table 1 where 
:\:o = 15,600 cts./inin., Fo - 0.830 mM, Vf - 0.395 mM and Af « 0.257 
mM. it is found that x\ - 3540 cts,/min., and Xf ^ 1840 cts./min. The 
calculated molar activity of acetic acid at the end of the fermentation is 
therefore 1840 cts./min./0.395 mM =* 4660 cts./min./mM This value is 
of the same order of magnitude though somewhat smaller than the observed 
molar activity of 7330 cts./min./mM. The discrepancy may be due to the 
fact that butyric and caproic acids are formed simultaneously rather than 
successively during part of the fermentation; this would raise the calculated 
activity of the final acetic acid and bring it into closer agreement with the 
observed value. The general conclusion to be drawn from a comparison of 
the calculated and observed decrease in the molar activity of acetic acid is 
that the results support the view that alcohol is oxidized to acetic acid or a 
closely related compound which is then condensed to butyric and caproic 
acids. 

The following information was obtained concerning the distribution of 
in the fatty acids at the end of the fermentation. 


TABLE 3 

Distribution op in Butvric Acid 
Experiment 2 


CAIUON ATOM 

Carboxyl 

Alpha and gamma (average) 
Beta 


1680 -fc* 50 

28 * 50 
1395 30 


rSR CnNT 01» TOTAl. 
RBCOVBRBD 

54 

1 =b2 
45 * 2 


The final like the initial acetic acid contained only in the carboxyl 
group. The actual results were 7400 ^ 200 cts./min./mM of carboxyl 
carbon and 0 =*= 30 cts./min./mM of methyl carbon. 

Data on the distribution of in butyric acid are presented in table 3. 
The butyric acid was obtained from a second experiment identical with 
experiment 1. The data show that is present in the carboxyl and beta 
positions but not in the alpha and gamma positions. The quantity of 
in the carboxyl and beta carbon atoms is almost equal, though there ap¬ 
pears to be a small but significantly greater amount in the carboxyl carbon. 
The smaller C** content of the beta carbon may result from the fact tliat 
the beta (and gamma) carbon atoms are derived from an oxidation product 
of ethanol which is not in complete isotopic equilibrium with the prefomed 
acetic add. 

No method was available for determining the complete distribution of 
in caproic add. The presence and amount of in the carboxyl group 
could, however, be determined by decarboxylation of the barium salt. 
We found 4150 cts./min./mM in the barium carbonate obtained by the 
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decarboxylation of barium caproate containing 11,600 cts./ixiin./mM. 
Therefore, 35.7 per cent or slightly more than one-third of the was pres¬ 

ent in the carboxyl group. The data are consistent with the view that the 
is equally distributed among three of the six carbon atoms (probably 
those in the carboxyl, beta and delta positions), but this is not certain. 

The results of experiment 1 (table 1), considered in conjunction with 
other information now available, lead us to postulate that the following 
reactions may be involved in the formation of butyric and caproic acids 
from acetic acid and ethanol. 

CHsCHaOH + KJdTOi CHsCOOPOsKg + 4H (8) 

CHaCOOPOaKg + ADP CH5COOH -f ATP (9) 

In the presence of synthetic CHaC^OOH, the forward reaction (9) would 
cause a dilution of the active acetic acid and the reverse reaction would 
introduce into the carboxyl group of acetyl phosphate. Although there 
is at present no direct evidence to indicate the occurrence of acetyl phos* 
phate in this fermentation, the compound is almost certainly formed by 
CL butylicum,* an organism which also produces butyric acid (and butyl 
alcohol) from acetic acid.^ Moreover the chemical properties of acetyl 
phosphate are consistent with its being an intermediate in fatty acid 
synthesis.’* * The labeled acetyl phosphate and the labeled acetic acid are 
assumed to condense to yield a product that is reduced to butyric acid. 
This reaction is not reversible. 

CH8C*00P08K2 + CHaC^OOH + 4H 

CH 3 C*H 2 CHjC^OOH + K 2 HPO 4 + H 2 O. (10) 

A similar type of condensation and reduction involving butyric acid and 
acetyl phosphate could lead to the fonnation of caproic acid labeled in the 
carboxyl, beta and delta positions. 

CHsC^OOPOaKs + CHaC'^H2CH«C*OOH -f 4H 

CHiC^HjCHaC^HaCHjC'^OOH + K,HPO, + H 2 O. (11) 

Reaction (11) represents only one of two possible ways in which caproic 
acid could be formed. Instead of there being a direct addition of tlie acetyl 
group to the terminal methyl gnmp of butyric acid as is indicated above, 
the high energy phosphate group could be first transferred to butyric acid 
to give butyryl phosphate which could then condense with the methyl 
group of acetic acid. 

CH8C*^H2CHaC*OOH + CHaC^OOPO^Kj ;=i 

CHaC^HiCHaC^OOPOaK, + CHaC*OOH. (12) 

CHiC^HjCHtC^OOPOaKa + CH8C*OOH + 

4H CHaC^HaCHjC^HaCHjC^OOH + KaHPOi + H*0. (13) 
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Evidence has been presented by Koep>sell, et al,,^ that a transphosphoryl¬ 
ation between acetylphosphate and but 3 rric acid occurs under the influence 
of an enz 3 mie preparation obtained from Cl. butylicmn. With either 
mechanism the isotope distribution of the resultinj^ caproic acid would be 
the same under the conditions of ex{>eriment 1. 

It is possible, however, to distinguish between these two types of con¬ 
densation by carrying out a fermentation of ordinary ethanol and synthetic 
butyric acid labeled in the carboxyl group. The position of the in the 
resulting caproic acid must depend on the way in which the condensation 
occurs. This is illustrated in equations (14) and (15) where the inactive 
acetyl phosphate and acetic acid are assumed to originate from the oxida- 

CH3COOPO3K2 + CH3CH2CH2C*00H + 4H 

CH3CH2CH2CH2CH2Cn;)OH + K2HPO4 + H2O. ( 14 ) 

CH3(CH2)2C*OOP08K2 + CHjCOOH + 

4H CH8(CH2)2C*H2CH2C0()H + K 2 HPO 4 + H 2 O. (15) 

tion of ethanol. It can be seen that a condensation of acetyl phosphate 
and labeled butyric acid would yield carboxyl-labeled caproic acid, while a 
condensation of labeled butyryl phosphate and ordinary acetic acid would 
yield caproic acid labeled in the beta position. 

TABLE 4 

Thb Fermentation of CHiCHjOH and Svnthbtic CHiCHfCHjC*OOH by 

Cl. kluyveri 

Experiment 3 


TOTAl. 


COMPOUND 

mM/H) mu 

ctu./min./mM 

cts./mtn. 

Before growth 

Acetic acid 

0.100 

0 

0 

Butyric acid 

0,.384 

17,200 500 

6610 

Ethanol 

ca.1.7 

0 

0 

After growth 

Acetic acid 

0.101 

0 ^ 100 

0 

Butyric acid 

0.05 

18,000 10,000 

955 

Caproic acid 

0.427 

12,600 * 500 

5400 

Ethanol 

0.300 

250 60 

76 


The results of an experiment designed to distinguish between these 
possible condensation mechanisms are given in table 4. Alcohol was 
added in excess to favor a high conversion of butyric acid to caproic acid. 

It can be seen in table 4 that most (81.7 per cent) of the originally 
present in butyric acid was converted into caproic acid. The molar 
activity of the caproic add (12,000 =*= 500 cts./min./mM) is somewhat less 
than that of the original butyric acid (17,200 500 cts./min./mM) due 

to the fact that part of the caproic acid was completely built up from in- 
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active ethanol and acetic acid. This is evident from the fact that the 
quantity of caproic acid formed (0.427 mM) was greater than the butyric 
acid originally added (0.384 mM). When this dilution is taken into ac¬ 
count, the calculated molar activity of the final caproic acid (17,200 cts./ 
min./mM X 0.384 mM/0.427 »= 13,400 cts./min./mM) agrees fairly well 
with its observed molar activity (12,600 cts./min./mM). 

The caproic acid formed in this experiment contained little or no in 
the carboxyl group. The barium carbonate obtained by decarboxylation 
from two samples of barium caproate showing activities of 845 **= 20 and 
657 15 cts./min., were found to give only 6 =*= 3 and 5 =*= 3 cts./min., 

respectively. It will be recalled that synthetic carboxyl-labeled barium 
caproate yields 52 per cent of its as barium carbonate. 

The absence of from the carboxyl group of caproic acid proves that a 
condensation of the type shown in equations (11) and (14) does not occur. 
The results are, however, consistent with the mechanism shown in equa¬ 
tions (13) and (15), involving a condensation of butyryl phosphate with 
the methyl group of acetic acid. The evidence in favor of this type of con¬ 
densation would be stronger if the had been proved to be present only 
in the beta pos^ion. This has not yet been accomplished, but further 
work on this problem is in progress. 

There are a few other points concerning experiment 3 (table 4) that 
should be mentioned. 

The complete absence of activity in acetic acid definitely proves that the 
conversion of acetic to butyric acid is not appreciably reversible at least so 
far as the carboxyl carbon atom is concerned. Evidence has already been 
presented above against any considerable exchange of carbon between 
acetic acid and the alpha, beta or gamma carbon atoms of butyric. 

A small but definite amount of activity was found in the neutral volatile 
compounds, reported as ethanol. It is possible that this activity is actually 
present in ethanol, though this would be difficult to reconcile with the fact 
that there is no activity in acetic acid which seems to be an intermediate 
between butyric acid and ethanol. Another possibility is that the activity 
attributed to ethanol is actually present in an associated compound such as 
butyl or hexyl alcohol. Since the molar activities of the C 4 and Q com¬ 
pounds are relatively very high, a small ( 1-2 per cent) contamination of 
the ethanol would account for the observed activity. With the small 
amount of alcohol and the low activity involved in the present experiment, 
the contamination theory could not be proved or disproved. However, 
it may be mentioned in '^is connection that the characteristic odor of CL 
kluyveri cultures suggests the presence of a higher alcohol or ester. 

Summary, — 1 . When CL kluyveri is grown anaerobically in a medium 
containing ordinary ethanol and synthetic acetic acid labeled in the car¬ 
boxyl group with labeled butyric and caproic adds are farmed. 
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2. The butyric acid so formed has C** almost equally distributed be¬ 
tween the carboxyl and beta positions. The alpha and gamma positions 
are inactive. 

3. The caproic acid has one-third of its in the carboxyl group; prob¬ 
ably the beta and delta positions are also labeled, though this has not been 
proved. 

4. No active carbon dioxide is formed from carboxyl-labeled acetic 
acid. This indicates that carbon dioxide is not an intermediate in these 
reactions. 

5. The content of the residual acetic acid is much lower than that of 
the initial acetic acid. This evidently results from the oxidation of ethanol 
to acetic acid or a related cotnpound in isotopic equilibrium with it. 

0. When CL kluyveri is grown with ordinary ethanol and synthetic 
carboxyl-labeled butyric acid, C'* is found in caproic acid but not in acetic 
acid. 

7. The active caproic acid so formed contains almost no activity in its 
carboxyl group. 

8. The above facts are consistent with the view that the fonnation of 
butyric acid involves a condensation between acetic acid or a reactive 
derivative thereof, such as acetylphosphate, formed by the anaerobic oxida¬ 
tion of ethanol, and a second molecule of acetic acid. The condensation 
product is then reduced to butyric acid. Caproic acid formation involves a 
condensation of the carboxyl group of butyric acid or some related C 4 
compound, like butyrylphosphate, with the methyl group of acetic acid. 

• Present address: MaII*iclcrodt Institute of Radiology, Washington University, 
St. Louis, Mo. 
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THE DIFFERENTIAL EQUATION OF THE DISTRIBUTION OF 
GENE FREQUENCIES 

By Sewall Wrigiit 

Departmiint op ZodLooy, Thb University of Chicago 
Communicated October 16, 1945 

The first attempt to determine the mathematical form of the distribution 
of gene frequencies in populations was based on the setting up of differ¬ 
ential equations for certain special cases (Fisher, 1922,^ 1930^). A correc¬ 
tion and extension of these results came from expression of the conditions 
in an integral equation (Wright, 1929,® 1931^). A general solution has 
since been obtained for fully stationary distributions by a third method 
(Wright, 1937,* 1938®)* The case of uniform flux has been treated less 
generally (Wright, 1938,® 1942’^). Dr. A. Kolmogorov® has recently been 
kind enough to send me a reprint of an imfiortant paper on this subject 
which was published in 1935 but which had not previously come to my 
attention. While the application is restricted to a particular stationary 
distribution, the method of approach points to a more systeniatic formula¬ 
tion than before. 

The situation discussed by. Kolmogorov is that of a large population, 
consisting of many subgroups of size n, each of which receives a certain 
number (ife) of immigrants from the general population but otherwise 
breeds within itself. The average rate of change of the gene frequency of 
subgroups, in which p is the frequency of a given gene, is represented by 
A — X(A/?) = {k/n){p — p) where p is the mean value of p in the whole 
population. The variance of /?, due to accidents of sampling in one gener¬ 
ation, is represented by B == 2(A)5>)2 = pq/2n, q ^ I -- p. It is stated, 
without demonstration, that the distribution u{p) of gene frequencies 
among subgroups after a stationary state has been reached, answers to the 
differential equation 

The pertinent solution is given as 

The effect of selection in this situation is discussed briefly without, how¬ 
ever, modifying u{p) by introduction of the selection term, ap% into 

It is noted that the same formula (2) had previously been derived by the 
present author^ by a different method. Equation (1) has, however, 
broader implications if valid for the general case A » 22(Af>), B == 
and not merely for the particular case A « {k/n){p ^ p),B ^ pq/2n. 
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The Immediate Factors of Evolutionary Change .—The immediate factors 
that tend to cause systematic changes (Ag) in gene frequency {q) may be 
listed exhaustively*' ^ as (a) mutation pressure, A^ — t/(l q) — uq^ 
where v and u are the rates of mutation to and from the gene in question, 
(b) immigration pressure, Aq = — q) (Kolmogorov's^) where m is 

the proportion of replacement by immigrants and qt is the gene frequency 
in these, and (r) selection pressure, which may take widely diverse forms 
but in the important case of constant relative selective values {W) for 
each multiple factor genotype in a random breeding population takes the 
bW 

form Aq = g(l — q) where r is 1 in haploids, 2 in diploids, the 

usual case, 1.5 for sex linked genes (if equal numbers of males and females), 
4 in tctraploids, etc,’* “ In addition to these systematic pressures are (d) 
the random variations, 6^, due to accidents of sampling, the variance of 
which is cIq = §(1 — q)/rN in a |x>pulation of effective size N (Kolmo¬ 
gorov's B). The diploid case (r = 2) will be assumed in what follows. 

The Stationary Distribution of Gene Frequencies .—Systematic pressure 
toward the gene frequency, at which Ag = 0 and the cumulative effects of 
accidents of sampling determine a probability curve ^{q) describing the 
frequencies which would be exhibited in the long run by the value of q for 
a particular gene in a population subject to constant conditions. This 
distribution may also be interpreted as that exhibited at one time by the 
values of q in a group of populations that are all subject to the same condi¬ 
tions (as in the case of Kolmogorov's u{p)). The deviations from the bi¬ 
nomial square formula for genotypic frequencies in the total population, 
depend on the variance of <p{q) under this interpretation.*- In other 
cases <f>{q) may be used as the distribution at any time within either a class 
of non-allelic genes or an extensive series of multiple alleles,*^ all subject to 
the same conditions. 

That equation (1) is, in fact, completely general for tlie stationary form 
of distribution may be shown by a slight modification of a method®* ® that 
has been used for derivation of v?(g). 

* The amditions for stability of the distribution (including the terminal 
classes g - 0, g » 1) may be represented by two equations expressing the 
persistence of the mean and variance, respectively 

+ £^)v{q)dq =« Jl'qv(q)dq. (3) 

- q + Sq + Aqy<piq)dq =» Jl\g - q)Mq)dq- (4) 

Noting that the mean value of fig is zero, and that fig is not correlated 
with g or Ag, these equations reduce to the following if the term in (Ag)^ 
in (4) may be ignored. It may be noted in this connection that this term is 
negligible if Ag is of the same order as or less, while if of higher order, 
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systematic pressure dominates the results so completely that the distribu¬ 
tion formula itself becomes unimportant. 

Jl^M<piq)dq = 0. (3o) 

2 Jo\q - q)Aq<p(q)dq + M^<'l,v(q)dq = 0. (4a) 

Putting Aq<p{q)dq ^ dx{q) these conditions become 

X(l) - X(0) = 0. (3b) 

2fMq)dq - 2[x(l) + g(x(l) - x(0))l - f.''<Ty(q)dq = 0. (4b) 

Substituting (3b) in (4b) the latter becomes 

Ja'l2x(q) - 2x(l) - <rl,<f>(q)idq = 0. (4c) 

A solution is obtained by removing the integral sign since the resulting 
equation not only satisfies (4c) but also (36) (noting that 0 if ^ — 0 
or if 5 — 1, there being no sampling variance without alternatives in the 
sample). 

X(q) - X(l) = ( 5 ) 

This can be solved for v?(ff) by differentmting the logarithm of the left- 
hand number and making the appropriate substitutions.^ 

( 6 ) 

where C is a constant such that yi^^(q)dq « L 

Since q increases by steps of 1 /2N in a population of size Nt the frequency 
of a given value of q is f(q) *= *p{q)/2N. From a study* of simple cases 
{N ^ 2 or 3) in which the frequencies in the stationary state can be deter¬ 
mined algebraically and from a more elaborate investigation by R. A. 
Fisher® of the subterminal region in certain cases, it appears that the fre¬ 
quencies are given with considerable accuracy by the formula except for 
the terminal classes, g ~ 0, * 1. Consideration of the exchanges which 

occur between the terminal and neighboring classes leads* to the following 
approximate estimate for the terminal class, g « 0. That for g » 1 is 
analogous. 

/(O) « f{l/2N)/4N[mq, + v] . (7) 

The differential equation for the completely stationary case is given by 
differentiation of (5). It comes under equation (1). 

i ^ ~ ^v(q) - 0. (8) 

Since Aq>p(q) is the proportion of the distribution which tends to be 
carried past a specified value of q by the sjrstematic pressure Aji the other 
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term must represent the net proportion which tends to be carried in the 
opposite direction by accidents of sampling in each generation. 

7"he Case of Steady Flux ,—There may be a practically stationary state of 
the proportions in all intermediate values of g in spite of steadily increasing 
frequency of one terminal class at the expense of the other, providerl tliut 
the proportion lost by the donor terminal class is negligible. This cannot 
be the case if either nmtatiori rate or immigration rate is appreciable, but 
may hold in the presence of strong selection pressure since selection pressure 
is nil in populations in which q « O or g =» L 

The differential equation for the case of .steady flux must differ from (8) 
by a constant term (D), the net proportion of the total (excluding the 
recipient class) that is carried past each value of q in each generation, 

i Jq + P = 0. (9) 

This is the general form given by one integration of (1) which is therefore 
the general differential equation for a steady state of the intermediate 
classes. It may be reduced to a linear equation of the first order by making 
the substitution, y =» 

The solution for <p(q) is as follows: 

<f>(2) = [C - . (II) 

The simplest special case is that in which Ag may be treated as zero 
(although there could be no flux if it were absolutely zero). 


/( 2 ) 


C _ 

2(r- 8) 


2D 

1-2 


( 12 ) 


The case under (12) that is most important genetically is that of irre¬ 
versible mutation at a rate so low that the donor class (g = 0, or g = 1) is 
not appreciably depleted. According to direction of mutation, 

/(2) “ 2t»/g. or/(s) = 2»/(l - g). (13) 

The ratio of the subterminal classes (l/2iirin this case) gives the probabil¬ 
ity that a single neutral mutation may reach fixation instead of elimination. 

Returning to (12) the case in which Z? «■ 0 yields the corresponding sim¬ 
plest solution for a completely stationary state 


^(g) « 1/(2(0.577 + log2.1V)2(l — 2)1 (terminal classes excluded). (14) 
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The case in which there are constant relative selection coeflEicients for all 

i>W — 

genotypes {^q « <?(! — q)—/fW) gives an apparently simple but in 

oq 

general rather refractory form (assuming a given set of frequencies of other 
genes) 

<p(q) = [C - 2DfW-^^dq]. (15) 

It will be convenient for later reference to cite the less general case 
S.q ^ q{i q}{s + tq), = ^^{1 — which allows for any degree of 

dominance, provided s and t are both small, 

/(2) » - 2)] [C - . (16) 

Non-stationary States .—The general case, in which the proportion at 
each value of 5 is a function of time as well as of g itself, is given by the 
following, of which equation ( 1 ) is the case in which the left-hand member 
is zero. Time {T) is measured in generations. 

Did*, d 

7-)] - - [Ag^(g, 7')]. (17) 

This can be reduced to an ordinary differential equation in the case in 
which the distribution has reached stability of form, with all classes (except 

X ^ f 

the terminal ones) falling off at the same rate. Let K ^ -—rr —— 

ip{q, T) dr 

be the rate of decay per generation. 

i ^ “ 0. (18) 


It may easily be verified that for the case in which fixation is occurring 
under the uncomplicated effect of inbreeding (Ag ~ 0, “ 1/2N) the only 

solution that does not involve negative frequencies is 

v{q) = 1. or/(g, T) - Co«-''' (19) 

In the case of irreversible mutation at an appreciable rate, Ag « v(l — g) 
the rate of decay is easily shown to be if « v. Equation (18) is satisfied 
by the following value, originally derived by a different method. 

/(g) * (20) 


An analogous solution applies to the effect of swamping by immigration 
from a population in which the gene in question is fixed (Ag ■■ m(l — g), 
if - m) 

/(g) * 2»»g**^*'~‘. (21) 
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Comparison with Restdts by Other Methods.—The first attempt at deter- 
miiiing the distribution of gene frequencies was made by R. A. Fisher* 
who arrived at differential equations for certain special ctises, in terms, 
however, of a different variable than gene frequency, t? = cos^^ (1 — 2^), 
used in order to make the sampling variance constant. A discrepancy be¬ 
tween the rate of decay (K = 1/4A), derived by him for the case in which 
Ag — 0, and the value, 1 /2N, given by a general method***' for determining 
the rate of fixation of genes under any system of mating, led the present 
author**' * to a different approach. The condition for a stationary state of 
the intermediate classes except for possible decay at rate A, was repre¬ 
sented by tlie following equation in which q and x are recipient and donor 
classes, respectively, in the exchanges which occur from one generation to 
the next. 


(1 - K) 


v(g) 

2N 




It could easily be seen that if Aa? = 0, the equation is satisfied by ip{q) » 
^(x) = 1, A = '\/(2N +1), the latter at least a close approximation to the 
rate of decay expected in this case. For the simplest stationary state, 
K - 0, Aq ^ 0, the expression (p(q) « Ag" * + B{1 — g)”* is indicated 
(cf. 12), Approximate solutions could also readily be obtained for the 
linear pressures of tnutation and migration. Selection presented more 
difficulty. 

On inspection of these results in manuscript, Fisher** was able to correct 
and extend his equations to obtain the following: 

I, Case of uniform decay (Ag == 0) 


dy 


4n 


+ ^(ycot 



y =» sin <9 (cf. (19)). 


(23) 

(24) 


II. Stationary state, no selection (Ag == 0) 


dy 


+ y cot 9 


~AnB. 


(25) 


y ^ A cosec 9 + 4nB cot 9 (general, cf. (12)). (26) 

y A cosec 9 (sjmunetrical case, cf. (14)). (27) 

y «■ 4»B (cosec 9 + cot «>) (unidirectional mutation, cf. (13)). (28) 
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Ill, Stationary state, selection, no dominance, ag(l — g) 


dy 


(2a» sin cot ^)y 


— ^anA. 


(29) 


y « cosec i>(2/l + Be 


— 2a» C06 d’ 


) 


4 cosec 


(1 


-2aff(^4'Coa 0)\ 


(1 -- 


(general, cf, (16), t «« 0). (30) 

(unidirectional mutation), (31) 


In cases I and II, the results agreed with those obtained from the integral 
equation (22), as may be seen by making the substitutions cos t? « 1 2g, 

yd^ « d^/dq^ =*1/ \/g(l — g). In case III it was the author's 

turn to make a correction in the selection term (published first* as 
by taking cognizance of a series of small terms erroneously thought to be 
negligible but which actually doubled the exponent. With this correction, 
there was agreement.* 

The most general result* obtained for the completely stationary state by 
solution of (22) took into account all of the factors of change in the form 
Ag - r(l - q) - uq- m{q - g,) + g(l - g)(j + tq), - g(l - g)/2iV. 

(p{q) = -«)+«] 


This agrees with that obtained by substituting these values of Ag and of 

The most general result*** obtained by this method for the case of steady 
flux was for Ag « g(l — q)(s + tg). 

/(g) « [«<''*«+*''*«Vg(l - g)]IC -2Dge-<®^*»+*"*V(2iVig,2iVfg*)l. (33) 


where 


Ha, 0 ) * 1 
HO, b) 


, a* , a* , a* , 

+ S + 6i + 7|- " 

^ 3! 5! 7! 


- e—)/2a 


£« - (£«-i + £»_,)/2m(m + 1). 

No recurrence formula was recognized for the joint terms, ^(2JVsg, 
2i\r/g*) but the coefficients were calculated^ up to those pertaining to g*. 

The probability of fixation of a single mutation (C «■ 2a, 2> » w**^*+*'*/ 
H'^Ns, 2Nt) for irreversible mutations from class g — 0, orC“0, D — 
— 2Nt) for irreversible mutations from dass g -> 1), 
co uld be calculated from the ratios of the subterminal classes, (Prob. 
y/s/2N for a recessive mutation with sdective advantage s, Prob. — 2 j 
for a dominant mutation with selective advantage s, or for a semidominant 
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with selective advantage s in the heterozygote). The last agrees with 
Fisher’s conclusion.® Equation (33), with / =*= 0, is indeed equivalent to 
(31). 

Comparison of (33) with (16) shows that if the former is correct, the 
following must hold: 

^Pi2Nsq, 2mq^) « ( 34 ) 

This was tested by expanding the two exponentials in (34), integrating 
each term of the second one and combining. The coefficients were in all 
cases identical with those published^ for \p{2Nsqf 2Ntq^). 

Equation (22) also gave the solution (20) for the case of uniform decay 
under an appreciable mutation rate.^ 

The integral equation (22) and the differential equation (13) are clearly 
equivalent to a close approximation. They are not exact mathematical 
equivalents, however, as may be seen from the fact that K must be put 
1 /( 2 A^ + 1 ) in ( 22 ) if Ajc == 0 to give the solution <p{q) — 1 , while it takes 
its true value 1 /2N in (18) to give the same result. In the other cases (ex¬ 
cept ( 12 )) second order terms have been omitted in the series, obtained as 
solutions of tlie integral equation, which do not appear in the solutions of 
the differential equation. Neither equation, of course, represents the natu¬ 
ral conditions exactly since integration is substituted for summation and 
differentials for minimal steps (l/ 2 iV) in gene frequency. 

* Fisher. R. A., Proc. Roy. Soc. Edinburgh,^2^ 321-341 (1922). 

» Fisher. R. A.. Ibid., SO, 206-220 (1930). 

* Wright, S.. Amer. Naiuralisi, 63, 666-661 (1929). 

^ Wright. S., Genetics, 16, 97-169 (1931). 

* Wright, S., these Procbedings. 23, 307-320 (1937). 

« Wright, S.. Ibid., 24, 263-269 (1938). 

’ Wright. S., Bull Amer. Math. Soc., 48, 223-246 (1942). 

* Kolmogorov, A., C. R. de VAcad. des Sciences de V U.R.SS., 3 (7). 129-132 (1935), 

» Wright. S., these Procbedings, 24, 372-377 (1938). 

« Wahlund. S., Hereditas, U, 65-106 (1928). 

Wright, S., Genetics, 24, 538-662 (1939). 

« Wright, S., Ibid., 6, 111-178 (1921). 

Wright, S.. Amer. Naturalist, 61, 330-338 (1922). 
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EFFECT OF SMOKING ON TASTE THRESHOLDS FOR 
PHENYL^THIO-CARBAMIDE {PTC) 

By Ada R. Hall and Albert F. Blakeslee 

Dkpartment of Zoology amu Physiology, Wellesley College, antd Department 
OF Botany, Smith College 

Communicated November 2, 1945 

In tile course of experiments on tasting ability the question arose as to 
whether a person’s threshold was the true one if he had been recently 
smoking. Salmon and Blakeslee (1035) tested a large group for Pl'C 
threshold and recorded the type of smoking for each individual (heavy, 
moderate, none). These records show tliat the position of the subject’s 
threshold on the PTC scale is not correlated with his- smoking habits. 
'I hat is, a heavy smoker is just as likely to have a low threshold as a high 
one and vice versa. The amount that an individual might vary from his 
resting threshold when he smoked again had not been tested. (Resting 
threshold is here used as the value obtained after nine or more hours of 
abstinence from tobacco.) 

Such a sericvS of tests was therefore undertaken to show the effect, if 
any, that tobacco has on the taste apparatus, and to determine how long a 
time must elapse between smoking and a return to the original threshold. 

I n a search of the literature for the effect of tobacco on the various senses 
it was found that the following reactions have been studied: visual acuity, 
skin pressure sense, eye accommodation, skin reaction to slight electric 
currents, taste preferences, and mental and physical efficiency. In addi¬ 
tion a number of workers have analyzed smoke and the tobacco in its 
various fontis, snuff, pipe cuts, and cigarettes, for the ingredient causing 
the reactions. Bogen (193C) after careful analyses reports that no single 
explanation applies to the problem of irritation by tobacco smoke. The 
innocent bystander receives the sidestream rich in ammonia and other 
alkaline substances quite irritating to the eye and nasal passages. The 
smoker who gets the main stream through the cigarette or pipe stem has a 
more acid material thereby receiving his nicotine (alkaloid) as salts which 
are less irritating. The smoker does get heat, pyridine, volatile acids, 
tarry and phenolic constituents, and the aldehydes, furfural and acrolein. 
These all lead to irritation of the membranes. All wprkers are fairly well 
agreed that nicotine in whatever form absorbed is the principal toxic agent 
wherever the nervous system is involved. 

Carefully controlled tests on mental and physical efficiency before and 
after smoking show a definite correlation between change in efficiency and 
smoking. Hull (1924) points out the following facts: 
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1. There is a large and uniform increase in the tremor of the hand 
lasting an hour and 23 minutes. 

2. There is marked and uniform stimulation of the heart which is still 
present an hour and 40 minutes after smoking. 

3. There is a minute increase in the speed of reading reaction time. 

4. 'I'here is a gain in the rate of complex mental addition lasting an 
hour and 15 minutes but with no measurable effect on accuracy. 

5. There is a high probability of loss in auditory memory and efficiency 
in rote learning, with recovery in an hour. 

In a series of ten mental tests Bush (1914) reports a 10.5% decrease in 
edlciency after smoking. 

Accommodation time, both ncar-to-far and far-to-near sight, has been 
studied over a period of years at Wellesley College. Homewood aiKi 
Howe (1937) have shown that accommodation time is definitely decreased 
during the first 20 minutes after smoking, hut increased from 40 to 60 
minutes after. This agrees with vSchninipf-Pierron’s (1927) statement that 
the effect of tobacco on the nervous system is first a stimulation and then 
a depression. They also found that the occasional smoker was stimulated 
more than the habitual one and depressed sooner and to a greater extent. 

Wenusch and Schdller (1936) working on skin pressxxre found that sensi¬ 
tivity to both hair pressure and pendulum stroke was changed during 
smoking. They do not record any stimulating effect of smoking, only a 
depressant one. 

From a survey of the literature on the changes in mental and physical 
states after smoking, and from a series of electrical tests on the finger before 
and after smoking, Mendenhall (1930) concludes that tobacco has the same 
effect as rest. If a ])erson is tired and depressed, smoking will stimulate 
and bring him back to normal, if overexcited it will quiet him by its de¬ 
pressing action. If he is in a well-rested state it has no marked effect. 

Sinnot and Rauth (1937) found the thresholds for sugar and salt high 
in smokers, but during a period of several days during which six smokers 
had abstained, their tliresholds fell to the level of non-smokers. Laird 
(1939) tested the effect of the smoking habit on the preference for sweet or 
tart pineapple juice. He found no difference in the taste preferences of 
smokers and non-smokers among men, at any age, nor among women up 
to forty years. Among the women of fifty to sixty-eight years the non- 
smokers were like the other groups, but the smokers were predominantly 
in favor of the tart juice rather than the sweet. He did not test each 
individual before and after smoking, nor does he deal with threshold 
ability. 

In testing the present group of subjects for the effect of smoking on 
tasting ability each person was his own control. Smokers were tested 
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only after nine or more hours of abstinence from tobacco. Of the 60 
subjects, 32 were from the staff at Cold Spring Harbor and 28 were ad¬ 
vanced students and staff at Wellesley College; 32 were habitual smokers 
and 28 non-smokers; 24 were men and 36 women. Concentrations of 
PTC were used from 1:5120 M up to 1:312.5 using a factor of two, such 
that each solution used in a test was twice as concentrated as that pre¬ 
viously administered. (M in these numbers represents 1000.) In each 
test approximately 0.6 cc. was given by means of the straw method. 
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FIG.L ABILITY TO TASTE RT.C. AFTER SMOKING* 


Two types of experiments were performed. The procedure for the first 
series of tests was as follows: 

1. The FTC threshold was determined. 

2. The subject smoked two cigarettes of a standard brand in 10-15 
minutes. 

3. The PTC threshold was determined immediately after smoking and 
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at 15-ininute intervals for one to two hours. (In several cases the tests 
ran still longer.) In the second series 10 individuals of the first series, 
both smokers and non-smokers, were tested as above except that the smoke 
was drawn through a dry flask for cooling and into the nose through a steri¬ 
lized nose-piece keeping the mouth closed so that the smoke did not touch 
the taste buds. 

A summary of the results of the first series may be found in table 1, 
Figure 1 shows typical P'fC curves for each of the behavior groups. 


TABLK i 

Summary of the Kseactions Towaru Phenyl-thio-carbamidb after Smoking 
(Smoke Taken in Through the Mouth) 
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There were three types of reaction: 

1. No change in tasting ability, group A (G.6%). 

2. Decrease in tasting ability, groups B and D (73.3%): group B re¬ 
turned to initial level (53.3%); group D returned to initial level and then 
showed an increase (20%). 

3. Increase in testing ability, groups C and E (20%): group C returned 
to initial level (16.7%); group E returned to initial level and tlien showed 
a decrease (3,3%). 

These figures check very well with those of Mendenhall (1930) working 
on sensitivity to electric shock. He found that when tested before and 
after smoking (750 observations) 72.2% of the cases showed a depression 
while 28.3% showed a stimulation. In our work for taste 73.3% were 
depressed, 20% were stimulated and 6.6% showed no change. 

Considering the time at which depression and stimulation occur the 
following summary may be made: 
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Time at which tasting ability is first lowered (groups B, D): 

38 during smoking (10-15 minutes) 

4 by 15 minutes after smoking 

2 by 30 minutes after smoking 

Time at which tasting ability is first increased (groups C\ E): 

8 during smoking 

3 by 16 minutes after smoking 

1 by 30 minutes after smoking 

Time of greatest increase after an initial decrease (groups B, D): 

5 by 15 minutes after smoking 
10 by 30 mimites after smoking 
1 (5 by 45 minutes after smoking 
10 by 60 minutes after smoking 

3 not increased again by 60 minutes (one was still low at 105 min.) 

Thus it may be seen that the initial depression occurs during smoking or 
by 15 minutes after. For those who show no initial decrease, stimulation 
occurs for most individuals during smoking or in 15-30 minutes after. If 
there is an initial decrease the return to the original tJireshoJd or to a period 
of stimulation is for most subjects at 30-45 minutes after smoking. 

The taste apparatus according to Ranson (1939) is comp<^sed of taste 
buds on tlie tongue from which two sets of special afferent visceral fibers 
pass to the tractus solitarius via the chorda tympani (of the seventh cranial 
nerve) and the glosso-pharyngeal nerve. These taste fibers connect with 
the anterior part of the nucleus of the tractus solitarius. Fiuther con¬ 
nections are rather vague but certainly reflexes to the gustatory center and 
the motor nuclei for mastication and swallowing exist. A cerebral center 
is not definitely fixed but a spot near the anterior end of tlie temporal lobe 
is thought to have such function. There are at least three synapses then 
between the surface of the tongue and consciousness. 

According to the work done on other sensory-motor arcs the expected 
curve for taste should show an initial level» a more sensitive period, and 
then a depression period. But we have here an added factor to complicate 
results, namely, the exposure of the sensory endings, the taste buds, to the 
various drugs resulting from the combustion. It may be that the de¬ 
pressant effect on the taste buds antedates or coincides with the stimulative 
effect on the nerve cells and thus we get several forms of curves for the first 
half hour depending on the comparative strength of the two factors. 
Some individuals keep to the ^me level at first with later depression, 
others have a sharp early depression followed by stimulation, while others 
are stimulated immediately and to a greater degree than the depression 
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of the taste buds. We felt that it might be enlightening so to conduct the 
smoking period that the taste buds would not be touched by the smoke. 
Of the 10 individuals so tested 3 showed no change in tasting ability for 30 
minutes to an hour followed then by a depression. Six had an initial 
stimulation followed at 30 to 45 minutes by a depression. These persons 
had all shown initial depression when smoking by mouth. One subject 
(of group C) who showed only stimulation when smoking by mouth had 
the same type of reaction (stimulation only) when smoking by ‘'nose.'* 
Figure 2 shows the mouth and “nose’' curves for two of these subjects. 
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FIG-?. Fl-FLCT OF SMOKING BY NOSt. 

It would seem theti that the sharp depression noted for the larger number 
of subjects in series 1 may be due to the direct action of some product of 
combustion on the taste buds rather than to the effect of nicotine on the 
nerve cells. 

We may therefore make the following conclusions: 

1. There is a definite effect on the individual's ability to taste PTC 
after smoking, 73.3% of the subjects requiring stronger solutions in order 
to taste after smoking and 20% of them tasting weaker solutions. 

2. The time which must elapse after smoking before the individual is 
a proper subject for tasting experiments varies with the individual. In 
the present series of tests only 58% had returned to the resting threshold 
within an hour, while some took several hours for recovery. 

3. The initial effect of smoking in the larger number of cases is a direct 
dulling of the taste buds by some product of the combustion. 
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4. The true effect of nicotine on the nerve apparatus for taste appears 
to be the same as for other nerves tested—an initial stimulation with later 
depression. 
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RESPIRATORY ENZYMES IN PARAMECIUM: 1. CYTOCHROME 

OXIDASE^ 

By Edgar J, Boell 

Osborn Zoological Laboratory. Yalb University 
Communicated October 16, 1946 

It has been generally stated, as the result of the work of a number of 
investigators,^' ® that cyanide is without effect on the respiratory activity 
of Paramecium, The report of Kalmus* that respiration of Paramecium 
is depressed by cyanide has been largely disregarded because cf serious 
defects in his experimental technique (cf. Howland and Bernstein*). 
Cyanide was likewise shown to be without effect on the respiration of a 
number of other ciliates,** ® and the conclusion was reached, os ^sum¬ 
marized by Lwoff,* that **Cette insensibility k HCN et k CO n'est pas 
gyn4rale chez les Protozoaires, mais est jusqu*id particulifere aux In- 
fusoires/' The repeated failure to obtain depression of respiration in 
ciliates with cyanide and rimilar inhibitors led naturally to the belief that 
oxidations in these forms were mediated by a mechanism which was 
different from that of most aerobic cdls-^ 
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More recently, a reinvestigation of the effect of cyanide on the respira- 
tion of certain ciliates has been made. In these studies a number of 
technical improvements, not alone in the use of cyanide but ^so in rearing 
the animals and preparing them for respiratory measurements, were 
employed. Thus Baker and Baumberger^® and HalP^ showed that res¬ 
piration in J'etmhymena geleii and Colpidium campylum could be inhibited 
by cyanide. Kitching,^* in a study of contractile vacuole activity, ob¬ 
tained indirect evidence for cyanide susceptibility in the pcritrich, Zo- 
othamnion. Finally, the respiration of Paramecium calkinsi was shown to 
be inhibited to approximately 50 per cent of the normal by cyanide (BoelF* 
and recently confirmed by Pace^^) and by azide of the same concentrations 
as those usually employed for respiratory studies. 

Since these inhibitors have been widely used to indicate the operation 
of the so-called cytochrome-cytochrome oxidase system in normal re¬ 
spiration, the conclusion was drawn^* that in so far as susceptibility to 
cyanide and azide can be used as tests, the results suggest that the re¬ 
spiratory mechanism of Paramecium resembles that of most aerobic plant 
and animal cells. The purpose of this paper is to provide further support 
for the above conclusion by presenting direct evidence for the occurrence 
in Paramecium of an oxidative enzyme which prcvsumably is cytochrome 
oxidase. Apparently this represents the first time that an oxidative 
enzyme has been obtained from a eiliate and studied by quantitative 
techniques. 

Technique .—Respiratory measurements and cytochrome oxidase de¬ 
terminations were carried out in the Cartesian diver apparatus on known 
numbers of Paramecium calkind which had been reared and prepared for 
study by methods previously described by Boell and Woodruff.^^ In the 
cytochrome oxidase determinations, highly concentrated suspensions of 
well-washed Paramecium were used. Duplicate 10-cu. mm. samples were 
withdrawn in order to obtain a count of the number of animals present in 
a given volume of medium, and the retnainder of the suspension (approxi¬ 
mately 0.1 cc.) was ground into a cell-free brei by means of a motor-driven 
homogenizer. Appropriate amounts of the enzyme preparation were then 
added to measured quantities of cytochrome-c, ascorbic acid (Merck's 
Cebione) which had been neutralized with NaOH, and phosphate buffer 
at pH 7.2. A series of divers was then prepared, each containing a 1.5-cu. 
mm. sample of the mixture or the same volume of a preparation containing 
enzyme which had been heated in a boiling water bath for 5 to 10 minutes 
prior to mixing with cytochrome and ascorbic acid. In some cases divers 
were prepared so that comparisons of enzyme activity in the presence and 
absence of added cytochrome could be made. All experiments were 
conducted at 25®C, 

Results.^1. Inhibition of Respiration by Cyanide and Azide .—The 
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inhibition of respiration of intact cells by cyanide, azide, carbon monoxide, 
etc,, has generally been interpreted as due to interference with the func¬ 
tioning of cytochrome and cytochrome oxidase. Thus, susceptibility to 
cyanide has been used as an indicator of the operation in tdvo of this system 
of respiratory catalysts. The results of a typical experiment with these 
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inhibitors are shown graphically in figure 1, Curves 2 and 4 of this figure 
show, respectively, the effect of sodium azide and potassium cyanide, each 
in a final concentration of 10"* molar, on the oxygen consumption of 
Paramecium. With both these substances respiration is depressed to 
approximately 50 per cent of the normal, and data are available which show 
that this inhibition is completely reversible. At acid pH values, however, 
Paramecia are irreversibly affected by strong concentrations of azide. 
Such animals apparently lose their ability to maintain water balance, for 
the contractile vacuoles stop beating and become enormously swollen. 

In some experiments in which azide was used, there was a period of 
accelerated oxygen consumption following the inhibition of respiration. 
In Curve 2, representing only the first 75 minutes of a longer ex{>eriment, 
such a rise in respiratory rate can be 
seen. The rate of respiration stimu - 
lated by azide may, under certain 
experimental conditions, consider¬ 
ably exceed the normal, and it is 
of interest to note that the accelera¬ 
tion of oxygen consumption pro¬ 
duced by azide is susceptible to 
cyanide. 

The control respiratory rates, as 
shown by Curves 1 and 2 in figure 1, 
although identical, were obtained 
from two different samples of Para¬ 
mecium and at different pH values, 
and, incidentally, it may be men¬ 
tioned that the average respiratory 
rate for these animals is essentially 
identical with that reported for P, 
calkinsi of the same race and 
mating type by Boell and Woodruff.^® 

2, Cytochrome Oxidase Activity .—^Preliminary tests of the cytochrotne 
oxidase activity of Paramecium were performed with 0.033 molar p-phenyl- 
ene diamine as substrate (Fig. 2). However, this compound, although it 
was readily oxidized, appeared to be toxic to the oxidase-es evidenced by 
a rapid decline in the rate of O 2 uptake (cf. Schneider and Potter'*), Its 
use was therefore abandoned. Ascorbic acid in a final concentration of 
0.01 or 0.02 molar was used instead, since a number of workers had shown 
that it can reduce cytochrome-c and could, accordingly, be used as a sub¬ 
strate in tests for cytochrome oxidase.**"'* 

The results of a typical experiment are presented graphically in figure 3 
and show unmistakably the presence of an enzyme in Paramecium capable 



FIGURE 2 


Oxidation of ^“phenylenediamine by 
oxidase from Paramecium calkinsi. Ex¬ 
perimental conditions: 25''C.; pH 7.2; 
final concentrations of cytochrome-c ■* 
1 X Itr ^ molar, of p-phenylencdianiine 
0.033 molar. Oxidase preparation equiva¬ 
lent to approximately 75 Paramecia, 

Curve A «= oxidase -f cytochrome 4^ 
p-phenyleiiediamine; Curve B * same 
but with boiled oxidase. Ordinate denotes 
oxygen uptake in m/ub 
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of oxidizing ascorbic acid. Moreover, since the catal 3 rtic oxidation of 
ascorbic acid is much greater in the presence of cytochrome than in its 
absence, it seems safe to conclude that the enzyme in this case is cyto- 
chrome oxidase. In this connection it may be recalled that Sato and 
Tamiya®® reported finding the absorption bands of reduced cytochrome in 
Paramecium. 



MINUTES 

FIOUKE 3 

Oxidation of ascorbic acid by oxidase from Paramecium 
calkinsi. Experimental conditions: the same as stated for 
hgure 2 except that ascorbic acid in a final concentration of 0.01 
molar was used as substrate in place of ^-phenylenediamine. 

Curve A « oxidase 4* cytochrome -f ascorbic acid; Curve 
B same but with boiled oxidase; Curve C oxidase 4- 
ascorbic acid; Curve D « oxidase 4- cytochrome; Curve E ■« 
oxidase. Ordinate denotes oxygen uptake in m>il. 

Ascorbic acid in solution shows a fairly rapid oxygen uptake even in the 
absence of enzyme which has been shown to be due to the presence in the 
reaction mixture of metallic copper impurities.^®’ ^ It is necessary, there¬ 
fore, to run a blank containing boiled enzyme, cytochrome and substrate 
in order to determine the non-enzyraic oxidation of ascorbic acid. How¬ 
ever, since Stotz, et have shown that the catalytic effect of metallic 
copper is eliminated by the presence in the reaction mixture of undenatured 
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protein, as well as other org^anic compounds,e.g., glycine,** it seems fairly 
certain that this method introduces an over-correction. Consequently 
the cytochrome oxidase values obtained are minimal, 

Schneider and Potter^* have described a method of correction which 
involves making determinations of the oxidase activity at three different 
concentrations and then extrapolating these to zero in .order to determine 
the oxygen uptake due to non-enzyinic catalysis. Such a procedure has 
been used in the preparation of table 1 which shows, in addition, a direct 
relationship between enzyme activity and enzyme concentration. 




TABLE 1 


VUMBKA or ANIltAt.t4 

m 1.5 cu. MM. OP 

REACnOM MIXTITEB 

Ol UPTAKE 
mpl/HOvn. 

CORRBCTBD CVTOCUEOUB 
OXn>ASB ACTIVITY 

ratio; 

activity/wumbke 

0 

36* 

0 


102 

57 

22 

21 

204 

76 

41 

20 

306 

96 

61 

20 


* Derived by extrapolating the 0% uptake at other values to zero enzyme concen 
tration.^* 


Summary .—By a micromanometric method, the respiration of Para¬ 
mecium calkinsi has been found to be sensitive to azide and cyanide. In 
addition, an enzyme capable of oxidizing ascorbic acid and ^-phenylene- 
diamine in the presence of cytochrome-c and which may, therefore, be 
designated as cytochrome oxidase has been demonstrated. 

’ Luud, E. J., A met. Jour. Physiol., 47, 1R7-177 (1918). 

* Shoup, C. A., and Boykin, J. T., Jour. Gen. Physiol., IS, U)7“118 (1931). 

* Gerard, R. W., and Hyman, L. H., Amer. Jour. Physiol., 97, 524- 525 (1931). 

< Kalmus, H., Zs. j. vergl. Physiol., 7, 314-4122 (1928). 

» Howland, R. B., and Bernstein. A., Jour. Gen. Physiol., 14, 339 -348 (1931). 

* Peters, R. A., Jour. Physiol., 48, (1929). 

T Pitts, R. F., Proc. Soc. Exp. Biol, and Med., 29, 642-544 (1932). 

•Lwoff, M., C. R. Soc. Biol., US, 237-240 (1934). 

* Jahn, T. L., in Protosoa in Biological Research, Columbia University Press, New 
York. 1941, 

w Baker, E. G. S., and Baumberger, J. P., Jour. Cell, and Comp, Physiol., 17, 285-303 
(1941). 

” Han, R. H., Physiol. Zool, 14, 193-208 (1941). 

» Kitching, J. A., Jour. Exp. Biol., 15, 143-161 (1938). 
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» Pace, D. M., Biol. BuU., 89. 76-83 (1945). 
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w Schneider, W. C., and Potter, V. R., Jour. Biol, Chem., 149, 217-227 (1943). 
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^ Ketlin, D., and Hartree, E, V.,Proc. Roy. Soc. of London, (B) 125, 171-186 (1938). 
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OFFSPRING FROM UNBORN MOTHERS^ 

By W. L. Russell ahd Patricia M. Douglass 

Roscoe B. Jackson Memorial Laboratory, Bar Harbor, Maine 
Communicated October 29, 1945. 

The preliminary experiments reported here show that mouse ovaries 
transplanted from embryos* to adult females can develop to maturity and 
produce offspring. 

Eight such operations were performed, three of which have proved suc¬ 
cessful. The donor ovaries were obtained from embryos aged 13Va days 
(in 3 of the operations) and 14}/t days (5 operations) post coitus, matings 
being timed by the vaginal plug method. They were transplanted to the 
ovarian capsules of young adult animals whose ovaries had been removed 
immediately before. A male was placed with each host a few days after 
the operation. Other transplantation experiments have shown that 
ovarian regeneration frequently occurs in host animals.^ In order to dis¬ 
tinguish offspring of the transplanted ovaries from offspring of regenerated 
ovaries a mating plan was used which has been described by Russell and 
Hurst.* This plan uses an inbred strain, stock 129, which carries both 
chinchilla, and albino, c®, genes. The embryo donors were obtained 
from matings of stock 129 albinos and were, therefore, of the genotype 
The hosts were hybrids, although for the purpose of this experiment, 
transplantations cotild have been made within the 129 stock. The hy¬ 
brids were the offspring of matings of 129 X C57 black strain and, 
therefore, had the genetic constitution C(f^. These C(f^ hosts with 
ovary implants were mated with 129 males. Offspring of regenerated 
host ovaries would, therefore, be either or while offspring from 
the transplanted ovaries would be 

The animals used have not yet reached the end of their breeding period, 
but the three successful operations have so far yielded, respectively, 3, 4 
and 10 offspring from the transplanted ovaries. In these operations the 
donor ovaries were obtained from embryos aged 14V« days pc and were 
transplanted to hosts 40 days old. Regeneration of host ovaries occurred 
to some extent in all three cases as well as in four of the unsuccessful 
operations. The remaining unsuccessful operation produced no offsfoing. 
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The demonstration that offspring can be obtained from transplanted 
embryonic ovaries, that is, from unboni mothers, introduces a method that 
should prove of value in several different fields of experimental zoology. 
Some of the possible uses are discussed below. 

1. Several dominant gene mutations apparently produce, in the 
homozygous mutant type, a lethal condition causing death of the animal 
while still within the uterus of the mother. The evidence rests on tlie pro¬ 
portion and nature of the abnormal embryos produced by matings of the 
heterozygotes. Transplantation of ovaries of the lethal type should, first 
of all, prove whether the ovary can survive in a normal host and, second, if 
the ovary does function, it would make possible a direct breeding test of 
the genetics of the lethal type itself. One experiment of this kind is being 
made by the authors. 

2. In the study of chrotnosotue translocations, experiments similar to 
the above could be undertaken to determine the chromosome make-up of 
embryos that die j)resumably from chromosome unbalance. 

3. Ovariiin transplantation could be used to identify the genetic type 
of embryos that have to be killed for study. An example will perhaps 
make this clearer. Mice homozygous for the gene W die shortly after birth 
from severe anemia and can, therefore, be obtained only from matings of 
the heterozygotes. Griineberg^ points out that since the anemia of WW 
embryos is already well marked on the IGth day it must have started earlier. 
Its actual onset has not been determined because there was no way of 
identifying the homozygous segregants before that age. 

4. Many transplantation experiments that were possible with older 
ovaries could employ embryonic ovaries to obtain additional information. 
For example, in studies of differences in maternal environment the foster 
mother's influence could be brought into play at an earlier stage in the 
development of the ova. 

5. The relation of hormones and other factors to the development and 
functioning of the ovary could be investigated by transplanting embryonic 
ovaries to hosts of various ages or to hosts subjected to various experimental 
treatments. 

6. It is possible that transplantation would prove successful with still 
earlier embryonic stages. In that case it might be a useful technique for 
investigations on the origin of the germ cells. 

7. There is no reason to suppose that the method could not be repeated 
for any number of successive generations, thus leading to an itidefinite 
number of unborn direct female ancestors. This possibility should be of 
interest to investigators in several fields of research. In studies of the 
mammary tumor agent, for example, mice could be obtained whose female 
ancestors, for any number of generations, had not been nursed. 

Summary .—Offspring were obtained from transplanted embryonic 
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mouse ovaries* This introduces a method that could be used for the gen¬ 
etic identification of some lethals and certain t 3 rpes of embr 5 ros that have to 
be killed for examination. It should prove of value in studies on differences 
in maternal environments, in experiments on the relation of hormonal and 
other factors to the development and functioning of the ovary and possibly 
for investigations on the origin of the germ cells. An extension of the 
method over successive generations, to produce animals descended from 
any number of unborn direct female ancestors, would provide still further 
possibilities for research. 

* Aided by a grant from the Rockefeller Foundation and by grants to the Roscoe B. 
Jackson Memorial Laboratory from the National Cancer Institute, the Jane Coffin 
Childs Memorial Fund for Medical Research, the Anna Fuller Fund and the Inter¬ 
national Cancer Research Foundation. 

‘ Russell, W. L., and Hurst, J. G., these Procbedinos, 31, 207-273 (1946). 

* Oruneberg, H*, The Genetics of the Mouse, Cambridge Univ. Press, 1943, 412 pp. 


INDUCTION OF CONJUGATION IN PARAMECIUM BURSARIA 
AMONG ANIMALS OF ONE MATING TYPE BY FLUID FROM 
ANOTHER MATING TYPE* 

By Tze-Tuan Chen 

Dbpartmbnt of Zoology, UmvERSiTy of California, Los Angeles 
Communicated October 26, 1946 

In these experiments, it was found that animal-free fluid from a Russian 
clone (Ru22) iriduces clotting and conjugation among animals of another 
mating type, even though the latter belongs to a different variety.^ 

Most of the present work was done on the effects of fluid from cultures 
of a Russian clone (Ru22) on animals of mating types belonging to four 
other varieties. This Russian clone (together with a number of other 
Russian clones) was sent to the present writer from Moscow by Professor 
G. F. Cause. Jennings and Opitz* found that this clone did not mate with 
any of the four varieties known at that time and they were of the opinion 
that this done possibly belongs to a fifth variety. In the present paper it 
is called the fifth variety. (Apparently only one mating type erf this 
variety has been found.) 

The animals of this Russian done (as well as those of other clones re¬ 
ferred to in this paper) were cultured in essentially the manner described 
by Jennings.* 

In testing the effect of fluid from the Russian done on animals of another 
mating type, the fluid is first taken out of the culture (Ru22) with a micro- 
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pipette; it is then placed in depression slides and carefully examined under 
a dissecting microscope. All the animals, if any are accidentally included 
in the fluid, are removed. Then a number of animals of the clone to be 
tested, together with a very small quantity of fluid from this clone, are 
added to the Ru22 fluid. The depression slides are then left in a moist 
chamber and examined from time to time. As a control, fluid from the 
clone to be tested is first taken out of the culture, placed in a depression 
slide, and then animals from the same culture (or another culture of the 
same clone) are added. 



Clotting and pair-formation among animals of an English done (Enl) 
induced by fluid fr<»n a Russian clcme (Ru22). 

The fluid from cultmes of the Russian done (Ru22) was tested on ani¬ 
mals of a number of mating t 3 rpes belonging to four other varieties (II, III, 
IV, VI) and especially on animals of an English done (Enl) bdonging to 
the sixth variety. 

Eff 0 Ci$ of the Ru22 Fluid on Animals of the English Clone (Enl ).—This 
English done (Enl) was collected by Professor E. G. Pringsheim in Cam¬ 
bridge, England, and was sent by him to the present writer, who subse¬ 
quently m^e numerous tests on it. The results so far obtained show that 
it win not mate with animals of any of the known varieties but win con- 
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jugate readily with animals of a done collected from Prague, Czecho¬ 
slovakia (also sent by Professor Pringsheim)* It seems clear that this 
English clone together with the Czechoslovakian done constitute a new 
variety, which is designated as Variety VI, 

Clotting: The animal-free fluid from Ru22 cultiues apparently renders 
the surface of the animals of the English done sticky so that the animals 
adhere to one another, forming dots and pairs (Fig. la). No such clotting 
or pair-formation was ever observed in the controls. The clotting or group- 
formation of animals of the English done (one mating type)^ induced by 
the fluid of the Russian clone (another mating type) differs somewhat from 
the dotting which occurs when animals of diverse mating types are mixed. 



FiouiiE n 

Pairs formed amoas animals of an English clone (Enl) induced by the 
fluid fron a Russian clone (Ru22). 


The difference is twofold: (1) The clotting among animals of the same 
mating type occurs much later than that which usually occurs when ani¬ 
mals of diverse mating tjrpes are mixed. In the former case, agglutination 
occurs 4-6 (usually more) hours after the animals of one mating type are 
introduced into the fluid of another mating t 3 rpe; in the latter case, 
agglutination occurs itnmediatdy or almost iminediatdy. (2) The dots 
formed by animals of the same mating type are much smaller than those 
formed as a result of mixing animals of diverse mating types. In induced 
group-formation, each dot usually consists of 2-7 individuals. Clots 
formed as a result of mixing animals of diverse mating types are usually 
larger; each of the larger dots often consists of many individuals. 
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Conjugation: Pair-formation among animals of the same mating type* 
differs somewhat from pair-formation when those of diverse mating types 
are mixed. In the first place, in induced conjugation,^ the pairs are formed 
much later (4-^ or more hours after the animals are introduced into the 
fluid of another mating type). When animals of diverse mating types ore 
mixed, usually many pairs are formed in one or two hours. Secondly, in 
induced conjugation many of the pairs are atypical. Although some of the 
pairs are hardly distinguishable from those formed as a result of mixing 
animals of diverse mating types, other pairs are atypical in that the two 
conjugants do not have the relative positions typical of nomial conjugating 
pairs (Fig, lb). Thirdly, in many pairs, the coiajugants are not held as 
firmly together as those formed in ordinary conjugation. As a result, in a 
number of cases the conjugants become separated when fixed. This is true 
even after the animals have been conjugating for more than 20 hours. 




Single animals of an English clone (Knl) undergoing 
perhaps autogamy or endomixis or some other type of 
nuclear processes induced by the fluid from a Russian 
clone (Ru22). 

Fixed and stained preparations of induced pairs show that nuclear 
changes occur in the conjugants and anlagen are formed in the ex-conju- 
gants. The nuclear changes in induced conjugation are being studied and 
will be reported on separately. 

Induction of Nudear Changes in Single Animals: The Ru22 fluid 
induces not only dotting and conjugation, as already described, but also 
nudear changes in some individuals not associated with any others. These 
single animals devdop a paroral cone (Fig. Ic). This structure has been 
reported in Paramecium aurdia undergoing autogamy (endomixis),* Pre¬ 
liminary cytological studies show that nudear changes take place in these 
single animals. It remains to be determined whether they undergo autog* 
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amy, or endomixis, or some other type of nuclear processes. These single 
animals may be found together wilii the conjugating pairs; at other times, 
however, they may be foimd alone. 

1 x 1 addition to tht induction of dotting and conjugation among animals 
of the same mating type and of nuclear changes in some single animals, 
there are other effects of the Ru22 fluid on the members of the English 
clone. These additional effects are recogxiizable even before clotting and 
conjugation occur. The animals become (1) sluggish in movement, (2) 
darker in color, and (3) distorted in form to a greater or less extent. No 
such changes were found among the animals in the controls. 



Clotting and pair-formation among animals of an American 
clone, MM17 (Variety II), induced by fluid from a Russian 
clone (Ru22). 


It should be noted that only a percentage (usually small) of the animals 
are visibly affected by the Ru22 fluid, and hence only a small number of 
them imdergo clotting and conjugation; while a few solitary animals 
undergo nuclear changes. It is difficult to understand why only a percent^ 
age of animals are obviously affected. It seems probable that there are 
differences in physiological condition even among the animals of the same 
culture. It thus seems that those individuals which are affected differ 
from others added to the fluid at the same time. 
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Effect of Washing Animals. —In order to determine whether or not induc¬ 
tion of clotting and pair-formation among members of the English clone 
Enl by the Ru22 fluid might be due to some impurities in the cultures of 
the Russian clone, on November 23, 1944, a number of the animals of this* 
Russian clone were carefully washed and then recultured. Some weeks 
later the fluid was tested again on the animals belonging to the English 
clone Enl. Clotting and pair-formation were again observed, as described 
above. 

Effects of the Ru22 Fluid on Animals Belonging to Some Additional 
Varieties. —The fluid of the Russian clone Ru22 is apparently effective in 
inducing conjugation tliroughout the species since it induces conjugation in 
all the four varieties so far tested. The one other variety (I) is being 
tested. 




Pairs formed among animals of an American clone, MM 17 
(Variety II), induced by the fluid from a Russiau clone (Ru32). 

In addition to inducing conjugation among the animals of the English 
done (Enl) belonging to the sixth variety, this Ru22 fluid also induces 
dotting and conjugation in each of the following clones: MM17 (mating 
type F) and Grl3 (type K) of the second variety, clones Grl (type N) and 
Pi3 (type 0) of the third variety, and clone Ru3 (type R) of the fourth 
variety.^ Clotting and pair-formation in these varieties are essentially the 
same as those which occur among animals of the English done as described 
above (cf. Figs, la, 16 and 2a, 26). No clotting or conjugation was ever 
observed in the controls. Some other dones of these three varieties were 
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also tested but as yet no clotting or conjugation has been observed. These 
negative results might be due to differential effects of the Ru22 fluid on 
different clones of the same variety. 

Discussion, —The phenomena in P. bursaria described in this paper are 
possibly related to those of '‘sex stuffs” found in certain algae (Geitler,* 
Moewus®) and Protozoa (Kimball*^). In Tetraspora lubrica Geitler found 
that centrifugates of culture fluid of one sex cause atypical group-formation 
among cells of the other sex. Copulation, however, does not follow this 
type of group-fonnation. In Chlamydomonas eugametos Moewus dis¬ 
covered the same effect of filtrates or centrifugates of culture fluid of one 
sex on individuals of the other sex. In Euplotes patella Kimball found 
that conjugation can be induced between animals of the same mating type 
by placing them in fluid in which another mating type has been living. 

Another possibility is that the phenomena in P. bursaria described in 
this paper are similar to those of the “killers” as reported by Sonnebom^^ 
for P. aurelia hi view of the following facts; (1) The Ru22 fluid makes the 
animals of the English clone Enl sluggish, darker and distorted in shape and 
these phenomena are similar to those in lethal interactions between diverse 
stocks in P. aurelia. (2) In P. aurelia Sonnebom (unpublished) found that 
one of the “killers,” among other effects, induced pairing as described in 
this paper for P. bursaria. 

* Aided by grants from the Committee for Research in Problems of Sex of tlie National 
Research Council and from the University of California. 

1 The fluid of two other Russian clones (Ru21, Ru30) appears to have the same 
effects as those of Ru22 fluid. These three clones belong to the same matitig type and 
are characterized by a large body and an unusually large micronucleus. These clones 
are vigorous; flourishing cultures can be easily obtained, 

* Jennings, H. S., and Opitz, P., Genetics, 29, 576‘-683 (1944). 

»Jennings, H. S., Ibid., 24, 202-233 (1939). 

^ Of course, it is also possible, though not probable, that the Ru22 fluid causes a 
change in mating type in some of the animals of the English clone, and hence in this case 
it is merely a conjugation between animals of diverse mating types. 

* In addition to the conjugating pairs, some *'thrces'’ were also observed. (A group 
of three animals in conjugation is to be called a **three.’') In each “three,” nuclear 
changes occur in all three conjugants and anlagen are formed in the ex-conjugants. 

« Differ, W. F., J&ur, Morph., 59, 11-67 (1936); Caldwell, L., Jour. Expet. Z&ol., 66. 
371-407 (1933). 

As yet only a few clones of these three varieties have been tested. It is likely that 
induced conjugation will be found in more clones when a greater number of clones are , 
tested. 

* GeiUer, L., Biol Zenifalhl, 51, 173-187 (1931). 

* Moewus, Y.,Arch. Protisienk., 80, 469-626 (1933). 

“ Kimball, R. F., Genetics, 27, 269-286 (1942). 

“ Sonoebooi. T. M., Amer. Nat., 73, 390-413 (1939), 
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MARKOFF CHAINS WITH REVERSE TRANSITIONS 
By I. Opatowski 
The UmvBRsrrv or Chicago 
Communicated October 15, 1946 

Consider a system which may take n + 1 states: 0, 1, ,. n. Let 
the probability of transitions (f — 1 i) and (f + 1 f) during any time 
dt be, respectively, k(dt + o{dt) and g^t + o{dt). Let these be the only 
transitions ix)ssible during dt and let the system be in the state 0 at / = 0. 
If Yi{t) is the probability that the system be in the state i at the time /, 
then Fo(0) = 1, K<(0) — Ofori ^ 1 and^ 

dY,/dt = k,Y,^, ^ h^^Y, + g,Y,,, - (1) 

where by definition — Fj = gy = 0 if y < 0. In certain biophysical 
applications^ of (1) the only function of interest is F„(^) and ^ or = 0, 
gi — g or = 0, where k, g are constants > 0. The purpose of this paper is 
to derive, under these assumptions, an explicit expression of F„(/). The 
nietliod used is that of Laplace transformation which has been introduced 
into tliis field by H. Bateman.*^ This transformation seems to be essential 
here because it shows an intimate connection of our problem with Tche- 
bychef polynomials, 

Futy<(5) ~ yl) ” F i(t)dt and consider first the following tliree processes. 

First Process. - h^t ki — k{\ < i< n), gi « g(0 < i< n — l),fen«fi==0. 
Applying the Laplace transformation to (1) we obtain a system of ordinary 
linear equations in y/s, which gives 

yn{s) - 1 — + g)Fn + kgEn- l], (2) 

E,n being a continuant, i.e., a determinant (ja<, y||« with 

o., , = .V + + ?, di, 1+1 = £, «<- \,i - = 0 for \j - t] > 1. 

(3) 

Expanding En +1 according to the elements of the last column we have 

•Eii+i = {s + k + g)En — kgE„-i. (4) 

By (2) and (4) we obtain 

y«(s) = ki*/{sEn). (5) 

Solving (4) as a finite difference equation in £« we have* 

E„ - [{kgy/i<r* - l)]‘^’[(<r + - l)«+> - (v - \/<;*'^T)«+>]/2, 

where 

9 is+ k + g)/[2(ifeg)'/‘] - cos e. (6) 
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But arccosh a = = log, (<r + — 1 ) = —log, (cr — V'ff® 1). 

Therefore, 

En = {kgY^^ sin {nd + ^)/sin B, (7) 

The factor in B is here a standard form of the Tchebychef polynomial of 
2nd kind.* ^ ^ ^ ^ replace in (7) sin by sinh. 

By (7), En = 0 for 

<r =5 cos {irv) where v = l/(n + 1), » = 1, 2, ..n. (8) 
Therefore, En considered as a polynomial in ^ has its n roots* 5 =* — JE<, where 

- 2{kgf' cos (wv) > 0. (9) 

By (3) the highest term of E* in 5 is 5”. Therefore 

En = nl:r {s + h). (10) 

Consequently by (5) and by known theorems of Laplace transformation * 
Yn{t)/k”' 1* exp exp ('-SaO*- • • * exp (--JEnf) = (H) 

(n;:r ^ Zjrr ih - h) exp yht). m 

Yn(t) * P - (2 V^)>- e-(*+rt‘ 21:? H,e^*/cu (13) 

where * stays for convolution, 1* ... ,dl and 

= 1 + («/*) - '2(g/ky^' cos (irv), 1/P « (14) 

l/if< * [cos (irv) — cos (^Vv)], r< = 2/ "Vkgcos (irv). (16) 

From (14) we have by a known formula’ 

E - [1 - {g/k)y{\ -- {g/kY^^i (140 

From (13) we see that F«(0 P when / oo, because {k + g)t —• Tf « 
JEi/ > 0. A simple formula for //< is obtained as follows; from (7) (9) 
(10) and (6) we have 

UjZi [cos 6 — cos (jiTj')] “ 2'^” sin (nS + d)/mn $t (16) 

which could be derived also from known relations for trigonometric prod¬ 
ucts.’ Putting B =« ivv -f 6 in (16) we see from (15J that Hi is the limit 
for 5 * d of 

[cos (irv + 6) “ cos (irv)]/TljZi [cos (irv -f 5) — cos (jrv)] =« 

2*[. .sin (irv + 5) /sin [(« + l)(irv + 6)], 

where [... ] is in both numeratots the same. Consequently 

Hi « — (—l)*2"y sin* (iiry). 
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Second Process .—Let = k{l ^ i < n)t gt ^ g {0 < i < n — 2)t — 

as 0. We have now 

yn(s) - k^/(sGn) where G„ « JS* - gEn-i^ (17) 

F»(/) is still given by (11) (12) if the roots of Gn are called s * 

(i = I, .. n). Since* (-En)r-o = k^/P by (10), (9), (14), from (14') 

we have (G„):r-o “ Therefore: 

(18) 

which reduces by one the number of roots to be calculated. We write: 

= * + g - 2{kg)'^' cos e,, (i = 1, ..n), (19) 

where the OiS are n values of ^[cf. (6)]. We locate these values so that the 
calculation of the roots may be carried out by routine methods. From 
(7) (17) we have 

Gn - -(“l)'(^g)"/*for ^ = (i l)ir/w, {i > 2), (20) 

Gn = (-!)'(*«)"/' (g/k)'^'iore = iir/{n + 1), (i > 1), (21) 

Gn = (%)»/= [n + 1 - nig/k)'^'] for 0 - 0. (22) 

Therefore, if g/k < (1 + so that [.. .] in (22) is > 0 we have: 

(i — l)ir/n < 6i < iir/in +1), (t « 1, . . .«), (23) 

which gives a particularly good location of the n roots for large n. If 
in (22) is < 0, we must take (23) for 2 < f < n, which locates only 
« — 1 roots, however, the nth root may be calculated from (18).® From 
(18) and (12) we see that Yn{t) 1 as / oo. 

Third Process .—Let = ^(1 < f < n + 1), = g(0 < f < n — 1). We 

have now yn(s) = k*^/Gf,+ i. The n + 1 roots of Gn+i are located by equa¬ 
tions (18) to (23) in which, however, n must be changed into n + 1. By 
known methods*- ^ we have now: 

Yn(t) =« A;” exp (-^lO* exp exp'(“lS«.^i0 

= A-Sri-x ih - h)]-' exp i-hl). 

Since J5( > 0, we have Fft(i) —► 0 as i . 

More General Processes .—If in the previous processes some g/s with 
t 2 are zero, it is easy to see* that the corresponding y« is a product 

of some y«'s of the previous three types, therefore, the Yn{l) is a convolution 
of some y„'s of the same types. 

* For bibliography cm the subject cf., e.g., Opatowski, I., these pROCBKmKGS, 23, 
84-88 (1942). The probabilities and gidt^o{dt) are conditional; they give 

the probabilities of transitions within the interval of time (/, t+dO under the assump¬ 
tion that at the time t the states •--I and existed, respectively. 
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< Scott, R. F., Messenger of Math., 8,131-138 (1879). 

• Szegd, G., Orthogonal Polynomials, New York, 1939, pp. 3, 118. 
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• In.stead of (18) the relation l)g can also be used to calciilate one 

of the roots when all the remaining roots are known. 


GENERALIZED ARC-SETS 
By a. D. Wallace 

Department of Mathematics, The University of Pennsylvania 
Communicated October 15, 1946 

The purpose of this note is to describe a type of strengthened extension 
set. These sets may be regarded as generalizations of the A -sets introduced 
by W. L. Ayrts and G. T. Whyburn and as homotopic analogs of sets stud¬ 
ied by the latter iti his work on cyclic elements of higher order. 

In what follows 11 will denote a compact («« bi-compact) Hausdorff 
space and subspace will mean closed subset of H. As usual Sn is the unit 
sphere of (n -f l)-dimensional euclidean space. A subspace is a if all 
mappings of it into are inessential (and hence null-horaotopic). By a 
is meant a subspace all of whose closed subsets are of type Cm. Thus, 
in the sense of homotopy, a Tn is trivial in dimension n, at least in so far as 
spheres are concerned. Since an AR can be contracted over itself to a 
point it must be a Cn for all n. A ^-cell is a Tn for p < n. But Sn is not a 
Cn and hence not a T«. 

If M is a subspace then Af is termed an extension set in dimension n (or a 
Jn) provided that for each subspace X and mapping/; Af-AT “+ there is 
an/; X Sn such that/ « /| MX, A subset of JT is a if it is not cut by 
any r„ and is maximal relative to this property. This last concept is due 
to G. T. Whyburn. The sets Tn are homotopic analogs of sets used by 
Whyburn to define cyclic elements of higher order in the same manner in 
which the sets are defined. It is to be emphasized that extension sets 
are defined relative to H and the same remark applies to the sets Bn^ 

The sets suffer from the serious defect that they may lie wholly 
within a set of type Bn* For example, let N be defined by the equations 

^ 0) X »* + |cos f|, y « sin f, let L denote the segment joining (2,0) 

to (2, -*3) and (2, —3) to (0, —3). Finally, if iV'' is the image of N in the 
F-axis and C the drdc x* + y* " 1, let if be the union of JV, N*, L, V and 
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C. Then iiT is a Bo and C is a /o. This latter fact follows readily from 
Theorem I below. 

Suppose that X is a subspace and / a mapping of X into 5„. Then a 
closed subset Y of JJ is an essential membrane for / if / can be extended to a 
mapping of any closed proper subvset of Y into but not to a mapping of Y 
into Sn- This concept is due to W. Hurewicz. 

Theorem I. In order that a subs pace M be a it is n,a*s, that for any 
closed set X in M and mapping f: X each essential membrane for f be 

contained in M, 

To avoid the dithculty indicated in the example we define a set N to be 
an An provided that 

(i) is a 7n, 

(ii) If A' is a Bn and is not a 7’„ then AT is a subset of N. 

Theorem II. The intersection of any family of A^s is an A «. Each Bn 

is an A n> 

This result is well known if n — 0 and H is Peaiiian. Analogous results 
hold for sets involving the higher order cyclic elements. In the proof use 
is made of the fact that JYs have the same intersectioxi property and that 
each Bn is a 

Theorem III. Let X be a subspace such that ILX is the union of a family 
of pairwise disjoint open sets the boundary of each of which is a Then X 
is an An^ 

Again when n — 0 and II is Peaiiian this theorem and its converse are 
well-known results of the cyclic element theory. As to the converse we 
give an example. Let X be the set + y^ + — 2 and V that part of 

the set + y® = LO < s < 3) which lies outside of X, Then, if H — 
X U, H — X ^ U cannot be expressed as the union of a collection of 
pairwise disjoint open sets (other than the family consisting of U itself) 
and t) — U is an Si and hence certainly not a Ti. It is easy to see that 
X is a Bi and hence a Ji, Here IJ is an A NR and so locally connected in 
all dimensions in the strongest jiossible manner. 

The space II is said to be of type V provided that for any jiair of closed 
sets A and B there is a decomposition of II into closed sets A ^ and B^ such 
that A ClA^B CB'f and A'’B'*(A + B) ^ A-B. If His metric it is of 
type V but there are spaces of type V which are not metric. The exact 
position of this axiom in the hierarchy of separation postulates is not 
known. It is clearly stronger than normality. 

Theorem IV. If H is of type V then each A n is an A »+ 1 . 

The proof of this proposition makes use of fact that each 7 «is a 7 "„+1 and 
each Jn is a n 

It is clear that H is an An and that any is an if w < n. Also it 
may be shown that if .Y is a C„ and M an then A/* AT is a Cn. It follows 
that if 7f is a Cn so also is each An and hence each Bn 
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To generalize the notion of an end-point we say that a subspace £ is a 
r«'end-eletnent if each neighborhood of E contains a neighborhood whose 
boundary is a Tn* In this way a point is an end-point if and only if it is a 
Jo-end-point. 

Theorem V. Each Tn-end-element is an A 

By a prime Jn(An) is meant a no closed subset of which is a 

Jn(An) without at the same time being a 

Lemma 1. Let A and B be subspaces such that A^B and A B are T^s and 
A B is a Then A -f £ 45 a 

This result is no longer valid if the assumption that A + ^ be a is 
deleted. In general it can only be said that the union of two T^s is a 

Tn+l* 

Lemma 2. If X is an An, Z a Tn and X — Z — U + V, U\ V, then the 
sets U + Z and V + Z are AnS, 

With the aid of these results it may be shown that 

Theorem VI. If H is a Cn each prime Anis a Bn and conversely. 

Theorem VII. Let X and V be subspaces such that X + Y and X • Y 
are An s. Then each of X and Y is an An- 

For a Peanian II the original definition of an Ao was as follows: X is an 
j4-sct if it amtains each simple continuous arc whose end-points it contains. 
If now Qn+i is an (n + l)-ccn it is clear from Theorem I that an -4* has the 
property that it contains each Qn+i whose homology boundary it contains. 
Thus, if in the second example, we add to H the set (%* + = 1, ^ » 3) 

then X is no longer an At since it contains the boundary of a Q% without 
containing the ^ 2 . 

Lemma 3. If II is a r„ then H X (01) is a Tn+i. 

With the aid of this result and certain others which follow from it we can 
show that 

Theorem VIII. If H is a Cn and not a then II contains non-degeneraie 

sets 

It should be possible to replace the hypothesis that H is a C» by the 
assumption that H is C«-i. 

If the mapping / oTX into 5« is essential but not essential on any closed 
proper subset of X then / is said to be irreducibly essential on X. It may be 
shown, for example, that if H admits an essential mapping onto then 
this mapping is irreducibly essential on some subspace. Parenthetically 
we interpolate the following: Suppose that H admits an irreducibly 
essential mapping onto an w-sphere. One might be inclined to conjecture 
that there exists a subspace with the property that every one of its essential 
mappings into 5n is irreducibly essential. This need not be true even if H 
is a finite dimensional metric space (of course compact). 

Proposition. If H admits an irreducibly essential mapping onto then 
H is not cut by a r^^i. 
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As of the present writing the validity of this assertion can only be 
affinned in certain highly restricted situations.^ 

^ A detailed discussion of the sets Bnt and 7^ will appear in the 'Trans. Am. 

Math. Soc. where pertinent references to the work of Borsuk, Eileuberg, Hurewica and 
Whybum will be given- 


TWO MEAN TURORRMS IN HILBERT SPACE 
By Kv Fan 

Tim Institute for Advanced Srunv 
Communicated November 6, 194v5 

The ergodic theory and the researches concerning tlie law of large 
numbers in the Theory of Probability have demonstrated the imfxirtance 
of the study of the asymptotic behavior of the arithmetical mean 

Xl + X2 + ... + 

n 

of a sequence U„) of points in Hilbert space. In this note we shall give 
two mean theorems, each of which can be regarded as generalir.ing the 
following well-known theorem due to J. von Neumann:^ For any unitary 
operator U in the Hilbert space ^ and for any given point x in the 
arithmetical mean of the n first iterated images of x 

Ux + U^x + . .. + U^x 
n 

converges strongly to a limit point. 

Thborem I. Let (««} be a sequence of points in Hilbert space {real or 
complex). If there are two constants Cj, such that the inequalities 

||*n+l + *«+a + ■ • • 4- 5C«+mli’ - l|xi + + ■ • • + < Citn (1) 

and 

11^:1 + + .. • + Xn+i\\^ + X2 + ^ 

+ 11*1 + *, + ... +*«11* > Cj (2) 

hold for all positive integers m, n, then the limit 

lim yv+.y«.±—(3) 

I*-..® n 

txists in the sense of strong convergence. 
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Proof.~We denote as usual by (x, y) the scalar product of two points 
X, y in ^ and use the following notations: 

Sn - Xi + X2 + ... + Xn> 

((x; y)) == (x, y) + (y, x), 

k 


fin 


n-1 

X) 


Obviously the numbers ((x» y)), fin are always real. 
It is easy to see that (1) is equivalent to the inequality 


•^«4'm 

® m 

n 7t-f m 

«(w+m) 


+ 






+ 


which can be written 
2 


£n ^ 

m 

n 

n + w 


< 


m 


n(n + m) 


(; ^ iwi’ + ^ ^ ii'Ji’ 

\n m i^i 


—i1:c,ii^ + c) + + (4) 

n + m / «(« + w) w «+ w/ 

But the hypothesis (1) implies also the boundedness of ||xi||*. , Let 
be a constant such that 


(f «= 1,2,3, ...)^ 


i^) 


Then the expression in the first bracket on the right-hand side of (4) is 
less than Ci = 2cji + Ci. Heiiccf we have 


or 




n + m\ 


<J + 


m 


n n + m 


< - + 2 
n n + m 


ft' n(n + m) 

nt fin , / m V ^ 
\n + mJ w* 


/^ fim \ 

\n m n Ar m) 


+ 


^H+ m fin 


(77 + my 


( 6 ) 


Now, in virtue of the Schwarz inequality and (5), the numbers a^/k are 
bounded. If we set 


X = Itm sup rr > 


( 7 ) 
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we have 

fin 1 , Of* ^ 

^ E * 7 < ;> +«(»). (8) 

€{n) being a function of n suitably chosen with lini e(w) == 0. 

Making use of the hypothesis (2) and (.5), we can find a positive constant 
such that 

«*rfi > a* “ Cft (^ = 1, 2, 3, .. .)• (9) 

Consequently we have 

/3«4 m — Urn - Yj > ”«"> ~-r- > »(«m — (10) 

k-m 2 

From (6), (8) and (10), it follows that 

i" _ ' < f?++ ,(„))+ 

n n -T m n n + m \2 / \» + mf \2 / 


m 

\n + my 


-) + e(m)J 

(a« — nct). (11) 


Similarly, if 1 is a positive integer not greater than », we may write the 
inequality* 



m ^ 


n + w ^ 

+.«)) 

’ 

« + W 

/ + 

' » + w \ 


(n + m - l \‘ A , , , r.\ n + m - I 


According to (11), (12) and 

n I n n + m 

we obtain for / ^ n: 


. ^ ^n+ m 

\ ^ f 

I n m 


!! n " r|| ^ ^^m G + ‘^"0 + ^ in^m) G 

2m , , , 2c« , 2(« + m - /) A . . 

- 7 —T—~ + 7 +-T- 1;; + «(()) + 

(n + «)* f n + m \2 / 

„A + »”~A*A 1 / , 7^^ 2(» + w-/), ,, 


2w , 2 c 4 , 2(« + m — /) 

—(am nc^) + j +- 7 —— 

(n + w)® f w + w 


2(n -(- w -* /) 
+ m)s^ 


(a« - nci). 
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If now we keep w, I fixed and let w —♦ «> through a sixitable sequence of 
integral values such that (a^/w) X, (14) becomes 

^ § 2c 4 (- + 7) + 2t(») + 2e(/). (15) 

n I \n I / 

As this inequality is symmetric witli respect to w, /, it remains true even if 
we cease to assume / g n. This inequality proves the existence of the 
strong limit (3). 

Thborbm IL Lei {;Cn| a sequence of points in Hilbert space {real or 
complex). If there is a constant Ci such that the inequality (1) is fulfilled for 
all positive integers nit n and if the limit 

lim I ki + ^’3 + ■ • ■ + ^nn||^ ~ 11 ji:i 4- + • ■ • + 

existSt then the strong limit (3) exists also. 

Proof. —^Using the same notations as above, we have still the inequality 

( 6 ) , which is, in fact, a consequence of the hypothesis ( 1 ) alone. But, 
according to the present second hypothesis, we have this time, instead of 

(7) and ( 8 ): 


and 


with lim €(w) — 0 . 


X » lim 


S = i + 


By setting 


.V nt m 

7 (n, w) 7 — 7—7 -, 

(« + m)^ n 


we infer from (17) that 


lim y{n, w) « X 


for any fixed value of n. 

According to (18), (19), the inequality ( 6 ) may be written 


■ 5’)*+1 


n n + m\ 


(17) 


(18) 


(19) 


( 20 ) 


n n + m \2 / 

i^)' Q +•<”>) - 
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Similarly, for any positive integer f ^ w, we have 




m 

n + m 


C4 

<j + 


n + m — I 


+ e{/) + 


/w -f" tw “ A* /X 

\ n + m / \2 


n + m 

+ €(n + w l)^ — y(l, n + m 


1). ( 22 ) 


Now, using the inequality (13), we can deduce from (21), (22) an in¬ 
equality which is like (14) and which can be again reduced to (15) by passing 
to the limit w —► ». Our theorem II is thus proved. 

We terminate this note with the following remark from the point of view 
of the Theory of Probability. If we consider a sequence of chance variables 
instead of a sequence of points in Hilbert space, a similar argument will 
fixmish two theorems giving new sufficient conditions for the validity of 
the law of large numbers. The results thus obtained contain as a par¬ 
ticular case an important theorem due to A. Khintchine,* which asserts 
that any stationary sequence of chance variables obeys the law of large 
numbers, 

1 Neumann, J. von, these PROCBEnmoa, 18, 70-82 (1932). Sec also llopf, K., ErgO’ 
dentheorie, Berlin, 1937, p. 23. 

* We use here the inequality a»+ — ki ^ which follows readily from 

(9) and / ^ ff. 

* Khintchine, A., jRec. Math. Moscow, 40, 124-128 (1933). 




INDEX 


Absolute scalar invariants (Thomas), 30(1. 

Acetic acid (barker and Kamen), 219; 
(Barker, Kamen and Haas), 355; 
(Barker, Kamen and Bornstein), 373, 

Acetylcholine in catfish skin (Parker, 
Welsh and Hyde), 1. 

Acids (Barker and Kamen), 219; (Barker, 
Kamen and Haas), 355; (Barker, 
Kamen and Bornstein), 373. 

Actinomyces f^riseus (Schatz and Waks- 
man), 129. 

Actinomyces lavenduhe (Waksman and 
SchaU), 208. 

Adaptation, subsequent dark (\yolf), 349. 

Aging and vitamin A (Sherman, Camp¬ 
bell, Udoljak and Yarmolinsky), 107. 

Algebraic curves (Kasner), 250. 

Algebraic Lie algebras (Chevalley and 
Tuan), 196. 

Animals (Chen), 404. 

Antibiotic substances (Schatz and Waks* 
man), 129; (Waksman, Reilly and 
Schatz), 157; (Waksman and Schatz). 
208. 

Arbitrary ring (Jacobson), 333. 

Arc-sets, generalized (Wallace), 414. 

Area, surface (Rado), 102. 

Arithmetic functions (Vandiver), 56, 310. 

Atmospheric oxygen (Kameii and liarker), 

8 . 

Australian-South Pacific species of Nico- 
liana (Wheeler), 177. 

Awards to the Academy and National Re¬ 
search Council, 120, 202. 

Axiomatic approach to homology theory 
(Bilenberg and Stccnrod), 117. 

Aver, M. C. On Convergence in Length. 
261. 


Bacteria, strain resistance of (Waksman, 
Reilly and Schatz), 157. 

Barker, H. A. See Kamen, M. D., 8. 

Barker, H. A., ano Kamen, M. D. Car¬ 
bon Dioxide Utilization in the Synthe¬ 
sis of Acetic Acid by Clostridium 
thermoaceticum^ 219. 

Barker, H. A., Kamen, M. D,, and 
BORN8TBIN, B. T. The >Synthesjs of 
Butyric and Caproic Acids from Eth¬ 
anol and Acetic Acid by Clostridium 
kluyverif 373, 

Barker, H. A., Kamen, M. D., and Haas. 
V. Carbon Dioxide Utilization in the 
Synthesis of Acetic and Butyric Acids 
by ButyribacUrium reUiiri, 366, 

Bateman, H. Two Integral Equations, 
196. 

Beams, elastic (Michal), 38. 

Bbdd, E. T, Universal Rational Func¬ 
tions, 317. 

Bernoulli's numbers (Vandiver). 310. 


Biochemical syntheses (Horowitz), 153. 

Biological changes (Strong), 290. 

Blake»i.ee, a. F, See Hall, A. R., 390. 

Boeix, K. J. Respriatory Enzymes in 
Paramecium: 1. CytocVirome Oxi¬ 

dase, 396. 

Bornstbin, B. T. See Barker. H. A., 373. 

Boundaries, free (Courant), 242. 

Boutidary values (Morse and Heins), 302. 

Bradley, M. See Marshak, A., 84. 

Brittle cracks in steel (Greenfield and Hud¬ 
son). 150. 

Bubbles (Matzkc), 281. 

BtrKRGER, M. J., Smith, L. B., Ryder, F. 
V^, and Spike, J. E. The Crystal¬ 
line Phases of Soap, 226. 

Butyribacierium (Barker, Kamen 

and Haas), 355. 

Butyric acid (Barker, Kamen and Haas), 
356; (Barker, Kamen and Bornstcin), 
373. 


Campbell, H. L. See Sherman, H. C., 
107, 164. 

Caproic acid (Barker, Kamen and Born- 
stein), 373. 

Carbon dioxide (Barker and Kamen), 219, 
(Barker, Karmen and Haas), 356. 

Carcinoma in the rat (Marshak and Brad¬ 
ley), 84. 

Catfish (Parker, Welsh and Hyde), 1. 

Chains, Markoff (Opatowski), 411. 

Characteristics, integral (Morse and 
Heins), 302 

Chen, T. T. Induction of Conjuga¬ 
tion in Paratnecium bursaria among 
Animals of one Mating Type by 
Fluid from Another Mating Type, 
4(H. 

Chevalley, C., and Tuan, H. F. On 
Algebraic Lie Algebras, 195. 

Chicken pox (Wilson and Lombard), 367. 

Chromosomes (Marshak and Bradley), 84; 
(Risand Crouse), 321. 

Clostridium kluyveri (Barker, Kamen and 
Bernstein), 373, 

Clostridium thermoaceticum (Barker and 
Kamen), 219. 

Color mutant, eye (Dunn), 343. 

Concentrations of penicillin (Demerec), 
16. 

Con jugate subgroups (Miller), 147. 

Continua (Moore), 67. 

Convergence in length (Ayer), 261. 

Courant, R. On Plateau's Problem with 
Free Boundaries, 242, 

Cracks in steel (Greenfield and Hudson), 
160. 

Crouse, H . See Ris, H., 321, 

Crystalline phases of soap (Buerger, Stnith« 
Ryder and Spike), 226. 



424 


INDEX 


Proc. N. a. S. 


Curves, algebraic (Kasner), 250. 

Curves, plane (Morse and Heins), 290. 

Cycles (Wilson and Lombard), 307. 

Cytochrome oxidase (Bpell), 396. 

Cytology of the Australian-South Pacific 
species of Nicotiana (Wheeler), 177. 

Damping of epidemic waves (WUson and 
Worcester) , 294, 

Datura slrainonium (Sanx), 361. 

DbCicco, J. See Kasner. E., 44,247,338. 

Deformation types (Morse and Heins), 
299. 

DEMgHEC, M. Production of Staphylo¬ 
coccus Strains Resistant to Various 
Concentrations of Penicillin, 16. 

Obtwiler, S. K. On Epinephrine and 
Retinal Photochemical Responses, 
137. 

Differential equations (Michal), 262; 
(Wright), 382, 

Differentials, Frfechct (Michal), 252. 

Diptcra (Ris and Crouse), 321, 

Distribution of gene frequencies (Wright), 
382. 

DonzHANSKV, T. See Mayr, E., 76; 
Levenc, H., 274. 

Dolph, C. L. Nfon-Linear Integral Equa¬ 
tions of the Hommerstein Type, 60. 

Dominance modification (Dunn and 
Giuecksohn-Schoenheimer), 82. 

Douoi-ass, P. M. See Russell, W. L., 402. 

Drosophila persimUis (Mayr and Dob- 
zhansky), 75; (Leveneand Dobzhan- 
sky), 274. 

Drosophila prosaltans (Mayr and Dob- 
zhansky), 76. 

Drosophila pseudoobscura (Mayr and Dob- 
zhansky), 75; (Levenc and Dob/.han- 
8ky),274. 

Dunn, L. C. A New Eye Color Mutant 
in the Mouse with Asymmetrical Ex* 
preasion, 343. 

Dunn, L. C.. and Gluecksohn-Schoen- 
UBIMBR, S. Dominance Modificji- 
tion and Physiological Effects of 
Genes, 82, 127. 

Effect of smoking (Hall and Blakeslee), 
390. 

EaKNEBRO, S., and Stebnrod, N. E, 
Axiomatic Approach to Homology 
Theory, 117. 

Elastic beams (Michal), 38. 

Enzymes, respiratory (Boell), 396. 

Epidemic, spread of (Wilson and Wor¬ 
cester), 327, 

Epidemic waves (Wilson and Worcester), 
294. 

Epidemiology (Wilson and Worcester), 24, 
109. 

Epinephrine (Detwiler), 137, 

Equation, Laplace (KAsner and DeCtcco), 
247. 


Equation, total differential (Michal), 316. 

Equations, integral (Bateman), 196; 

(Michal), 252. 

Equations, non-linear integral (Dolph), 60. 

Equations, trinomial (Vandiver), 170. 

Escherichia coli (Tatum), 215. 

Euler*s three biquadralc problem (Ward), 
126. 

Evolution of biochemical syntheses (Hor¬ 
owitz), 163. 

Exponentifldfunction (Michal), 315. 

Exposure to ultra-violet light (Wolf), 236, 
349. 

Eye color (Dunn), 343, 

Families, isothermal (Kasner and De- 
Cicco), 44. 

Fan, K. Two Mean Theorems in Hilbert 
Space, 417, 

Fermat’s quotient (Vandiver), 55. 

Field theory (Vandiver), 60,170,189. 

Finite field theory (Vandiver), 50, 170, 
189. 

Flight, soaring Gibbs (Wilson), 233. 

Foams (Matzke), 281. 

Fox, R. H. Thorus Homotopy Groups, 
71. 

Fr4chct differentials (Michal), 252. 

Free boundaries (Courant), ^2. 

Frequencies of genes (Wright), 882. 

Function, exponential (Michal), 315. 

Functions, arithmetic (Vandiver), 55,310, 

Functions, pseudo-harmonic (Morse and 
Heins), 302. 

Functions, thec*ry of (Morse and Heins), 
299, 302. 

Functions, universal rational (Bell), 317. 

Gene frequencies (Wright), 382. 

' Genes, physiological effects of (Dunn and 
Gluecksohn-Schoenhcimer), 82. 

Generalized arc-sets (Wallace), 414. 

Genetic analysis (Strong), 290. 

Genetic character ( Spiegehnan, Lindegren 
and Lindegreu), 96. 

Genetic control of mutability in maize 
(Rhoades), 91. 

Geodesics (Michal), 38. 

Germinal mutations (Strong), 290. 

Gibbs, J. W. (Wilson), 34, m. 

Gland, salivary (Ris and Crouae), 321. 

GLVgcicsoaN-ScuoBNHEiM»R, B. See 
Dunn, L. C, 82. 

Orbbnpibu), M., and Hudson* G. The 
Velocity of Propagation of Brittle 
Cracks in Steel, 150. 

Groups (Fox), 71; (Miller), 147,166. 

Growth of poUen-tube (Sanz), 361. 

Haas, V. See Barker, H. A„ 356, 

Hala., a. R., and Bdaobsubb, a. F. Ef¬ 
fect of Bmoidng on Taste Thr^otds 
for PhenyLthlo-carbaitiide {JETC ), 
390. 



vot. 31, ms 


INDEX 


426 


Hamburqbr, H. L. On a Class nf Hermit- 
ian Transformations Containing Self- 
Adjoint Differential Operators, 186. 

Hammerstein t3rpe equations (Dolph), 00. 

Hbins, M. See Morse, M., 209,302. 

Hermitian transformations (Hamburger), 
186. 

Hilbert space (Fan), 417. 

Homology theory (Ellenberg and Steen- 
rod), 117. 

Homotopy groups (Fox), 71. 

Horowitz, N. H. On the Evolution of 
Biochemical Syntheses, 163. 

Hudson, G. See Greenfield. M., 150. 

Hurst, J. G, See Russell, W. L., 267. 

Hybrid mothers (Russell and Hurst), 267. 

Hyde, J. E. See Parker, G. H., 1. 


Ideals, set of primitive (Jacobson), 333. 

Increase of a genetic character (Spiegel- 
man, Lindegren and Lindegren), 95. 

Induction of conjugation in Paramecium 
hnrsatia (Chen), 404. 

Induction of tumors by metUylcholan- 
threne (Strotig), 290. 

Infectivity, variation of (Wilson and 
Worcester), 142,203. 

Insemination (Levene and Dobzhansky), 
274, 

Integral characteristics (Morse and Heins), 
302. 

Integral equations (Dolph), 60; (Bate¬ 
man), 196; (Michal),262. 

later|(eneric pollinations (Sanz), 361. 

Interior transformations (Morse and 
Heins), 302. 

Invariants, absolute scalar (Thomas), 806. 

Invariants, irregular projective (Kasucr 
and DeCicco), 123. 

Isolation, sexual, in Drosophila (Mayr 
and Dobzhansky), 76, 

Isometric correspondence of Riemann 
spaces (Thomas), 306. 

Isothermal families (Kasner and De¬ 
Cicco). 44. 


Jacobson. N. A Topology for the Set 
of Primitive Ideals in an Arbitrary 
Ring, 333, 


Kamen, M. D. See Barker, H. A.. 219, 
365. 378. 

Kamen, M. D.. and Barker, H. A. In¬ 
adequacies in Present Knowledge of 
the Relation between Photosynthesis 
and the Content of Atmospheric 
Oxygen, 8. 

KarkRr, E, Algebraic curves, Sym¬ 
metries and Satellites, 250. 

Kasner, E., and DeCicco, J. An Exten¬ 
sion of Lie's Xheorem on Isothermal 
Families, 44. 


-. Irregular Projective IiivariaAts, 

123. 

-. The Laplace Equation in Space. 

247. 

-. Converse of. Ptolemj^'s Theorem on 

Stereographic Projection, 338. 


Laplace equation (Kasner and DeCicco), 
247. 

Law of mass action in epidemiology (Wil¬ 
son and Worcester), 24, lOOf 

Length, convergence in (Ayer), 261. 

Length of life and vitamin A (Sherman, 
Campbell, Udiljak and Yarmolinsky), 
107. 

Letter from Lord Rayleigh to J, Willard 
Gibbs (Wilson), 34. 

Levene, H., and Dobzhansky, T. Ex¬ 
periments on Sexual Isolation in 
Drosophila, V, The Effect of Vary¬ 
ing Proportions of Drosophila pseno" 
obscure and Drosophila persimtlis on 
the Frequency of Insemination in 
Mixed Populations, 274, 

Liberal intake of vitamin A (Sherman and 
Campbell), 164. 

Lie algebras (Chevalley and Tuan), 196. 

Lio*s theorem (Kasnerand DeCicco), 44. 

Light, ultra-violet (Wolf), 236,349, 

Lindegren, C. C. vSee Spiegclman, S.. 
96. 

Lindegren, G. See Spiegehnan, S., 96. 

Lombard, 0, M. See Wilsoti, E. B., 367. 

Lymphosarcoma in rat (Marshak and 
Bradley), 84. 


Maintenance of a genetic character 
(Spiegelman, Lindegren and Linde¬ 
gren), 95. 

Maize, mutability in (Rhoades), 91. 

Markoff chains (Opatowski), 411. 

Marshak, A., and Bradley, M. Rela¬ 
tive Sensitivity of Cliroinosomes to 
Neutrons and X-Rays. III. Com¬ 
parison of Carcinoma and Lympho¬ 
sarcoma in the Rat, 84. 

Mass action in epidemiology, law of (Wil¬ 
son and Worcester), 24,109. 

Mating type in animals (Chen), 404: 

Matzkb, K. B. The Three-Dimensional 
Shapes of Bubble.s in Foams, 281. 

Mayr, E., and Dobzhanrkt, T. Experi¬ 
ments on Sexual Isolation in Dro* 
sophila. IV. Modiffcation of the De¬ 
gree of Isolation between DrosopkiUi 
i^seudoobscura and Drosophila persim- 
ilis and Sexual Preferences in Dro¬ 
sophila prosaUans, 76. 

Mean theorems (Fan), 417. 

Measles (WUson and Lombard), 367. 

Methylcholanthrene (Strong), 290. 

Mice, pure strain (Rtts^eU and Hurst), 
207, 



426 


INDEX 


pROc. N. A. S. 


Mxchal> a. D. Studies on Geodesics in 
Vibrations of Elastic Beams, 3S. 

-. Differential Equations in Fr^chet 

Differentials Occurring in Integral 
Equations, 252. 

-. The Total Differential Equation 

for the Exponential Functibn in Noii- 
Comnmtative Normed Linear Rings, 
315. 

Miller, O. A. Groups Having a Small 
Number of Sets of Conjugate Sub¬ 
groups. 147. 

-. Illustrations and Simple Abstract 

Proof of Sylow's 'nieorem, 160. 

Minorsky, N. On Non-Linear Phenom¬ 
enon of Self-Rolling, 346. 

Modiffcation, dominance (Dunn and 
Gluecksohn-Schoenheimcr), 82. 

Moore, R. L. Concerning Tangents to 
Continua in the Plane, 67. 

Morse, M., aj^td Heins, M. To^mlog- 
ical Methods in the Theory of Func¬ 
tions of a Single Complex Variable. 
I. Deformation Types of Locally 
Simple Plane Curves, 299. 

-. Topological Methods in the 

Theory of a Complex Variable. II. 
Boundary Values and lutegral Char¬ 
acteristics of Interior Transforma¬ 
tions and Pseudo-Harmonic Func¬ 
tions, 302. 

Mothers, hybrid (Russell and Hurst), 267. 

Mothers, unborn (Russell and Douglass), 
402. 

Mouse (Dunn), .343. 

Mutability in maize (Rhoades), 91. 

Mutant eye color (Dunn), 343 

Mutant strains (Tatum), 215. 

Mutations, germinal (Strong), 290. 

National Academy of Sciences 120, 200, 
302, 

National Research Council, 120. 

Neturons (Marshak and Bradley), 84. 

Nicotiana (Wheeler), 177. 

Non-linear integral equations (Dolph), 60, 

Non-linear phenomenon of self-rolling 
(Minorsky), 346. 

Numbers, Bernoulli's (Vandiver), 310. 

content of atmospheric oxygen (Ka- 
men and Barker), 8. 

Offspring (Russell and Douglass), 402. 

OPATOwsm, 1. Markoff Chains with 
Reverse Transitions ,411. 

Operators, self-adjoint differential (Ham¬ 
burger), 185. 

Oxygen, atmospheric (Kamen and 
Barker), 8. 


Paramecium bursaria (Chen), 404. 

Parker, G. H., Welsh, J. H., and Hype, 
J. E, The Amounts of Acetylcholine 


in the Dark Skin and in the Pale Skin 
of the Catfish, 1. 

Penicillin (Demerec), 16. 

Phases of Soap (Buerger, Smith, Ryder 
and Spike), 226. 

Phenomenon, non-linear (Minorsky), 346. 

Phcnyl-thio-carbamide (PTC) (Hall and 
Blakeslee), 390. 

Photomechanical responses (Detwiler), 
137. 

Photosynthesis and O^* (Kamen and 
Barker), 8. 

Physiological effects of genes (Dunn and 
Gluecksohn-Schoenheimcr), 82. 

Plane continua (Moore), 67. 

Plateau*s problem (Conrant), 242. 

Pollen-tube growth (Sanz), 361. 

Pollinations, intergencric (Sanz), 361. 

Populations, mixed (Levenc and Dob- 
zhansky), 274. 

Production of antibiotic substances (Schatz 
atid WaksmanJ. 129; (Waksman, 
Reilly and Schatz), 157; (Waksmaii 
and Schatz), 208. 

r*rojection, stereographic (Kasner and 
DeCicco), 338. 

Projective invariants (Kasner and De¬ 
Cicco), 123. 

Projective theory of two dimensional Rie- 
mann spaces (Thomas), 259. 

Propagation of cracks in steel (Greenfield 
and Hudson), 160. 

Pseudo-harmonic functions (Morse and 
Heins), 302. 

Ptolemy’s theorem (Kasner and DeCicco), 
338. 

Pure strain mice (Russell and Hurst), 267 


Quotient, Fertnat’s (Vandiver), 56. 


Rado, T. On surface area, 102. 

Rat (Marshak and Bradley), 84, 

Rayleigh. Lord (Wilson), 34. 

Reilly, H. C. See Waksman, S. A,, 167. 

Respiratory enzymes in Paramecium (Bo- 
eU), 396. 

Responses, retinal photochemical (Det¬ 
wiler), 137. 

Retinal photochemical responses (Det¬ 
wiler), 137. 

Reverse transitions (Opatowski), 411. 

Rhoades, M. M. On the Genetic Coti- 
trol of Mutability in Maize, 91, 

Riemann spaces (Thomas). 259,306. 

King, arbitrary (Jacobson), 333. 

Rhigs, non-commutative linear (Michal), 
316. 

Ris, H., AND Crouse, H. Structure of the 
Salivary Gland Chromosomes of 
D iptera, 32 L 

Russell, W. L., and Douglass, P. M. 
Offspring from Vnborii Mothers. 
402. 



VoL, 31, 1945 


INDEX 


427 


Russell, W. L., and Huest, J. G, Pure 
Strain Mice Boni to Hybrid Mothers, 
267. 

Ryder, F. V. See Buerger, M. J., 226, 


Salivary glatid (Ris and Crouse), 321. 

Sanz, C. Pollen-Tube Growth in In- 
tergcneric Pollinatiotis on Datura 
Stramonium, 361. 

Satellites (Kasner), 250. 

ScHATZ, A. See Waksman. S. A., 157,208. 

ScHATz, A., AND Waksman, S. A. Strain 
Specificity atid Production of Anti¬ 
biotic Su bstances. IV. V ar iations 
among Actmomycetes, with Special 
Reference io Actinomyces grisrus, 129. 

Self-adjoint differential operators (Ham¬ 
burger), 185. 

Self roUitig (Minorsky), 346. 

Sensitivity of chromosomes (Marshak and 
Bradley), 84. 

Set of primitive ideals (Jacobson), 333. 

Sexual isolation (Levene and Dobzhansky), 
274. 

Sexual isolation and prefc*rence.s in Dro¬ 
sophila (Mayr and Dobzhansky), 75. 

Shapes, three-dimensional (Matzke), 281. 

Sherman, H. C., and Campbell, H. L. 
Stabilizing Influence of Liberal Intake 
of Vttamiti A, 164. 

Sherman, H. C., Campbell, H. L., 
UdILJAE, M., and VARMOLtNSKY, H. 
Vitamin A in Relation to Aging and to 
Length of Life, 107. 

Skin, in catfish, pale and dark (Parker, 
Welsh and Hyde), 1. 

Smith, L. B. See Buerger, M. J., 226. 

Smoking, effect of (Hall and Blakeslee), 
390. 

Soap, crystalline phases of (Buerger, 
Smith, Ryder and Spike), 226. 

Soaring flight, Gibbs (WUson), 233. 

Space (Kasner and DeCicco), 247; (Fan), 
417. 

Spaces, Riemann (Thomas), 259, 306. 

Specificity, strain (Schatz and Waksman), 
129; (Waksman, Reilly and Schatz) 
157; (Wsdcfrtnan and Schatz), 208. 

SlUEGELMAN, S,, LmOBOREN, C. C., AND 
Lindboren, O. Maintenance of a 
Genetic Character by a Substrate- 
Cytoplasmic Interaction in the Ab¬ 
sence of the Specific Gene, 95, 

Spike, J.B., Jr.^ Sec Buerjger, M. J., 226. 

Spread of an epidemic (Wilson and Wor¬ 
cester), 327. 

Stabilizing influence of liberal intake of 
vitamin A (Sherman and Campbell), 
164, 

Staphylococcus strains (Demerec), 16, 

Steel (Greenfield and Hudson), 160. 

Stbbnrod, N. E. Sse Eilcnberg, S., 117, 
Stereograpidc projection (Kasner and 
DeCicco), 338. 


Strain specificity of antibiotic substances 
(Schatz and Waksman), 129; (Waks¬ 
man, Reilly and Schatz), 157; (Waks¬ 
man and Schatz), 20 <. 

Strain variation (Waksman and Schatz), 
208. 

Strains of staphylococcus (Demerec), 16. 

Streptomycin (Waksman, Reilly and 
Schatz), 157. 

Streptothricin (Waksman and Schatz), 
208. 

Strong, L. C. Genetic Analysis, of the 
Induction of Tumors by Mcthylcho- 
lanthrene. XI. Germinal Mutations 
and Other Sudden Bioiogical Changes 
Following the Subcutaneous 1 njection 
of Methylcholanthreiic, 290. 

Structure of the salivary gland chromo¬ 
somes (Ris and Crouse), 321. 

Subcutaneous injection of methylcholan- 
threne (Strong), 290. 

Subgroups (Miller), 147. 

Substances, antibiotic (Schatz and Waks¬ 
man), 129; (Waksman, Reilly and 
Schatz), 157; (Waksman and Schatz) 
208. 

Substrate-cytoplasmic interaction (Spieg- 
eltnan, Lindegren and Lindegren), 95, 

Surface area (Rado), 102, 

Sylow’s theorem (Miller), 166. 

Syminetrie.s (Kasner), 250. 

Syntheses, biochemical (Horowitz), 153, 

Syuthesi.H of acetic and butyric acids 
(Barker, Kanien and Haas), 355, 

Synthesis of butyric and caproic acids 
(Barker, Kanien and Bornstcin), 373. 

Tangents to continua (Moore), 67. 

Taste thresholds (Hall and Blakeslee), 390. 

Tatum, E. L. X-Ray Induced Mutant 
Strains of Escherichia coli, 215. 

Theorems, mean (Fan), 417. 

Theory of functions (Morse and Heins), 
299, 302. 

Thomas, T. Y. On the Projective Theory 
of Two Dimensional Riemann Spaces, 
269. 

- Absolute Scalar Invariants and the 

Isometric Correspondence of Rie¬ 
mann Spaces, 306. 

Three biquadrate problem (Ward), 126. 

Three-dimensional shapes (Matzke), 281. 

Thresholds, taste (Hall and Blakeslee), 
390 

Thresbdds, visual (Wolf), 236. 

Topological methods (Morse and Heins), 
299, 302. 

Topology (Jacobson), 333. 

Torus homotopy groups (Fox), 71. 

Total differential equation (Michal), 316. 

Transformations, Hermitian (Hamburger) 
185. 

Transfonnatjons, interior (Morse and 
Heins), 302. 



42S 


INDEX 


Fmoc. N. A. S. 


Transitions^ reverse (Opatowski), 411. 
Trinomial equations (Vandiver), 170. 
Tuan, H. F. Sc« Chevalley, C., 195. 
Tumors (Stronj,) 290 
Two dimensional Riemann spaces 
(Thomas), 259. 

Type, mating (Chen), 404. 


Udiljak, M. See Sherman. H. C., 107, 
Ultra-violet light (Wolf). 236,349. 

Unborn mothers (Russell and Douglass), 
402. 

Universal rational functions (BeU), 317. 
Utilization of carbon dioxide (Barker and 
Kamen), 219, (Barker, Kamcn and 
Haas), 355. 


Vanotver, H. S. New Tsrpes of Rela¬ 
tions in Finite Field Theewy, 55. 

-. Fermat’s Quotient and Related 

Arithmetic Functions, 65. 

-. On the Number of Solutions of 

Certain Non-Homogeueous Trino¬ 
mial Equations in a Fiiute Field, 170. 

-. New Types of Relations in Finite 

Field Theory (Second Paper), 1^. 

-. Bernoulli's Numbers and Certain 

Arithmetic Quotient Functions, 310. 

Variable, single complex (Morse and 
Heins). 299, 302. 

Variation of hifectivity (Wilson and Wor¬ 
cester), 142. 

Variation, strain (Waksman and Schatz), 
208. 

Variations among actinomycetes (Schatz 
and Waksman), 129. 

Velocity of propagation (Greenfield and 
Hudson), 160, 

Vibrations of elastic beams (Miclial), 38. 

Visual thresholds (Wolf), 236. 

Vital statistics of Acadeniy (Wilson), 200. 

Vitamin A (Sherman, Campbell, Udiljak 
and Yarmolinsky), 107; (Sherman 
and Campbell), 164. 


'' Waksman, S. A. See Schatz, A., 129. 

Waksman, S. A., Reillv, H. C., and 
Schatz, A. Strain specificity and 
Production of Antibiotic Substances. 
V. Strain Resistance of Bacteria 
to Antibiotic Substances Especially 
to Streptomycin, 157. 


Waksman, S. A., and Schatz, A. Strain 
Specificity and Production of Antibi¬ 
otic Substances. VI. Strain Varia¬ 
tion and X^nduction of Streptothricin 
by AcUnoiiij^i^s lavendulae, 2l0i&. 

Wallace, A, Generalized Arc-Sets, 
414, 

Ward, M. EulSr^s Three Biquadrate 
Problem, 125. 

Waves, epidemic (Wilson and Worcester), 
294. 

Welsh, ;. H. See Parker, G. H., 1. 

Whbblbr, H.-M. a Contribution to the 
Cytology of the Australian -South 
Pacific Species of Nicotiana, 177. 

Wilson, E. B. A Letter from Lord Ray¬ 
leigh to J. Willard Gibbs and His 
Reply, 34. 

-. Vital Statistics of the National 

Academy of Sciences, 200. 

-. Willard Gibbs on Soaring Flight, 

233. 

Wilson, E. B., and Lombard, O. M. 
Cycles in Measles and Chicken Pox, 
367. 

Wilson, E. B., and Worcester, J., 
Damping of Epidemic Waves, 294. 

-. The Law of Mass Action in Epi¬ 
demiology, 24. 

-Xhe Law of Mass Action in Epi¬ 
demiology, II, 109. 

-. The Spread of an Epidemic, 327. 

-, The Variation of Infectivity, 142. 

——The Variation of Infectivity, II, 
203. 

Wot,p, E, Effects of Exposure to Ultra- 
Violet Light on Visual Thresholds, 
236. 

-- Effects of Exposure to Ultra-Violet 

Light on Subsequent Dark Adapta¬ 
tion, 349. 

Worcester, J. See Wilson, E. B., 24, 
109,142,203,294,327. 

Wrioht, S. The Differential Equation 
of the Distribution of Gene Frequen¬ 
cies, 382. 

X-rays (Marshak and Bradley), 84. 

X-ray induced mutant strains (Tatum). 
216. 


Yarmolinsky, H. See Sherman, H. C., 
107. 






1. A. a. 1. 7f, 


IMPERIAL AGRICULTURAL RESEARCH 
INSTITUTE LIBRARY 
NEW DELHI. 

















